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AMC12 历年真题汇总-答案 Solutions 

2000 AMC 12 Solutions 

Solution 1 

The sum is the highest if two factors are the lowest. 

So,  and . 

 

Solution 2 

 

 

Solution 3 

Since Jenny eats  of her jelly beans per day,  of her jelly beans remain after 

one day. 

Let  be the number of jelly beans in the jar originally. 

 

 

 
 

Solution 4 

Note that any digits other than the units digit will not affect the answer. So to make 

computation quicker, we can just look at the Fibonacci sequence in : 

 
The last digit to appear in the units position of a number in the Fibonacci sequence is

. 

 

Solution 5 

When   is negative so  and . 

Thus . 

 

Solution 6(1) 

All prime numbers between 4 and 18 have an odd product and an even sum. Any odd 

https://artofproblemsolving.com/wiki/index.php?title=Factor
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number minus an even number is an odd number, so we can eliminate B and D. Since the 

highest two prime numbers we can pick are 13 and 17, the highest number we can make 

is  . Thus, we can eliminate .. Similarly, 

the two lowest prime numbers we can pick are 5 and 7, so the lowest number we can 

make is  . Therefore, A cannot be an answer. So, the answer 

must be . 

 

Solution 6(2) 

Let the two primes be  and  . We wish to obtain the value of  , 

or . Using Simon's Favorite Factoring Trick, we can rewrite this expression 

as  or  . Noticing that

, we see that the answer is . 

 

Solution 7 

If  , then  . Since  ,  must be  to some factor of 6. 

Thus, there are four (3, 9, 27, 729) possible values of  . 

 

Solution 8(1) 

We have a recursion: 

. 

I... we add increasing multiples of  each time we go up a figure. 

So, to go from Figure 0 to 100, we add 

. 

We then add  to the number of squares in Figure 0 to get  , which is 

choice  

 

Solution 8(2) 
We can divide up figure  to get the sum of the sum of the first  odd numbers and 

the sum of the first  odd numbers. If you do not see this, here is the example for : 

https://artofproblemsolving.com/wiki/index.php?title=Factor
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The sum of the first  odd numbers is , so for figure , there are  unit 

squares. We plug in  to get , which is choice  

 

Solution 8(3) 
Using the recursion from solution 1, we see that the first differences of  form 

an arithmetic progression, and consequently that the second differences are constant and 

all equal to . Thus, the original sequence can be generated from a quadratic function. 

If  , and  ,  , and  , we get a 

system of three equations in three variables: 

 gives  

 gives  

 gives  

Plugging in  into the last two equations gives 

 

 

Dividing the second equation by 2 gives the system: 

 

 

Subtracting the first equation from the second gives , and hence . Thus, our 

quadratic function is: 

 

Calculating the answer to our problem,  , 

which is choice  
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Solution 9(1) 

The first number is divisible by 1. 

The sum of the first two numbers is even. 

The sum of the first three numbers is divisible by 3. 

The sum of the first four numbers is divisible by 4. 

The sum of the first five numbers is 400. 

Since 400 is divisible by 4, the last score must also be divisible by 4. Therefore, the last 

score is either 76 or 80. 

Case 1: 76 is the last number entered. 

Since , the fourth number must be divisible by 3, but none of 

the scores are divisible by 3. 

Case 2: 80 is the last number entered. 

Since , the fourth number must be . That number is 71 

and only 71. The next number must be 91, since the sum of the first two numbers is even. 

So the only arrangement of the scores   

Solution 9(2) 
We know the first sum of the first three numbers must be divisible by 3, so we write out 

all 5 numbers , which gives 2,1,2,1,1, respectively. Clearly the only way to get 

a number divisible by 3 by adding three of these is by adding the three ones. So those 

must go first. Now we have an odd sum, and since the next average must be divisible by 4, 

71 must be next. That leaves 80 for last, so the answer is . 

 

Solution 10 

Step 1: Reflect in the xy plane. Replace z with its additive inverse:  

Step 2: Rotate around x-axis 180 degrees. Replace y and z with their respective additive 

inverses.  

Step 3: Translate 5 units in positive-y direction. Replace y with y+5.  

 

Solution 11(1) 

. 

Another way is to solve the equation for  giving  then substituting this into 

the expression and simplifying gives the answer of  
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Solution 11(2) 

This simplifies to  . The two integer 

solutions to this are  and . The problem states than  and  are non-zero, 

so we consider the case of  . So, we end up 

with  

 

Solution 12(1) 

It is not hard to see that

 Since  , we 

can rewrite this as

 So we wish to maximize

 Which is largest when all the factors are equal 

(consequence of AM-GM). Since  , we 

set  Which gives us  so the 

answer is . 

 

Solution 12(2) 
If you know that to maximize your result you have to make the numbers as close together 

as possible, (for example to maximize area for a shape make it a square) then you can try 

to make  and  as close as possible. In this case, they would all be equal to  , 

so  , giving you the 

answer of . 

 

Solution 13(1) 

Let  be the total amount of coffee,  of milk, and  the number of people in the family. 

Then each person drinks the same total amount of coffee and milk (8 ounces), so

 Regrouping, we get  . Since 

both  are positive, it follows that  and  are also positive, which is only 

possible when . 

 

Solution 13(2) (less rigorous) 
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One could notice that (since there are only two components to the mixture) Angela must 

have more than her "fair share" of milk and less then her "fair share" of coffee in order to 

ensure that everyone has  ounces. The "fair share" is  So, 

 

Which requires that  be  since  is a whole number. 

 

Solution 13(3) 
Again, let   and  be the total amount of coffee, total amount of milk, and number 

of people in the family, respectively. Then the total amount that is drunk is  and 

also  Thus,  so  and  

We also know that the amount Angela drank, which is  is equal to  ounces, 

thus  Rearranging gives  Now notice that  (by the 

problem statement). In 

addition,  so  Therefore,  and 

so  We know that  so

From the leftmost inequality, we get  and from the rightmost inequality, we 

get  The only possible value of  is . 

 

Solution 14 

The mean is . 

Arranged in increasing order, the list is  , so the median is 

either  or  depending upon the value of . 

The mode is , since it appears three times. 

We apply casework upon the median: 

If the median is  ( ), then the arithmetic progression must be non-constant, which 

is fine. 

If the median is  ( ), then the mean can either be  to form an arithmetic 

progression. Solving for  yields  respectively, of which only  works. 

If the median is  (  ), then the mean can either be  to form an 

arithmetic progression. Solving for  yields  respectively, of which 

only  works. 

The answer is . 

 

Solution 15(1) 
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Let    then  . 

Thus  , and  . 

These sum up to  . (We can also use Vieta's formulas to find the sum more 

quickly.) 

 

Solution 15(2) 

Set  to get  From either finding the roots 

or using Vieta's formulas, we find the sum of these roots to be  .ach root of this 

equation is  times greater than a corresponding root 

of  (because  gives  ), thus the sum of the roots in the 

equation  is  

 

Solution 15(3) 

Since we have  ,  occurs 

at  Thus, . We set this equal to 7: 

 . For any 

quadratic , the sum of the roots is . Thus, the sum of the roots of 

this equation is  

 

 

Solution 16 

Index the rows with  Index the columns with  

For the first row number the cells  For the second,  and so 

on 

So the number in row =  and column 

=  is  

Similarly, numbering the same cells columnwise we find the number in row =  and 

column =  is  

https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_formulas
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So we need to solve 

 

 

 

 

 

We get  

 

 

 

 

  

 

Solution 17(1) 

Since  is tangent to the circle,  is a right triangle. This means 

that  ,  and  . By the Angle Bisector Theorem,

 We multiply both sides by  to 

simplify the trigonometric functions,

Since  ,   . Therefore, 

the answer is . 

 

Solution 17(2) 
Alternatively, one could notice that OC approaches the value 1/2 as theta gets close to 90 

degrees. The only choice that is consistent with this is (D). 

 

Solution 17(3) (with minimal trig) 
Let's assign a value to  so we don't have to use trig functions to solve.  is a good value 

for  , because then we have a  --  because  is 

tangent to Circle . 

Using our special right triangle, since , , and . 

Let  . Then  . since  bisects  , we can use the angle 

bisector theorem: 

 

https://artofproblemsolving.com/wiki/index.php?title=Angle_Bisector_Theorem


 

- 9 - 

 

 

 

. 

Now, we only have to use a bit of trig to guess and check: the only trig facts we need to 

know to finish the problem is: 

 

 

. 

With a bit of guess and check, we get that the answer is . 

 

Solution 18 

There are either  or  days between the first two 

dates depending upon whether or not year  is a leap year. Since  divides 

into , then it is possible for both dates to be Tuesday  hence year  is a leap year 

and  is not a leap year. There are  days between the date in 

years  , which leaves a remainder of  upon division by  . Since we are 

subtracting days, we count 5 days before Tuesday, which gives us . 

 

Solution 19(1) 

The answer is exactly , choice . We can find the area of triangle  by using the 

simple formula . Dropping an altitude from , we see that it has length  ( we can 

split the large triangle into a  and a  triangle). Then we can 

apply the Angle Bisector Theorem on triangle  to solve for  . 

Solving  , we get that  .  is the midpoint 

of  so . Thus we get the base of triangle , to be  units long. 

https://artofproblemsolving.com/wiki/index.php?title=Angle_Bisector_Theorem
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Applying the formula , we get . 

 

Solution 19(2) 

The area of  is  where  is the 

height of triangle  . Using Angle Bisector Theorem, we find  , 

which we solve to get .  is the midpoint of  so . Thus we get 

the base of triangle , to be units long. We can now use Heron's Formula 

on  .

Therefore, the answer is . 

 

Solution 19(3) 

 

Let's find the area of  by Heron, 
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Then, 

 
Knowing that D is the midpoint of BC, then . 

By Angle Bisector Theorem we know that: 

 

 

 

 

Also, we know that: 

 
And, we can easily see that , so, 

 

 

 

 

Solution 20(1) 

Multiplying all three expressions together, 

 
Thus  

 

Solution 20(2) 
We have a system of three equations and three variables, so we can apply repeated 

substitution. 

 

https://artofproblemsolving.com/wiki/index.php?title=Angle_Bisector_Theorem
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Multiplying out the denominator and simplification 

yields  , so  . 

Substituting leads to , and the product of these three variables is . 

 

Solution 21 

 
WLOG, let a side of the square be  . Simple angle chasing shows that the two right 

triangles are similar. Thus the ratio of the sides of the triangles are the same. 

Since  , the height of the triangle with area  is  . 

Therefore  where  is the base of the other triangle. , and the area 

of that triangle is . 

 

Solution 22 

Note that there are 3 maxima/minima. Hence we know that the rest of the graph is greater 

than 10. We approximate each of the above expressions: 

According to the graph,  

The product of the roots is  by Vieta’s formulas. Also,  according to the 

graph. 

The product of the real roots is , and the total product is  (from above), so the 

product of the non-real roots is . 

The sum of the coefficients is  

https://artofproblemsolving.com/wiki/index.php?title=Similar_triangles
https://artofproblemsolving.com/wiki/index.php?title=Vieta%E2%80%99s_formulas
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The sum of the real roots is . 

Clearly  is the smallest. 

 

Solution 23 

The products of the numbers have to be a power of  in order to have an integer base 

ten logarithm. Thus all of the numbers must be in the form  . Listing out such 

numbers from  to  , we find  are the only such 

numbers. Immediately it should be noticed that there are a larger number of powers 

of  than of . Since a number in the form of  must have the same number of s and 

s in its factorization, we require larger powers of  than we do of . To see this, for each 

number subtract the power of  from the power of  . This 

yields  , and indeed the only non-positive terms 

are  . Since there are only two zeros, the largest number that Professor 

Gamble could have picked would be . 

Thus Gamble picks numbers which fit , with the first four 

having already been determined to be  . The choices for 

the  include  and the choices for the  include  . Together these give 

four possible tickets, which make Professor Gamble’s probability . 

 

Solution 24 

 
Since  are all radii, it follows that  is an equilateral triangle. 

Draw the circle with center  and radius . Then let  be the point of tangency of the 

two circles, and  be the intersection of the smaller circle and  . Let  be the 

intersection of the smaller circle and  . Also define the 

radii  (note that  is a diameter of the smaller circle, as  is 

the point of tangency of both circles, the radii of a circle is perpendicular to the tangent, 

https://artofproblemsolving.com/wiki/index.php?title=Radius
https://artofproblemsolving.com/wiki/index.php?title=Equilateral_triangle
https://artofproblemsolving.com/wiki/index.php?title=File:2000_12_AMC-24a.png
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hence the two centers of the circle are collinear with each other and ). 

By the Power of a Point Theorem,  

Since  , then  . Since  is 

equilateral,  , and so  . 

Thus  and the circumference of the circle is . 

(Alternatively, the Pythagorean Theorem can also be used to find  in terms of . Notice 

that since AB is tangent to circle ,  is perpendicular to . Therefore, 

 

After simplification, .) 

 

Solution 25(1) 

We consider the dual of the octahedron, the cube  a cube can be inscribed in an 

octahedron with each of its vertices at a face of the octahedron. So the problem is 

equivalent to finding the number of ways to color the vertices of a cube. 

Select any vertex and call it   there are  color choices for this vertex, but this vertex can 

be rotated to any of  locations. After fixing , we pick another vertex  adjacent to . 

There are seven color choices for , but there are only three locations to which  can be 

rotated to (since there are three edges from ). The remaining six vertices can be colored 

in any way and their locations are now fixed. Thus the total number of ways 

is . 

 

Solution 25(2) 
Since the octahedron is indistinguishable by rotations, without loss of generality fix a face 

to be red. 

https://artofproblemsolving.com/wiki/index.php?title=Power_of_a_Point_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Cube
https://artofproblemsolving.com/wiki/index.php?title=Vertex
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There are  ways to arrange the remaining seven colors, but there still are three possible 

rotations about the fixed face, so the answer is . 

 

 

Solution 25(3) 
There are 8! ways to place eight colors on a fixed octahedron. An octahedron has six 

vertices, of which one can face the top, and for any vertex that faces the top, there are 

four different triangles around that vertex that can be facing you. Thus there are 6*4 = 24 

ways to orient an octahedron, and  

2001 AMC 12 Solutions 

Solution 1 

Suppose the two numbers are  and , with . Then the desired sum 

is , which is answer . 
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Solution 2 

Denote  and  as the tens and units digit of , respectively. Then . It 

follows that , which implies that . Since , . 

So the units digit of  is . 

 

Solution 3 

Let the income amount be denoted by . 

We know that . 

We can now try to solve for : 

 

 

 

So the answer is  

 

Solution 4 

Let  be the mean of the three numbers. Then the least of the numbers is  and the 

greatest is . The middle of the three numbers is the median, 5. 

So , which implies that . Hence, the sum 

of the three numbers is . 

 

Solution 5 

 

 

Solution 6  

The last four digits  are either  or , and the other odd digit (  or ) must 

be , , or . Since , that digit must be . Thus the sum of the two even 

digits in  is . must be , , or , which respectively leave the 

pairs  and ,  and , or  and , as the two even digits in . Only  and  has sum , 

so  is , and the required first digit is . 

 

Solution 7(1) 

Let's multiply ticket costs by , then the half price becomes an integer, and the charity 

sold  tickets worth a total of  dollars. 
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Let  be the number of half price tickets, we then have  full price tickets. The 

cost of full price tickets is equal to the cost of  half price tickets. 

Hence we know that  half price tickets cost  dollars. 

Then a single half price ticket costs  dollars, and this must be an integer. 

Thus  must be a divisor of . Keeping in mind that , we are 

looking for a divisor between  and , inclusive. 

The prime factorization of  is . We can easily find out that 

the only divisor of  within the given range is . 

This gives us  , hence there were  half price tickets 

and  full price tickets. 

In our modified setting (with prices multiplied by  ) the price of a half price ticket 

is  . In the original setting this is the price of a full price ticket. 

Hence  dollars are raised by the full price tickets. 

Solution 7(2) 

Let the cost of the full price ticket be , let the number of full price tickets be  and half 

price tickets be  

Multiplying everything by two first to make cancel out fractions. 

 

We have 

 
And we have  

Plugging in, we get  

Simplifying, we get  

Factoring out the , we get  

Obviously, we see that the fraction has to simplify to an integer. 

Hence,  has to be a factor of 4002. 

By inspection, we see that the prime factorization of  

We see that  through inspection. We also find that  

Hence, the price of full tickets out of  is . 

 

Solution 8 
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The blue lines will be joined together to form a single blue line on the surface of the cone, 

hence  will be the  of the cone. 

The red line will form the circumference of the base. We can compute its length and use 

it to determine the radius. 

The length of the red line is . This is the circumference of a circle 

with radius . 

Therefore the correct answer is . 

 

Solution 9  

Letting  and  in the given equation, we get  , 

or  

 

Solution 10  

Consider any single tile: 

 

If the side of the small square is , then the area of the tile is , with  covered by 

squares and by pentagons. Hence exactly  of any tile are covered by pentagons, 

and therefore pentagons cover  of the plane. When expressed as a percentage, this 
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is , and the closest integer to this value is . 

 

Solution 11(1)  

Imagine that we draw all the chips in random order, i.e., we do not stop when the last chip 

of a color is drawn. To draw out all the white chips first, the last chip left must be red, and 

all previous chips can be drawn in any order. Since there are 3 red chips, the probability 

that the last chip of the five is red (and so also the probability that the last chip drawn is 

white) is . 

Solution 11(2)  

We wish to arrange the letters: W,W, R, R, R such that R appears last. The probability of 

this occurring is simply  

 

Solution 12（1） 

Out of the numbers  to  four are divisible by  and three by  , counting  twice. 

Hence  out of these  numbers are multiples of  or . 

The same is obviously true for the numbers  to  for any positive 

integer . 

Hence out of the numbers  to  there are  numbers that are 

divisible by  or . Out of these , the numbers , , , ,  and  are divisible 

by . Therefore in the set  there are precisely  numbers that 

satisfy all criteria from the problem statement. 

Again, the same is obviously true for the set  for any positive 

integer . 

We have  , hence there are  good numbers among the 

numbers  to  . At this point we already know that the only answer that is still 

possible is , as we only have numbers left. 

By examining the remaining  by hand we can easily find out that exactly  of them 

match all the criteria, giving us  good numbers. This is correct. 

Solution 12（2） 

We can solve this problem by finding the cases where the number is divisible by  or , 

then subtract from the cases where none of those cases divide . To solve the ways the 
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numbers divide  or  we find the cases where a number is divisible by  and  as 

separate cases. We apply the floor function to every case to get  ,  , 

and . The first two floor functions were for calculating the number of individual 

cases for  and  . The third case was to find any overlapping numbers. The numbers 

were , , and , respectively. We add the first two terms and subtract the third 

to get . The first case is finished. 

The second case is more or less the same, except we are applying  and  to . We must 

find the cases where the first case over counts multiples of five. Utilizing the floor function 

again on the fractions , , and  yields the numbers , , 

and . The first two numbers counted all the numbers that were multiples of either four 

with five or three with five less than . The third counted the overlapping cases, which 

we must subtract from the sum of the first two. We do this to reach . Subtracting this 

number from the original  numbers procures . 

Solution 12（3） 

First find the number of such numbers between 1 and 2000 (inclusive) and then add one 

to this result because 2001 is a multiple of 3. 

There are  numbers that are not multiples 

of  .  are not multiples of  or  , so  numbers 

are.  

Solution 12（4） 

Take a good-sized sample of consecutive integers  for example, the first 25 positive 

integers. Determine that the numbers 3, 4, 6, 8, 12, 16, 18, 21, and 24 exhibit the 

properties given in the question. 25 is a divisor of 2000, so there 

are  numbers satisfying the given conditions between 1 and 2000. 

Since 2001 is a multiple of 3, add 1 to 800 to get . 

 

Solution 13 

We write  as  (this is possible for any parabola). Then the reflection 
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of  is  . Then we find  . 

Since  and  , we 

have , so the answer is . 

 

Solution 14  

.ach of the  pairs of vertices determines two equilateral triangles, one on 

each side of the segment. This would give us  triangles. However, note that there are 

three equilateral triangles that have all three vertices among the vertices of the polygon. 

These are the triangles , , and . We counted each of these 

three times (once for each side). Hence we overcounted by for each of these triangles 

for a total of  overcounted, and the correct number of equilateral triangles 

is . 

 

Solution 15  

Given any path on the surface, we can unfold the surface into a plane to get a path of the 

same length in the plane. Consider the net of a tetrahedron in the picture below. A pair of 

opposite points is marked by dots. It is obvious that in the plane the shortest path is just 

a segment that connects these two points. Its length is the same as the length of the 

tetrahedron's edge, i.e. . 

 
 

Solution 16(1) 

Let the spider try to put on all  things in a random order. .ach of the  permutations 

is equally probable. For any fixed leg, the probability that he will first put on the sock and 

only then the shoe is clearly . Then the probability that he will correctly put things on all 

legs is . Therefore the number of correct permutations must be . 
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Solution 16(2) 

.ach dressing sequence can be uniquely described by a sequence containing two s, two 

s, ..., and two s -- the first occurrence of number  means that the spider puts the sock 

onto leg , the second occurrence of  means he puts the shoe onto leg . If the numbers 

were all unique, the answer would be  . However, since 8 terms appear twice, the 

answer is . 

Solution 16(3) 

You can put all  socks on first for  ways and then all  shoes on next for  more ways. 

This is not the only possibility, so the lower bound is . You can choose all  in a 

random fashion, but some combinations would violate the rules, so the upper bound 

is  .  &  are the lower and upper bounds, so the answer is in between 

them, . 

 

Solution 17 

The angle  is obtuse if and only if  lies inside the circle with diameter . (This 

follows for example from the fact that the inscribed angle is half of the central angle for 

the same arc.) 

 

The area of  is  , and the area 

of  is . 

From the Pythagorean theorem the length of  is , thus the radius 

of the circle is , and the area of the half-circle that is inside  is . 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_theorem
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Therefore the probability that  is obtuse is . 

 

Solution 18(1) 

 

In the triangle  we have  and  , thus by 

the Pythagorean theorem we have . 

We can now pick a coordinate system where the common tangent is the  axis and  lies 

on the  axis. In this coordinate system we have  and . 

Let  be the radius of the small circle, and let  be the -coordinate of its center . We 

then know that  , as the circle is tangent to the  axis. Moreover, the small 

circle is tangent to both other circles, hence we have  and . 

We have  and  . Hence we 

get the following two equations: 

 

Simplifying both, we get 

 

As in our case both  and  are positive, we can divide the second one by the first one to 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_theorem
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get . 

Now there are two possibilities: either  , or  . In the first case 

clearly , hence this is not the correct case. (Note: This case corresponds to the other 

circle that is tangent to both given circles and the  axis - a large circle whose center is 

somewhere to the left of  .) The second case solves to  . We then 

have , hence . 

Solution 18(2) 

The horizontal line is the equivalent of a circle of curvature , thus we can apply Descartes' 

Circle Formula. 

The four circles have curvatures , and . 

We have  

Simplifying, we get  

 

Obviously  cannot equal , therefore . 

 

Solution 19  

We are given . So the product of the roots is  by Vieta's formulas. These 

also tell us that  is the average of the zeros, so . We are also 

given that the sum of the coefficients is , so . 

So the answer is . 

 

Solution 20  

https://artofproblemsolving.com/wiki/index.php?title=Descartes%27_Circle_Formula
https://artofproblemsolving.com/wiki/index.php?title=Descartes%27_Circle_Formula
https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_formulas
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We already know two vertices of the 

square:  and . 

There are only two possibilities for the other vertices of the square: either they 

are  and  , or they are  and  . The second case would give 

us  outside the first quadrant, hence the first case is the correct one. As  is the 

midpoint of , we can compute , and . 

 

Solution 21(1)  

Using Simon's Favorite Factoring Trick, we can rewrite the three equations as follows: 

 

Let . We get: 

 

Clearly  divides . On the other hand,  can not divide , as it then would divide . 

Similarly, can not divide . Hence  divides both  and . This leaves us with only two 

cases: and . 

The first case solves to  , which gives 

us , but then . (We do not need to multiply, it is 
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enough to note e.g. that the left hand side is not divisible by .) Also, a - d equals  in 

this case, which is way too large to fit the answer choices. 

The second case solves to  , which gives us a valid 

quadruple , and we have . 

Solution 21(2) 

As above, we can write the equations as follows: 

 

Looking at the first two equations, we know that  but not  is a multiple of 5, 

and looking at the last two equations, we know that  but not  must be a 

multiple of 5 (since if  or  was a multiple of 5, then  would 

also be a multiple of 5). 

Thus, , and . The only answer 

choice where this is true is . 

 

Solution 22(1)  

 

Note that the triangles  and  are similar, as they have the same angles. 

Hence . 

Also, triangles  and  are similar, hence . 

We can now compute  as . We have: 
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 . 

  is  of  , as these two triangles have the same base  , 

and  is  of , therefore also the height from  onto  is  of the 

height from . Hence . 

  is  of , as the base  is  of the base , and the 

height from  is of the height from . Hence . 

  is  of  for similar reasons, hence . 

Therefore 

 .  

Solution 22(2) 

As in the previous solution, we note the similar triangles and prove that  is 

in  and  in  of . 

We can then compute that . 

As  is the midpoint of  , the height from  onto  is  of the height 

from  onto  . Therefore we 

have . 

 

Solution 23(1)  

Let the polynomial be  and let the two integer zeros be  and  . We can then 

write  for some integers  and . 

If a complex number  with  is a root of  , it must be the root 

of , and the other root of  must be . 

We can then 

write 

. 
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We can now examine each of the five given complex numbers, and find the one for which 

the values  and  are integers. This is  , for which we 

have  and 

. 

(As an example, the polynomial  has zeroes  ,  , 

and .) 

Solution 23(2) 

By Vieta, we know that the product of all four zeros of the polynomial equals the constant 

at the end of the polynomial. We also know that the two imaginary roots are a conjugate 

pair (I.. if one is a+bi, the other is a-bi). So the two imaginary roots must multiply to give 

you an integer. Taking the 5 answers into hand, we find that  is our only 

integer giving solution. 

Solution 23(3) 

After dividing the polynomial out by  and , where p and q are the real 

roots of the polynomial, we will obtain a quadratic with two complex roots. We can then 

use the quadratic formula to solve for these complex roots. 

Let's start by using synthetic division to divide  by . 

Using this method, the quotient 

becomes 

 .  

However, we know that there should be no remainder because  is a factor of the 

polynomial, so  must equal 0, 

so . When we divide the expression on the left by -p, we 

get , so we can replace it in our original synthetic division equation 
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with . 

We then want to synthetically divide  by 

the next factor, . Using the same method as before, we can simplify the quotient 

to . Now for the easy part! 

Use the quadratic formula to determine the form of the complex roots. 

 

Now this is starting to look a lot like answers A and .. Noticing that the real part in each 

answer choice is ,  and , and the imaginary part 

is positive. Furthermore, by Vieta's Formulas, we know that d must be a multiple of p and 

q, so  is a multiple of 4. Rearranging the expression, we get: 

 

The radicand therefore must be one less than a multiple of four, which is only the case 

in  or . 

 

Solution 24(1) 
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We start with the observation that  , 

and . 

We can draw the height  from  onto  . In the triangle  , we 

have . Hence . 

By the definition of  , we also have  , therefore  . This 

means that the triangle  is isosceles, and as  , we must 

have . 

Then we compute  , thus  and the 

triangle  is isosceles as well. Hence . 

Now we can note that  , hence also the 

triangle  is isosceles and we have . 

Combining the previous two observations we get that  , and 

as , this means that . 

Finally, we get . 

Solution 24(2) 

Draw a good diagram! Now, let's call  , so  . Given the rather nice 

angles of  and  as you can see, let's do trig. Drop an 

altitude from  to    call this point  . We realize that there is no specific factor 

of  we can call this just yet, so let . Notice that in  we get . 

Using the 60-degree angle in , we obtain . The comparable ratio 

is that . If we involve our , we get: 

 . .liminating  and removing radicals from the denominator, we 
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get  . From there, one can easily obtain  . 

Now we finally have a desired ratio. Since  upon calculation, we 

know that  can be simplified. Indeed, if you know 

that  or even take a minute or two to work out the sine and 

cosine using , and perhaps the half- or double-angle formulas, 

you get . 

Solution 24(3) 

WLOG, we can assume that  and  . As above, we are able to find 

that and . 

Using Law of Sines on triangle , we find that . 

Since we know that , , and , we 

can compute  to equal  and  to be . 

Next, we apply Law of Cosines to triangle  to see 

that  . Simplifying the RHS, 

we get , so . 

Now, we apply Law of Sines to triangle  to see that . After 

rearranging and noting that , we get . 

Dividing the RHS through by , we see that , so  is 

either  or . Since  is not a choice, we know . 

Note that we can also confirm that  by computing  with Law of 

Sines. 
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Solution 25 

It never hurts to compute a few terms of the sequence in order to get a feel how it looks 

like. In our case, the definition is that  . This can be 

rewritten as . We have  and , and we compute: 

 

At this point we see that the sequence will become periodic: we have , , 

and each subsequent term is uniquely determined by the previous two. 

Hence if  appears, it has to be one of  to . As , we only have four 

possibilities left. Clearly  for  , and  for  . The 

equation  solves to  , and the 

equation  to . 

No two values of  we just computed are equal, and therefore there are  different 

values of  for which the sequence contains the value . 

2002 AMC 12A Solutions 

Solution 1(1) 

We expand to get  which 

is  after combining like terms. Using the quadratic part of Vieta's 

Formulas, we find the sum of the roots is . 

 

Solution 1(2) 
Combine terms to 

https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_Formulas
https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_Formulas
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get  , hence the 

roots are  and , thus our answer is . 

 

Solution 2 

We work backwards  the number that Cindy started with is . Now, the 

correct result is . Our answer is . 

 

Solution 3 

The best way to solve this problem is by simple brute force. 

It is convenient to drop the usual way how exponentiation is denoted, and to write the 

formula as , where  denotes exponentiation. We are now examining all 

ways to add parentheses to this expression. There are 5 ways to do so: 

 

 

 

 

 

We can note that  . Therefore options 1 and 2 are 

equal, and options 3 and 4 are equal. Option 1 is the one given in the problem statement. 

Thus we only need to evaluate options 3 and 5. 

 

 

Thus the only other result is , and our answer is . 

 

Solution 4 

We can create an equation for the question,  

 

 

After simplifying, we get  

 

Solution 5 

The outer circle has radius  , and thus area  . The little circles have 

area  each  since there are 7, their total area is  . Thus, our answer 
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is  

 

Solution 6(1) 

For any  we can pick  , we get  , therefore the answer 

is . 

 

Solution 6(2) 
Another solution, slightly similar to this first one would be using Simon's Favorite Factoring 

Trick. 

 
Let , then 

 
This means that there are infinitely many numbers  that can satisfy the inequality. So 

the answer is . 

 

Solution 7(1) 

Let  and  be the radii of circles  and , respectively. 

It is well known that in a circle with radius  , a subtended arc opposite an angle 

of  degrees has length . 

Using that here, the arc of circle A has length . The arc of circle B has 

length  . We know that they are equal, so  , so we 

multiply through and simplify to get . As all circles are similar to one another, the 

ratio of the areas is just the square of the ratios of the radii, so our answer is . 

 

Solution 7(2) 
Let  and  be the circumference of circles  and , respectively. 

The length of a  arc of circle  is  , and the length of a  arc of 

circle  is . We know that the length of a  arc on circle  is equal to the 

https://artofproblemsolving.com/wiki/index.php?title=Simon%27s_Favorite_Factoring_Trick
https://artofproblemsolving.com/wiki/index.php?title=Simon%27s_Favorite_Factoring_Trick
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length of a  arc of circle  , so  . Manipulating the equation, we 

get  . Because the ratio of the areas is equal to the ratio of the 

circumferences squared, our answer is  

 

Solution 8 

The blue that's touching the center red square makes up 8 triangles, or 4 squares. .ach of 

the corners is 2 squares and each of the edges is 1, totaling 12 squares. There are 12 white 

squares, thus we have . 

 

Solution 9 

A 0.8 MB file can either be on its own disk, or share it with a 0.4 MB. Clearly it is better to 

pick the second possibility. Thus we will have 3 disks, each with one 0.8 MB file and one 

0.4 MB file. 

We are left with 12 files of 0.7 MB each, and 12 files of 0.4 MB each. Their total size 

is  MB. The total capacity of 9 disks is  MB, 

hence we need at least 10 more disks. And we can easily verify that 10 disks are indeed 

enough: six of them will carry two 0.7 MB files each, and four will carry three 0.4 MB files 

each. 

Thus our answer is . 

 

Solution 10 

We will simulate the process in steps. 

In the beginning, we have: 

 ounces of coffee in cup  

 ounces of cream in cup  

In the first step we pour  ounces of coffee from cup  to cup , getting: 

 ounces of coffee in cup  

 ounces of coffee and  ounces of cream in cup  

In the second step we pour  ounce of coffee and  ounces of cream from 

cup  to cup , getting: 

 ounces of coffee and  ounces of cream in cup  

the rest in cup  

Hence at the end we have  ounces of liquid in cup , and out of these  ounces 
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is cream. Thus the answer is . 

 

Solution 11(1) 

Let the time he needs to get there in be t and the distance he travels be d. From the given 

equations, we know that  and . Setting the two 

equal, we have  and we find  of an hour. Substituting t back 

in, we find . From , we find that r, and our answer, is . 

 

Solution 11(2) 
Since either time he arrives at is 3 minutes from the desired time, the answer is merely 

the harmonic mean of 40 and 60. The harmonic mean of a and b is . In 

this case, a and b are 40 and 60, so our answer is , so . 

 

Solution 11(3) 
A more general form of the argument in Solution 2, with proof: 

Let  be the distance to work, and let  be the correct average speed. Then the time 

needed to get to work is . 

We know that  and  . Summing these two equations, we 

get: . 

Substituting  and dividing both sides by  , we get  , 

hence . 

(Note that this approach would work even if the time by which he is late was different 

from the time by which he is early in the other case - we would simply take a weighted 

sum in step two, and hence obtain a weighted harmonic mean in step three.) 

https://artofproblemsolving.com/wiki/index.php?title=Harmonic_mean
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Solution 12 

Consider a general quadratic with the coefficient of  being  and the roots 

being  and  . It can be factored as  which is 

just . Thus, the sum of the roots is the negative of the coefficient 

of  and the product is the constant term. (In general, this leads to Vieta's Formulas). 

We now have that the sum of the two roots is  while the product is . Since both roots 

are primes, one must be , otherwise the sum would be even. That means the other root 

is  and the product must be . Hence, our answer is . 

 

Solution 13 

.ach of the numbers  and  is a solution to . 

Hence it is either a solution to , or to . Then it must be a solution 

either to , or to . 

There are in total four such values of , namely . 

Out of these, two are positive:  and . We can easily check that both 

of them indeed have the required property, and their sum 

is . 

 

Solution 14 

First, note that . 

Using the fact that for any base we have  , we get 

that . 

 

Solution 15 

As the unique mode is , there are at least two s. 

As the range is  and one of the numbers is , the largest one can be at most . 

If the largest one is , then the smallest one is , and thus the mean is strictly larger 

than , which is a contradiction. 

If the largest one is , then the smallest one is . This means that we already know four 

https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_Formulas
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of the values: , , , . Since the mean of all the numbers is , their sum must be . 

Thus the sum of the missing four numbers is . But if  is 

the smallest number, then the sum of the missing numbers must be at least , 

which is again a contradiction. 

If the largest number is  , we can easily find the solution  . 

Hence, our answer is . 

 

Solution 16(1) 

This is not too bad using casework. 

Tina gets a sum of 3: This happens in only one way  and Sergio can choose a number 

from 4 to 10, inclusive. There are 7 ways that Sergio gets a desirable number here. 

Tina gets a sum of 4: This once again happens in only one way . Sergio can choose a 

number from 5 to 10, so 6 ways here. 

Tina gets a sum of 5: This can happen in two ways  and . Sergio can choose a 

number from 6 to 10, so  ways here. 

Tina gets a sum of 6: Two ways here  and . Sergio can choose a number from 

7 to 10, so  here. 

Tina gets a sum of 7: Two ways here  and . Sergio can choose from 8 to 10, 

so  ways here. 

Tina gets a sum of 8: Only one way possible ). Sergio chooses 9 or 10, so 2 ways here. 

Tina gets a sum of 9: Only one way . Sergio must choose 10, so 1 way. 

In all, there are  ways. Tina chooses two distinct 

numbers in  ways while Sergio chooses a number in  ways, so there 

are  ways in all. Since , our answer is . 

 

Solution 16(2) 
We want to find the average of the smallest possible chance of Sergio winning and the 

largest possible chance of Sergio winning. This is because the probability decreases linearly. 

The largest possibility of Sergio winning if Tina chooses a 1 and a 2. The chances of Sergio 

winning is then  . The smallest possibility of Sergio winning is if Tina chooses a 4 and a 
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5. The chances of Sergio winning then is . The average of  and  is . 

 

Solution 16(3) 

The expected value of a number randomly selected form the set  is  . 

Therefore, Tina's expected sum is  . The probability that Sergio selects a 

number larger than  from his set is . This works because of symmetry. 

 

Solution 17 

Neither of the digits , , and  can be a units digit of a prime. Therefore the sum of the 

set is at least . 

We can indeed create a set of primes with this sum, for example the following set 

works: . 

Thus the answer is . 

 

Solution 18(1) 

(C) First examine the formula , for the circle . Its center, , is 

located at (10,0) and it has a radius of  = 6. The next circle, using the same pattern, 

has its center,  , at (-15,0) and has a radius of  = 9. So we can construct this 

diagram:

Line PQ is tangent to both circles, so it forms a right angle with the radii (6 and 9). This, as 

well as the two vertical angles near O, proves triangles S QO and S PO similar by AA, with 

a scale factor of 6:9, or 2:3. Next, we must subdivide the line D D  in a 2:3 ratio to get the 
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length of the segments D O and D O. The total length is 10 - (-15), or 25, so applying the 

ratio, D  O = 15 and D  O = 10. These are the hypotenuses of the triangles. We already 

know the length of D Q and D P, 9 and 6 (they're radii). So in order to find PQ, we must 

find the length of the longer legs of the two triangles and add them. 

 

 

 

 

Finally, the length of PQ is , or C. 

 

Solution 18(2) 

Using the above diagram, imagine that segment  is shifted to the right to match up 

with  . Then shift  downwards to make a right triangle. We 

know  from the given information and the newly created leg has 

length  . Hence by Pythagorean 

theorem . 

, or C. 

 

Solution 19 

First of all, note that the equation  has two solutions:  and . 

Given an , let . Obviously, to have , we need to have , 

and we already know when that happens. In other words, the solutions 

to  are precisely the solutions to (  or ). 

Without actually computing the exact values, it is obvious from the graph that the 

equation  has two and  has four different solutions, giving us a 

total of  solutions. 
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Solution 20 

The repeating decimal  is equal to

 

When expressed in lowest terms, the denominator of this fraction will always be a divisor 

of the number  . This gives us the possibilities  . 

As  and  are not both nine and not both zero, the denominator  cannot be achieved, 

leaving us with  possible denominators. 

(The other ones are achieved e.g. for  equal to , , , , and , respectively.) 

 

Solution 21 

The sequence is infinite. As there are only  pairs of digits, sooner or later a pair of 

consecutive digits will occur for the second time. As each next digit only depends on the 

previous two, from this point on the sequence will be periodic. 

(Additionally, as every two consecutive digits uniquely determine the previous one as well, 

the first pair of digits that will occur twice must be the first pair .) 

Hence it is a good idea to find the period. Writing down more terms of the sequence, we 

get: 

 
and we found the period. The length of the period is  , and its sum 

is . Hence for each  we have . 

We have  and  , 

therefore  . The rest can now be computed by hand, we 

get  , 
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and , thus the answer is . 

 

Solution 22 

Clearly  and  . Choose a  and get a corresponding  such 

that  and  . For  we need  , creating an 

isoclese right triangle with hyptonuse  . Thus the point  may only lie in the 

triangle . The probability of it doing so is the ratio of areas of  to , 

or equivalently, the ratio of  to  because the triangles have identical altitudes 

when taking  and  as bases. This ratio is equal 

to  . Thus the 

answer is . 

 

Solution 23(1) 

 Looking at the triangle  , we see that its 

perpendicular bisector reaches the vertex, therefore implying it is isosceles. Let , 

so that  from given and the previous deducted. 

Then  because any exterior angle of a triangle has a 

measure that is the sum of the two interior angles that are not adjacent to the exterior 

angle. That means  and  are similar, 

so . 

Then by using Heron's Formula on  (with sides  ), we 

have . 

 

Solution 23(2) 

Let M be the point of the perpendicular bisector on BC. By the perpendicular bisector 

theorem,  and  . Also, by the angle bisector 

theorem, . Thus, let  and . In addition, . 

https://artofproblemsolving.com/wiki/index.php?title=Similarity_(geometry)
https://artofproblemsolving.com/wiki/index.php?title=Heron%27s_Formula
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Thus, . Additionally, using the Law of Cosines and the fact 

that ,  

Substituting and simplifying, we get  

Thus,  . We now know all sides of  . Using Heron's 

Formula on ,  

 

Solution 24(1) 

Let  be the magnitude of  . Then the magnitude 

of  is  , while the magnitude of  is  . We get that  , 

hence either  or . 

For  we get a single solution . 

Let's now assume that  . Multiply both sides by  . The left hand side 

becomes  , the right hand side 

becomes  . Hence the solutions for this case are 

precisely all the rd complex roots of unity, and there are  of those. 

The total number of solutions is therefore . 

 

Solution 24(2) 
As in the other solution, split the problem into when  and when  . 

When  and , 

 

 

so we must have  and hence  . Since  is restricted 

to  ,  can range from  to  inclusive, which 

is  values. Thus the total is . 

 

Solution 24(3) 
Notice that r=0 or r=1 for this to be true. We know this because we are taking magnitude 

https://artofproblemsolving.com/wiki/index.php?title=Heron%27s_Formula
https://artofproblemsolving.com/wiki/index.php?title=Heron%27s_Formula
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to the 2003rd power, and if the magnitude of a+bi is larger than 1, it will increase and if it 

is smaller than 1 it will decrease. However, the magnitude on the RHS is still r, so this is not 

possible. Again, only r=0 and r=1 satisfy. 

Now if r=0, we must have (0,0) for (a,b). No exceptions. 

However if r=1, we then have: 

. This has solution of . This would represent the number 

1+0i, with conjugate 1-0i. This works because the magnitude is the same and the angle is 

nothing anyways. We multiply angle by 2002 due to DeMoivre's Theorem and also we 

do  because it is a reflection, angles therefore is negative. 

We then write: 

 which has solution of . 

We can also write: 

 which has solution . 

We notice that it is simply headed upwards and the answer is of the form , where 

n is some integer from 0 to infinity inclusive. 

Well wait, it repeats itself n=2003, that is 360 which is also 0! Hence we only have n=0 to 

2002 as original solutions, or 2003 solutions. 

1+2003 = . 

 

Solution 25(1) 

The sum of the coefficients of  and of  will be equal, so  . The only 

answer choice with an intersection between the two graphs at  is  . (The 

polynomials in the graph 

are  and .) 

Solution 25(2) 
We know every coefficient is equal, so we get  which 

equals . We see apparently that x cannot be positive, for it would 

yield a number greater than zero for . We look at the zeros of the answer choices. 

A, C, D, and . have a positive zero, which eliminates them. B is the answer. 

 

2002 AMC 12B Solutions 
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Solution 1 

We wish to find  , 

or  . This does not have the 

digit 0, so the answer is  

 

Solution 2 

By the distributive property, 

 

 

Solution 3(1) 

Factoring, we get  . .ither  or  is odd, 

and the other is even. Their product must yield an even number. The only prime that is 

even is , which is when  is . The answer is . 

 

Solution 3(2) 
Considering parity, we see that  is always even. The only even prime is , 

and so  whence . 

 

Solution 4 

Since , 

 

From which it follows that  and . The only answer choice that is not 

true is . 

 

Solution 5 

The sum of the degree measures of the angles of a pentagon (as a pentagon can be split 

into  triangles) is  . If we 

let , it follows that 
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Note that since  is the middle term of an arithmetic sequence with an odd number of 

terms, it is simply the average of the sequence. 

 

Solution 6(1) 

Since  , it follows by 

comparing coefficients that  and that . Since  is nonzero, , 

and . Thus . 

 

Solution 6(2) 
Another method is to use Vieta's formulas. The sum of the solutions to this polynomial is 

equal to the opposite of the  coefficient, since the leading coefficient is 1  in other 

words,  and the product of the solutions is equal to the constant term 

(i.e, ). Since  is nonzero, it follows that  and therefore (from the first 

equation), . Hence,  

 

Solution 6(3) (Using the Answer Choices) 
Note that for roots  and  ,  . This implies that  is  , and there is only one 

answer choice with  in the position for , hence,  

 

Solution 7 

Let the three consecutive positive integers be  ,  , and  . 

So,  .  , so  . 

Hence, the sum of the squares is . 

 

Solution 8 

If there are five Mondays, there are only three possibilities for their 

dates: , , and . 

In the first case August starts on a Thursday, and there are five Thursdays, Fridays, and 

Saturdays in August. 

In the second case August starts on a Wednesday, and there are five Wednesdays, 

Thursdays, and Fridays in August. 

In the third case August starts on a Tuesday, and there are five Tuesdays, Wednesdays, and 

Thursdays in August. 

The only day of the week that is guaranteed to appear five times is 

therefore . 

https://artofproblemsolving.com/wiki/index.php?title=Coefficient
https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_formulas
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Solution 9(1) 

We can let a=1, b=2, c=3, and d=4.  

 

Solution 9(2) 
As  is a geometric sequence, let  and  for some . 

Now,  is an arithmetic sequence. Its difference is  . 

Thus . 

Comparing the two expressions for  we get  . The positive solution 

is , and . 

Solution 9(3) 
Letting  be the common difference of the arithmetic progression, we 

have  ,  ,  . We are given that  =  , or

 Cross-multiplying, we get

So . 

 

Solution 10 

Subtracting 10 from each number in the set, and dividing the results by 3, we obtain the 

set  . It is easy to see that we can get any integer 

between  and  inclusive as the sum of three elements from this set, for the total 

of  integers. 

 

Solution 11 

Since  and  must have the same parity, and since there is only one even 

prime number, it follows that  and  are both odd. Thus one of  is 

odd and the other even. Since  , it follows that  (as a 

prime greater than ) is odd. Thus , and  are consecutive odd 

primes. At least one of  is divisible by  , from which it follows 

that  and  . The sum of these numbers is thus  , a prime, so the 

answer is . 

https://artofproblemsolving.com/wiki/index.php?title=Parity
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Solution 12(1) 

Let  , with  (note that the solutions  do not give any 

additional solutions for ). Then rewriting, . Since , 

it follows that  divides  . Listing the factors of  , we find 

that  are the only  solutions (respectively 

yielding ). 

 

Solution 12(2) 
For  and  the fraction is negative, for  it is not defined, and 

for  it is between 0 and 1. 

Thus we only need to examine  and . 

For  and  we obviously get the squares  and  respectively. 

For prime  the fraction will not be an integer, as the denominator will not contain the 

prime in the numerator. 

This leaves , and a quick substitution shows that out of these 

only  and  yield a square. Therefore, there are only  solutions 

(respectively yielding ). 

 

Solution 13 

Let  be the consecutive positive integers. Their 

sum, , is a perfect square. Since  is a perfect square, it 

follows that  is a perfect square. The smallest possible such perfect square 

is  when , and the sum is . 

 

Solution 14(1) 

For any given pair of circles, they can intersect at most  times. Since there are 

pairs of circles, the maximum number of possible intersections is  . We can 

construct such a situation as below, so the answer is . 
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Solution 14(2) 
Because a pair or circles can intersect at most  times, the first circle can intersect the 

second at  points, the third can intersect the first two at  points, and the fourth can 

intersect the first three at  points. This means that our answer 

is  

 

Solution 15 

Let  , such that  . 

Then  . Since  , 

from we have  three-digit solutions, and the answer is . 

 

Solution 16(1) 

On both dice, only the faces with the numbers  are divisible by  . 

Let  be the probability that Juan rolls a  or a  , 

and  that Amal does. By the Principle of Inclusion-.xclusion, 

 

Alternatively, the probability that Juan rolls a multiple of  is , and the probability that 

https://artofproblemsolving.com/wiki/index.php?title=Principle_of_Inclusion-Exclusion
https://artofproblemsolving.com/wiki/index.php?title=File:2002_12B_AMC-14.png
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Juan does not roll a multiple of  but Amal does is . Thus the total 

probability is . 

 

Solution 16(2) 

The probability that neither Juan nor Amal rolls a multiple of  is    using 

complementary counting, the probability that at least one does is . 

 

Solution 17 

We say Andy's lawn has an area of . Beth's lawn thus has an area of , and Carlos's lawn 

has an area of . 

We say Andy's lawn mower cuts at a speed of . Carlos's cuts at a speed of , and Beth's 

cuts at a speed . 

.ach person's lawn is cut at a speed of , so Andy's is cut in  time, as is Carlos's. 

Beth's is cut in , so the first one to finish is . 

 

Solution 18 

 

The region containing the points closer to  than to  is bounded by the 

perpendicular bisector of the segment with endpoints . The perpendicular 

https://artofproblemsolving.com/wiki/index.php?title=Complementary_counting
https://artofproblemsolving.com/wiki/index.php?title=Perpendicular_bisector
https://artofproblemsolving.com/wiki/index.php?title=File:2002_12B_AMC-18.png


 

- 51 - 

 

bisector passes through midpoint of  , which is  , the center of 

the unit square with coordinates  . Thus, it cuts the unit 

square into two equal halves of area . The total area of the rectangle is , so the area 

closer to the origin than to  and in the rectangle is . The probability 

is . 

 

Solution 19 

Adding up the three equations 

gives  . 

Subtracting each of the above equations from this yields, 

respectively,  . Taking their 

product, . 

 

Solution 20 

 

Let  ,  . By the Pythagorean 

Theorem on  respectively,  

Summing these gives . 

By the Pythagorean Theorem again, we have 

 

Alternatively, we could note that since we found , segment . 

https://artofproblemsolving.com/wiki/index.php?title=Unit_square
https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=File:2002_12B_AMC-20.png
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Right triangles  and  are similar by Leg-Leg with a ratio of  , 

so  

 

Solution 21 

Since  , it follows that

 

Thus . 

 

Solution 22 

By the change of base formula,  . Thus

 

 

Solution 23 

 
Let  be the foot of the median from  to , and we let . Then 

by the Law of Cosines on  , we have

 

Since  , we can add these two 

equations and get 

https://artofproblemsolving.com/wiki/index.php?title=Logarithms#Logarithmic_Properties
https://artofproblemsolving.com/wiki/index.php?title=Law_of_Cosines
https://artofproblemsolving.com/wiki/index.php?title=File:2002_12B_AMC-23.png
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Hence  and . 

 

Solution 24 

We have (This is true for any convex quadrilateral: 

split the quadrilateral along  and then using the triangle area formula to 

evaluate  and  ), with equality only if  . By the triangle 

inequality, 

 
with equality if  lies on  and  respectively. Thus 

 
Since we have the equality case,  at point , as shown below. 

 

By the Pythagorean Theorem,  

The perimeter of  is . 

 

Solution 25 

The first condition gives us that

https://artofproblemsolving.com/wiki/index.php?title=Triangle_inequality
https://artofproblemsolving.com/wiki/index.php?title=Triangle_inequality
https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
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which is a circle centered at  with radius . The second condition gives us that 

 
Thus either 

 
or 

 

 

.ach of those lines passes through  and has slope  , as shown above. 

Therefore, the area of  is half of the area of the circle, which 

is . 

 

2003 AMC 12A Solutions 

Solution 1(1) 

The first  even counting numbers are . 

The first  odd counting numbers are . 

Thus, the problem is asking for the value 

of . 

 

https://artofproblemsolving.com/wiki/index.php?title=Circle
https://artofproblemsolving.com/wiki/index.php?title=Radius
https://artofproblemsolving.com/wiki/index.php?title=File:2002_12B_AMC-25.png
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Solution 1(2) 
Using the sum of an arithmetic progression formula, we can write this 

as . 

 

Solution 1(3) 

The formula for the sum of the first  even numbers, is , (. standing for 

even). 

Sum of first  odd numbers, is , (O standing for odd). 

Knowing this, plug  for , 

 . 

 

Solution 2 

Since T-shirts cost  dollars more than a pair of socks, T-shirts cost  dollars. 

Since each member needs  pairs of socks and  T-shirts, the total cost for  member 

is  dollars. 

Since  dollars was the cost for the club, and  was the cost per member, the 

number of members in the League is . 

 

Solution 3 

The volume of the original box is  

The volume of each cube that is removed is  

Since there are  corners on the box,  cubes are removed. 

So the total volume removed is . 

Therefore, the desired percentage is  

 

Solution 4(1) 

Since she walked  km to school and  km back home, her total distance 

is  km. 

Since she spent  minutes walking to school and  minutes walking back home, her 

total time is  minutes =  hours. 

https://artofproblemsolving.com/wiki/index.php?title=Arithmetic_progression
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Therefore her average speed in km/hr is . 

 

Solution 4(2) 
The average speed of two speeds that travel the same distance is the harmonic mean of 

the speeds, or  (for speeds  and ). Mary's speed going to school 

is , and her speed coming back is . Plugging the numbers in, we get 

that the average speed is . 

 

Solution 5 

 

 

 

 

 
Since , , and  are digits, , , . 

Therefore, . 

 

Solution 6 

.xamining statement C: 

 

 when , but statement C says that it does for all . 

Therefore the statement that is not true is  

 

Solution 7 

By the triangle inequality, no side may have a length greater than the semiperimeter, 

which is . 

Since all sides must be integers, the largest possible length of a side is . Therefore, all 

such triangles must have all sides of length , , or . Since , at least 

one side must have a length of . Thus, the remaining two sides have a combined length 

of . So, the remaining sides must be either  and  or  and . Therefore, the 

https://artofproblemsolving.com/wiki/index.php?title=Harmonic_mean
https://artofproblemsolving.com/wiki/index.php?title=Triangle_inequality
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number of triangles is . 

 

Solution 8(1) 

For a positive number  which is not a perfect square, exactly half of the positive factors 

will be less than . 

Since  is not a perfect square, half of the positive factors of  will be less 

than . 

Clearly, there are no positive factors of  between  and . 

Therefore half of the positive factors will be less than . 

So the answer is . 

 

Solution 8(2) 
Testing all numbers less than  , numbers  , and  divide  . The prime 

factorization of  is . Using the formula for the number of divisors, the total 

number of divisors of  is  . Therefore, our desired probability 

is  

 

Solution 9 

If  is in  , then  is also, and quickly we see that every point of the 

form  or  must be in . Now note that these  points satisfy all of 

the symmetry conditions. Thus the answer is . 

 

Solution 10 

Because the ratios are , Al, Bert, and Carl believe that they need to take , , 

and  of the pile when they each arrive, respectively. After each person 

comes,  ,  , and  of the pile's size (just before each came) remains. The pile 

starts at , and at the end  of the original pile goes unclaimed. (Note 
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that because of the properties of multiplication, it does not matter what order the three 

come in.) Hence the answer is . 

 

Solution 11 

Suppose that the common perimeter is  . Then, the side lengths of the square and 

triangle, respectively, are  and  The circle circumscribed about the square has a 

diameter equal to the diagonal of the square, which is  Therefore, the radius 

is  and the area of the circle is  

Now consider the circle circumscribed around the equilateral triangle. Due to symmetry, 

the circle must share a center with the equilateral triangle. The radius of the circle is simply 

the distance from the center of the triangle to a vertex. This distance is  of an altitude. 

By  right triangle properties, the altitude is  where s is the side. So, 

the radius is  The area of the circle 

is  So, 

 

 

Solution 12 

Let  and  designate the red card numbered  and the blue card numbered  , 

respectively. 

 is the only blue card that  evenly divides, so  must be at one end of the stack 

and  must be the card next to it. 

 is the only other red card that evenly divides , so  must be the other card next 

to . 

 is the only blue card that  evenly divides, so  must be at one end of the stack 

and  must be the card next to it. 
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 is the only other red card that evenly divides , so  must be the other card next 

to . 

 doesn't evenly divide , so  must be next to ,  must be next to , and 

must be in the middle. 

This yields the following arrangement from top to 

bottom:  

Therefore, the sum of the numbers on the middle three cards is . 

 

Solution 13(1) 

 

Let the squares be labeled , , , and . 

When the polygon is folded, the "right" edge of square  becomes adjacent to the 

"bottom edge" of square , and the "bottom" edge of square  becomes adjacent to 

the "bottom" edge of square . 

So, any "new" square that is attached to those edges will prevent the polygon from 

becoming a cube with one face missing. 

Therefore, squares , , and  will prevent the polygon from becoming a cube with one 

face missing. 

Squares  ,  ,  ,  ,  , and  will allow the polygon to become a cube with one face 

missing when folded. 

Thus the answer is . 

 

Solution 13(2) 
Another way to think of it is that a cube missing one face has  of its  faces. Since the 

shape has  faces already, we need another face. The only way to add another face is if 

the added square does not overlap any of the others.  ,  , and  overlap, while 

squares  to  do not. The answer is  

 

Solution 14(1) 

Since the area of square ABCD is 16, the side length must be 4. Thus, the side length of 

triangle AKB is 4, and the height of AKB, and thus DMC, is . 

The diagonal of the square KNML will then be . From here there are 2 ways to 

https://artofproblemsolving.com/wiki/index.php?title=File:2003amc10a10solution.gif
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proceed: 

First: Since the diagonal is  , the side length is  , and the area is 

thus . 

Second: Since a square is a rhombus, the area of the square is , where  and  are 

the diagonals of the rhombus. Since the diagonal is  , the area 

is . 

Solution 14(2) 

Because  has area , its side length is simply . 

Angle chasing, we find that the angle 

of . 

We also know that . 

Using Law of Cosines, we find that 

side 

. 

However, the area of  is simply  , hence the answer 

is . 

 

Solution 15 

 

Let  denote the area of region  in the figure above. 
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The shaded area  is equal to the area of the smaller semicircle  minus the 

area of a sector of the larger circle  plus the area of a triangle formed by 

two radii of the larger semicircle and the diameter of the smaller semicircle . 

The area of the smaller semicircle is . 

Since the radius of the larger semicircle is equal to the diameter of the smaller semicircle, 

the triangle is an equilateral triangle and the sector measures . 

The area of the  sector of the larger semicircle 

is . 

The area of the triangle is . 

So the shaded area 

is  

 

Solution 16(1) 

 

After we pick point , we realize that  is symmetric for this purpose, and so the 

probability that  is the greatest area, or  or , are all the same. Since 

they add to , the probability that  has the greatest area is  

 

Solution 16(2) 
We will use geometric probability. Let us take point  , and draw the perpendiculars 

to  ,  , and  , and call the feet of these perpendiculars  ,  , 

https://artofproblemsolving.com/wiki/index.php?title=Sector
https://artofproblemsolving.com/wiki/index.php?title=Triangle
https://artofproblemsolving.com/wiki/index.php?title=Radius
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and  respectively. The area of  is simply . Similarly we can find 

the area of triangles  and . If we add these up and realize that it equals the 

area of the entire triangle, we see that no matter where we 

choose  = the height of the triangle. Setting the area of 

triangle  greater than  and  , we want  to be the largest 

of  ,  , and  . We then realize that  when  is the 

incenter of . Let us call the incenter of the triangle . If we want  to be the 

largest of the three, by testing points we realize that  must be in the interior of 

quadrilateral  . So our probability (using geometric probability) is the area 

of  divided by the area of  . We will now show that the three 

quadrilaterals,  ,  , and  are congruent. As the definition of 

point  yields,  =  =  . Since  is equilateral,  is also the 

circumcenter of  , so  . By the Pythagorean 

Theorem,  . Also, 

angles  , and  are all equal to  . 

Angles  are all equal to  degrees, so it is now clear that 

quadrilaterals  are all congruent. Summing up these areas 

gives us the area of  .  contributes to a third of that area 

so . 

 

Solution 17(1) 

Let  be the origin.  is the point  and  is the point . We are given the 

radius of the quarter circle and semicircle as  and  , respectively, so their equations, 

respectively, are: 

 

 
Subtract the second equation from the first: 

 
 

 
Then substitute: 

 

 

 

 

Thus  and  making  and . 

The first value of  is obviously referring to the x-coordinate of the point where the circles 
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intersect at the origin, , so the second value must be referring to the x coordinate of . 

Since  is the y-axis, the distance to it from  is the same as the x-value of the 

coordinate of , so the distance from  to  is  

 

Solution 17(2) 
Note that  is merely a reflection of  over  . Call the intersection 

of  and   . Drop perpendiculars from  and  to  , and denote their 

respective points of intersection by  and  . We then have  , 

with a scale factor of 2. Thus, we can find  and double it to get our answer. With some 

analytical geometry, we find that , implying that . 

 

Solution 17(3) 
As in Solution 2, draw in  and  and denote their intersection point  . Next, 

drop a perpendicular from  to  and denote the foot as .  as they are 

both radii and similarly  so  is a kite and  by a 

well-known theorem. 

Pythagorean theorem gives us  . 

Clearly  by angle-angle 

and  by Hypotenuse Leg. Manipulating similar triangles gives 

us  

 

Solution 17(4) 
Using the double-angle formula for sine, what we need to find 

is . 

 

Solution 18(1) 

When a -digit number is divided by , the first  digits become the quotient, , and 

the last  digits become the remainder, . 

Therefore,  can be any integer from  to  inclusive, and  can be any integer 

from to  inclusive. 

For each of the  possible values of , there are at least 

possible values of  such that . 

Since there is  "extra" possible value of  that is congruent to  , each of 
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the  values of  that are congruent to  have  more possible 

value of  such that . 

Therefore, the number of possible values of  such 

that  is . 

 

Solution 18(2) 

Notice that  . This means that 

any number whose quotient and remainder sum is divisible by 11 must also be divisible 

by 11. Therefore, there are  possible values. The answer 

is . 

 

Solution 19 

If we take the parabola  and reflect it over the x - axis, we have the 

parabola  . Without loss of generality, let us say that the parabola is 

translated 5 units to the left, and the reflection to the right. Then: 

 

Adding them up produces:

 

This is a line with slope . Since  cannot be  (because  would be a 

line) we end up with  

 

Solution 20 

The answer is . 

Note that the first five letters must be B's or C's, the next five letters must be C's or A's, 

and the last five letters must be A's or B's. If there are  B's in the first five letters, then 

there must be  C's in the first five letters, so there must be  C's and  A's in 

the next five letters, and  A's and  B's in the last five letters. Therefore the number 

of each letter in each group of five is determined completely by the number of B's in the 

first 5 letters, and the number of ways to arrange these 15 letters with this restriction 

is  (since there are  ways to arrange  B's and  C's). Therefore the 
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answer is . 

 

Solution 21(1) 

Let the roots be  . According to Vieta's formulas, we 

have . The first four 

terms contain  and are therefore zero, thus . This is a product of 

four non-zero numbers, therefore  must be non-zero . 

 

Solution 21(2) 

Clearly, since  is an intercept,  must be  . But if  was  ,  would divide the 

polynomial, which means it would have a double root at , which is impossible, since all 

five roots are distinct. 

 

Solution 22 

If  and  meet, their paths connect  and  There are  such 

paths. Since the path is  units long, they must meet after each travels  units, so the 

probability is  

 

Solution 23 

We want to find the number of perfect square factors in the product of all the factorials 

of numbers from . We can write this out and take out the factorials, and then find a 

prime factorization of the entire product. We can also find this prime factorization by 

finding the number of times each factor is repeated in each factorial. This comes out to be 

equal to      . To find the amount of perfect square factors, we realize that 

each exponent in the prime factorization must be even:       . To find the 

total number of possibilities, we add  to each exponent and multiply them all together. 

This gives us    . 

 

Solution 24 

Using logarithmic rules, we see that 

 

Since  and  are both positive, using AM-GM gives that the term in parentheses must be 

https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_formulas
https://artofproblemsolving.com/wiki/index.php?title=AM-GM
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at least , so the largest possible values is  

 

Solution 25 

The function  has a codomain of all non-negative numbers, 

or  . Since the domain and the range of  are the same, it follows that the 

domain of also satisfies . 

The function has two zeroes at , which must be part of the domain. Since the 

domain and the range are the same set, it follows that  is in the codomain of  , 

or . This implies that one (but not both) of  is non-positive. If  is positive, 

then , which implies that a negative number falls in the domain 

of , contradiction. Thus  must be non-positive,  is non-negative, and the domain 

of the function occurs when , or 

 

Completing the square,  by the Trivial 

Inequality (remember that ). Since  is continuous and assumes this maximal value 

at , it follows that the range of  is 

 

As the domain and the range are the same, we have 

that  (we can divide through by  since 

it is given that  is positive). Hence , which both we can verify work, and the 

answer is . 

 

https://artofproblemsolving.com/wiki/index.php?title=Codomain
https://artofproblemsolving.com/wiki/index.php?title=Completing_the_square
https://artofproblemsolving.com/wiki/index.php?title=Trivial_Inequality
https://artofproblemsolving.com/wiki/index.php?title=Trivial_Inequality
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2003 AMC 12B Solutions 

Solution 1 

The numbers in the numerator and denominator can be grouped like this: 

 

Alternatively, notice that each term in the numerator is  of a term in the denominator, 

so the quotient has to be . 

 

Solution 2 

Because there are  days in two weeks, Al spends  dollars per day for the 

cost of a green pill and a pink pill. If the green pill costs  dollars and the pink 

pill  dollars, the sum of the two costs  should equal  dollars. Then the 

cost of the green pill  is . 

 

Solution 3 

The areas of the five regions from greatest to least are  and . 

If we want to minimize the cost, we want to maximize the area of the cheapest 

flower and minimize the area of the most expensive flower. Doing this, the cost 

is  , which simplifies to  . 

Therefore the answer is . 

 

Solution 4 

Since the swath Moe actually mows is  inches, or  feet wide, he mows  square 

feet in one hour. His lawn has an area of , so it will take Moe  hours to finish 

mowing the lawn. Thus the answer is . 
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Solution 5 

If you divide the television screen into two right triangles, the legs are in the ratio of , 

and we can let one leg be  and the other be . Then we can use the Pythagorean 

Theorem. 

 

The horizontal length is , which is closest to . 

 

Solution 6 

Let the first term be  and the common difference be . Therefore, 

 

Dividing  by  eliminates the , yielding , so . 

Now, since , , so . 

We therefore see that  is a possible first term. 

 

Solution 7 

Where  is the number of nickels, dimes, and quarters, respectively, we can set up 

two equations: 

 

.liminate  by subtracting  from  to get  . Of the integer 

solutions  to this equation, the number of dimes  is least in  and greatest 

in , yielding a difference of . 

 

Solution 8 

Let  and  be the digits of , 

 

Clearly  can only be  or  and only  and  are possible to have two 
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digits sum to. 

If  sums to , there are 3 different solutions :  

If  sums to , there are 7 different solutions:  

The total number of solutions is  

 

Solution 9 

Since  is a linear function with slope , 

 

 
 

Solution 10(1) 

Place the first triangle. Now, we can place the second triangle either adjacent to the first, 

or with one side between them, for a total of  

 

Solution 10(2) 

Take  to realize there are 10 ways to choose 2 different triangles. Then divide by 5 

for each vertices of a pentagon to get  

 

Solution 11 

For every  minutes that pass by in actual time,  minutes pass by on 

Cassandra's watch. When her watch first reads, 10:00 pm,  minutes have 

passed by on her watch. Setting up a proportion, 

 
where  is the number of minutes that have passed by in actual time. Solve for  to 

get  minutes, or  hours and  minutes . 

 

Solution 12 

For all consecutive odd integers, one of every five is a multiple of 5 and one of every three 

is a multiple of 3. The answer is , so  is the correct answer. 
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Solution 13 

Let  be the common radius of the sphere and the cone, and  be the cone’s height. Then

Thus  and the answer is . 

 

Solution 14(1) 

 because  The ratio 

of  to  is  since  and  from subtraction. If we 

let  be the height of  

 

The height is  so the area of  is . 

 

Solution 14(2) 

We can look at this diagram as if it were a coordinate plane with point  being . 

This means that the equation of the line  is  and the equation of the 

line  is  . From this we can set of the follow equation to find 

the  coordinate of point : 

 
We can plug this into one of our original equations to find that the  coordinate is  , 

meaning the area of  is  

 

Solution 15(1) 

Here is an easy way to look at this, where  is the perimeter, and  is the apothem: 

Area of Octagon: . 

Area of Rectangle: . 

You can see from this that the octagon's area is twice as large as the rectangle's area 

is . 

 

https://artofproblemsolving.com/wiki/index.php?title=Apothem
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Solution 15(2) 
Here is a less complicated way than that of the user above. If you draw a line segment 

from each vertex to the center of the octagon and draw the rectangle AB.F, you can see 

that two of the triangles share the same base and height with half the rectangle. Therefore, 

the rectangle's area is the same as 4 of the 8 triangles, and is  the area of the 

octagon. 

 

Solution 15(3) 
Drawing lines  ,  ,  , and  , we can see that the octagon is comprised 

of  square,  rectangles, and  triangles. The triangles each 

are  triangles, and since their diagonal is length  , each of their sides 

is  . The area of the entire figure is, likewise,  (the square)  (the 4 

rectangles)  (the triangles), which simplifies to . The area 

of  is just  , or  +  , which we can see is the area 

of  the area of the octagon. 

 

Solution 16 

 

By drawing four lines from the intersect of the semicircles to their centers, we have split 

the white region into  of a circle with radius  and two equilateral triangles with side 

length . This gives the area of the white region as . The 

area of the shaded region is the area of the white region subtracted from the area of the 
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large semicircle. This is equivalent to . 

Thus the answer is . 

 

Solution 17 

Since  Summing gives

 

Hence . 

It is not difficult to find . 

 

Solution 18 

Substitute  into . We then have . Divide both sides by , and 

it follows that: 

 
Note that because  and  are prime, the minimum value of  must involve factors 

of  and  only. Thus, we try to look for the lowest power  of  such 

that , so that we can take  to the fifth root. Similarly, 

we want to look for the lowest power  of  such that . Again, 

this allows us to take the fifth root of . Obviously, we want to add  to  and 

subtract  from  because  and  are multiplied by  and divided by  , 

respectively. With these conditions satisfied, we can simply multiply  and  and 

substitute this quantity into  to attain our answer. 

 

We can simply look for suitable values for  and . We find that the lowest , in this case, 

would be  because  . Moreover, the lowest  should 

be  because  . Hence, we can substitute the 

quantity  into . Doing so gets us: 

 
Taking the fifth root of both sides, we are left 
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with .  

 

Solution 19(1) 

There are  choices for the first element of  , and for each of these choices there 

are  ways to arrange the remaining elements. If the second element must be , then 

there are only  choices for the first element and  ways to arrange the remaining 

elements. Hence the answer is , and . 

 

Solution 19(2) 

There is a  chance that the number  is the second term. Let  be the chance that  will 

be the second term. Since  and  are in similar situations as  , this 

becomes  

Solving for , we find it equals , therefore  

 

Solution 20(1) 

Since  

It follows that . Also, , so . 

 

Solution 20(2) 

Two of the roots of  are  , and we let the third one be  . Then

 Notice 

that , so . 

 

Solution 20(3) 

Notice that if  , then  vanishes at  and so

 implies 

by  coefficient, . 
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Solution 21 

By the Law of Cosines,

 

It follows that , and the probability is . 

 

Solution 22 

Let  and  intersect at  . Since  is a rhombus, 

then  and  are perpendicular bisectors. Thus  , so  is 

a rectangle. Since the diagonals of a rectangle are of equal length, , so we 

want to minimize . It follows that we want . 

Finding the area in two different ways,

 

 

Solution 23 

The function  has roots in the form of  for all integers . Therefore, we 

want  on  , so  . There 

are  solutions for  on this interval. 

 

Solution 24(1) 

Consider the graph of . 

When , the slope is . 

When , the slope is . 

When , the slope is . 

When , the slope is . 

Setting  gives  , so  is a 

point on . In fact, it is the minimum of  considering the slope of lines to the left 

and right of . Thus, graphing this will produce a figure that looks like a cup:

https://artofproblemsolving.com/wiki/index.php?title=Law_of_Cosines
https://artofproblemsolving.com/wiki/index.php?title=Perpendicular
https://artofproblemsolving.com/wiki/index.php?title=Bisector&action=edit&redlink=1
https://artofproblemsolving.com/wiki/index.php?title=Rectangle
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From the graph, it is clear that  and  have one intersection point if 

and only if they intersect at . Since the line where  has slope , the 

positive difference in  -coordinates from  to  must be  . Together 

with the fact that  is on , we see that . Since 

this point is on  , the only intersection point with  , we 

have  . As  , the smallest 

possible value of  occurs when  and  . This is indeed a solution 

as  puts  on , and thus the answer is . 

This indeed works for the two right segments of slope  and . We already know that the 

minimum is achieved between slopes  and  with  :

Indeed, within the restricted domain of  in each segment, these inequalities prove to be 

unequal everywhere. So  is strictly 

below  at these domains. 

 

Solution 2 
Step 1: Finding some promising bound 

Does the system have a solution where ? 

For such a solution we would have  , 

hence , which solves to . If 

we want to avoid this solution, we need to have  , 

hence , hence . In other words, if , there will always 

be one solution  such that . 

Step 2: Showing one solution 
We will now find out whether there is a  for which (and some ) the system 

has only one solution. We already know of one such solution, so we need to make sure 



 

- 76 - 

 

that no other solution appears. 

Obviously, there are three more theoretically possible solutions: one  in  , one 

in  , and one in  . The first case solves to  , the 

second to , and the third to . We 

need to make sure that the following three conditions hold: 

 

 

. 

Let  and . We then have: 

 

 

 
Hence for  ,  and any valid  the system has exactly one 

solution . 

Step 3: Proving the optimality of our solution 
We will now show that for  the system always has a solution such that . 

This will mean that the system has at least two solutions, and thus the solution 

with  is optimal. 

As we are looking for a  , we have  , 

hence . To make sure that the value falls outside , we need 

to make it larger than  , thus  , or 

equivalently . 

The condition we just derived,  , can be rewritten 

as  , then as  , which 

becomes  . Thus to make sure that the second value falls 

outside  , we need to make it larger than  . The 

inequality  simplifies to . 

To avoid the last solution, we must have  , which simplifies 
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to . 

The last two inequalities contradict each other, thus there are no  that would satisfy 

both of them. 

Conclusion 
We just showed that whenever , the system has at least two different solutions: 

one with  and one with . 

We also showed that for  there are some  for which the system has exactly 

one solution. 

Hence the optimal value of  is . 

 

Solution 25 

The first point anywhere on the circle, because it doesn't matter where it is chosen. 

The next point must lie within  degrees of arc on either side, a total of  degrees 

possible, giving a total chance. The last point must lie within  degrees of both. 

The minimum area of freedom we have to place the third point is a  degrees arc(if the 

first two are  degrees apart), with a  probability. The maximum amount of freedom 

we have to place the third point is a  degree arc(if the first two are the same point), 

with a  probability. 

As the second point moves farther away from the first point, up to a maximum 

of  degrees, the probability changes linearly (every degree it moves, adds one degree 

to where the third could be). 

Therefore, we can average probabilities at each end to find  to find the average 

probability we can place the third point based on a varying second point. 

Therefore the total probability is  or  

 

2004 AMC 12A Solutions 

Solution 1 

 dollars is the same as  cents, 

and  of  is  cents. . 
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Solution 2 

She gets  points for the problems she didn't answer. She must 

get  problems right to score at least 100. 

 

Solution 3 

.very integer value of  leads to an integer solution for  Since  must be 

positive,  

Also,  Since  must be positive,  

 This leaves  values for y, which mean there are  solutions to the 

equation  

 

Solution 4(1) 

Since Bertha has  daughters, she has  granddaughters, of which none 

have daughters. Of Bertha's daughters,  have daughters, so  do not 

have daughters. Therefore, of Bertha's daughters and granddaughters,  do 

not have daughters.  

 

Solution 4(2) 
Draw a tree diagram and see that the answer can be found in the sum 

of  granddaughters,  daughters, and  more daughters. Adding them 

together gives the answer of . 

 

Solution 5 

The line appears to have a slope of  and y-intercept of  up. 

 
 

Solution 6 
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After comparison,  is the largest.  

 

Solution 7 

Look at a set of  rounds, where the players have , , and  tokens. .ach of 

the players will gain two tokens from the others and give away  tokens, so overall, each 

player will lose  token. Therefore, after  sets of  rounds, or  rounds, the players 

will have , , and  tokens, respectively. After  more round, player  will give away his 

last  tokens and the game will end.  

 

Solution 8(1) 

Since  and  ,  . By alternate interior angles 

and , we find that , with side length ratio . Their heights 

also have the same ratio, and since the two heights add up to  , we have 

that  and  . Subtracting the 

areas,   . 

 

Solution 8(2) 

Let  represent the area of figure  . Note that

 and . 

 

 

Solution 9 

When the diameter is increased by , it is increased by , so the area of the base is 
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increased by . 

To keep the volume the same, the height must be  of the original height, which 

is a  reduction.  

 

Solution 10 

The median of a sequence is the middle number of the sequence when the sequence is 

arranged in order. Since the integers are consecutive, the median is also the mean, so the 

median is . 

 

Solution 11(1) 

Let the total value, in cents, of the coins Paula has originally be , and the number of coins 

she has be  . Then  and  . Substituting 

yields:  so ,  Then, we see that the only way 

Paula can satisfy this rule is if she had  quarters and  nickel in her purse. Thus, she 

has  dimes. 

 

Solution 11(2) 
If the new coin was worth  cents, adding it would not change the mean. The 

additional  cents raise the mean by  , thus the new number of coins must be  . 

Therefore there were  coins worth a total of  cents. As in the previous 

solution, we conclude that the only way to get  cents using  coins 

is . Thus, having three quarters, one nickel, and no dimes  

 

Solution 12 

https://artofproblemsolving.com/wiki/index.php?title=Mean
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The equation of  can be found using points  to 

be  . Similarily,  has the 

equation  . These two 

equations intersect the line  at  and  . Using the distance 

formulaor  right triangles, the answer is  

 

 

Solution 13(1) 
Let's count them by cases: 

 

Case 1: The line is horizontal or vertical, clearly . 

Case 2: The line has slope  , with  through  and  additional ones one unit 

above or below those. These total . 

Case 3: The only remaining lines pass through two points, a vertex and a non-vertex point 

on the opposite side. Thus we have each vertex pairing up with two points on the two 

https://artofproblemsolving.com/wiki/index.php?title=Equation
https://artofproblemsolving.com/wiki/index.php?title=Distance_formula
https://artofproblemsolving.com/wiki/index.php?title=Distance_formula
https://artofproblemsolving.com/wiki/index.php?title=Right_triangle
https://artofproblemsolving.com/wiki/index.php?title=File:2004_AMC_12A-12.png
https://artofproblemsolving.com/wiki/index.php?title=File:2004_AMC12A-13b.png
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opposites sides, giving  lines. 

These add up to . 

 

Solution 13(2) 

There are  ways to pick two points, but we've clearly overcounted all of the 

lines which pass through three points. In fact, each line which passes through three points 

will have been counted  times, so we have to subtract  for each of these lines. 

Quick counting yields  horizontal,  vertical, and  diagonal lines, so the answer 

is  distinct lines. 

 

Solution 14(1) 

Let  be the common difference. 

Then  ,  ,  are the terms of the 

geometric progression. Since the middle term is the geometric mean of the other two 

terms,    . 

The smallest possible value occurs when  , and the third term 

is . 

 

Solution 14(2) 
Let  be the common difference and  be the common ratio. Then the arithmetic 

sequence is , , and . The geometric sequence (when expressed in terms 

of ) has the terms , , and . Thus, we get the following equations: 

 

 
Plugging in the first equation into the second, our equation 

becomes  . By the quadratic 

formula, can either be  or . If  is , the third term (of the geometric sequence) 

would be , and if  is , the third term would be . Clearly the minimum possible value 

for the third term of the geometric sequence is . 

 

Solution 14(3) 

https://artofproblemsolving.com/wiki/index.php?title=Geometric_mean
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Let the three numbers be, in increasing order,  

 

Hence, we have that . 

 

Also, from the second part of information given, we get that 

 

 

 

Plugging back in.. 

 
 

Simplifying, we get that  

Applying the quadratic formula, we get that  

Obviously, in order to minimize the value of , we have to subtract. Hence,  

However, the problem asks for the minimum value of the third term in a geometric 

progression. 

Hence, the answer is  

 

Solution 15(1) 

Call the length of the race track . When they meet at the first meeting point, Brenda has 

run  meters, while Sally has run  meters. By the second meeting point, Sally 

has run  meters, while Brenda has run  meters. Since they run at a constant 

speed, we can set up aproportion:  . Cross-multiplying, we get 

that . 

 

Sidenote by carlos8: 

Since they run at constant speeds, Brenda must've ran 200 meters to get to the second 

meeting point, therefore we can make an equation , solving for , gives 

us our answer . 

 

Solution 15(2) 
The total distance the girls run between the start and the first meeting is one half of the 

track length. The total distance they run between the two meetings is the track length. As 

the girls run at constant speeds, the interval between the meetings is twice as long as the 

interval between the start and the first meeting. Thus between the meetings Brenda will 

https://artofproblemsolving.com/wiki/index.php?title=Proportion
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run  meters. Therefore the length of the track is 

meters  

 

Solution 16 

We know that the domain of  , where  is a constant, is  . 

So  . By the definition of logarithms, we then have

 . 

Then  and  

 

Solution 17 

  

    

 

Solution 18(1) 

 Let the point of tangency be  . By the Two 

Tangent Theorem  and  . Thus  . 

The Pythagorean Theorem on  yields 

 

Hence . 

 

https://artofproblemsolving.com/wiki/index.php?title=Constant
https://artofproblemsolving.com/wiki/index.php?title=Logarithm
https://artofproblemsolving.com/wiki/index.php?title=Two_Tangent_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Two_Tangent_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
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Solution 18(2) 
Call the point of tangency point  and the midpoint of  as  .  by the 

pythagorean theorem. Notice that . 

Thus, . Adding, the answer is . 

 

Solution 18(3) 

 

Clearly,  . Thus, the sides of right triangle  are in arithmetic 

progression. Thus it is similar to the triangle  and since

, . 

 

Solution 18(4) 

https://artofproblemsolving.com/wiki/index.php?title=Right_triangle
https://artofproblemsolving.com/wiki/index.php?title=Similar_triangles
https://artofproblemsolving.com/wiki/index.php?title=File:2004_AMC12A-18.png
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Let us call the midpoint of side , point . Since the semicircle has radius 1, we can do 

the Pythagorean theorem on sides . We get . We then know 

that  by Pythagorean theorem. Then by connecting  , we get similar 

triangles  and  . Solving the ratios, we get  , so the answer 

is . 

Solution by  

 

Solution 18(5) 
Using the diagram as drawn in Solution 5, let the total area of square  be divided 

into the triangles , , , and . Let x be the length of A.. Thus, the 

area of each triangle can be determined as follows: 

 

 

 

 (the length of C. is calculated with 

the Pythagorean Theorem, lines G. and C. are perpendicular by definition of tangent) 

Adding up the areas and equating to the area of the total square (2*2=4), we get 

 
Solving for x: 

 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
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Solving for length of C. with the value we have for x:

 

 

Solution 19(1) 

 
Note that  since  is the center of the larger circle of radius . Using the 

Pythagorean Theorem on , 

 
Now using the Pythagorean Theorem on , 

 

Substituting , 

 

 

Solution 19(2) 
We can apply Descartes' Circle Formula. 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Descartes%27_Circle_Formula
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The four circles have curvatures , and . 

We have  

Simplifying, we get  

 

 
 

Solution 20(1) 

Casework: 

 . The probability that  and  is  . Notice that the 

sum  ranges from  to  with a symmetric distribution across  , 

and we want . Thus the chance is . 

 . The probability that  and  is  , but 

now , which makes  automatically. Hence the chance is . 

. This is the same as the previous case. 

. We recognize that this is equivalent to the first case. 

Our answer is . 

 

Solution 20(2) 
Use areas to deal with this continuous probability problem. Set up a unit square with 

values of  on x-axis and  on y-axis. 

If  then this will work because  . Similarly 

if  then this will work because in order for this to happen,  and  are each 

https://artofproblemsolving.com/wiki/index.php?title=Casework
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greater than  making , and . .ach of these triangles in the unit 

square has area of 1/8. 

The only case left is when . Then each of  and  must be 1 and 0, in any order. 

These cut off squares of area 1/2 from the upper left and lower right corners of the unit 

square. 

Then the area producing the desired result is 3/4. Since the area of the unit square is 1, 

the probability is . 

 

Solution 21(1) 

This is an infinite geometric series, which sums 

to  . Using the 

formula . 

 

Solution 21(2) 

 

Multiply both sides by  to get: 

 
Subtracting the two equations, we get: 

 

Simplifying, we get  . Using the 

formula . 

 

Solution 22(1) 

We draw the three spheres of radius : 

https://artofproblemsolving.com/wiki/index.php?title=Geometric_series
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And then add the sphere of radius : 

 

The height from the center of the bottom sphere to the plane is , and from the center of 

the top sphere to the tip is . 

https://artofproblemsolving.com/wiki/index.php?title=File:2004AMC12A_22_1_rerender.png
https://artofproblemsolving.com/wiki/index.php?title=File:2004AMC12A_22_2_rerender.png
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We now need the vertical height of the centers. If we connect the centers, we get a 

triangular pyramid with an equilateral triangle base. The distance from the vertex of the 

equilateral triangle to its centroid can be found by s to be . 

 

By the Pythagorean Theorem, we have . Adding 

the heights up, we get  

 

Solution 22(2) 

https://artofproblemsolving.com/wiki/index.php?title=Pyramid
https://artofproblemsolving.com/wiki/index.php?title=Equilateral_triangle
https://artofproblemsolving.com/wiki/index.php?title=Centroid
https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=File:2004_AMC12A-22a.png
https://artofproblemsolving.com/wiki/index.php?title=File:2004_AMC12A-22b.png


 

- 92 - 

 

Connect the centers of the spheres. Note that the resulting prism is a tetrahedron with 

base lengths of 2 and side lengths of 3. Drop a height from the top of the tetrahedron to 

the centroid of its equilateral triangle base. Using the Pythagorean Theorem, it is easy to 

see that the circumradius of the base is . We can use PT again to find the height of the 

tetrahedron given its base's circumradius and it's leg lengths. Finally, we add the distance 

from the top of the tetrahedron to the top of the sphere of radius 2 and the distance from 

the bottom of the prism to the ground to get an answer of . 

 

Solution 23 

We have to evaluate the answer choices and use process of elimination: 

 : We are given that  , so  . If one of the roots is zero, 

then . 

: By Vieta's formulas, we know that  is the sum of all of the roots of . 

Since that is real, , and , so . 

: All of the coefficients are real. For sake of contradiction suppose none of  are 

zero. Then for each complex root , its complex conjugate  is also a root. 

So the roots should pair up, but we have an odd number of imaginary roots! (Remember 

that .) This gives us the contradiction, and therefore the product is equal to zero. 

: We are given that . Since the coefficients are real, it follows that 

if a root is complex, its conjugate is also a root  and the sum of the imaginary parts of 

complex conjugates is zero. Hence the RHS is zero. 

There is, however, no reason to believe that  should be zero (in fact, that quantity 

is , and there is no evidence that  is a root of ). 

 

Solution 24 

https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_formulas
https://artofproblemsolving.com/wiki/index.php?title=Complex_conjugate
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As the red circles move about segment , they cover the area we are looking for. On 

the left side, the circle must move around pivoted on . On the right side, the circle must 

move pivoted on  However, at the top and bottom, the circle must lie on both A and B, 

giving us our upper and lower bounds. 

This egg-like shape is . 

 

The area of the region can be found by dividing it into several sectors, namely 

 

 

Solution 25 



 

- 94 - 

 

This is an infinite geometric series with common ratio  and initial term

 , 

so   

 . 

Alternatively, we could have used the algebraic manipulation for repeating decimals, 

 
Telescoping, 

 

Some factors cancel, (after all,  isn't one of the answer choices) 

 
Since the only factor in the numerator that goes into  is ,  is minimized. Therefore 

the answer is . 

 

2004 AMC 12B Solutions 

Solution 1 

.ach day Jenny makes half as many free throws as she does at the next practice. Hence on 

the fourth day she made  free throws, on the third , on the second , and 

on the first . 

Because there are five days, or four transformations between days (day 1  day 2  day 

https://artofproblemsolving.com/wiki/index.php?title=Geometric_series
https://artofproblemsolving.com/wiki/index.php?title=Telescoping
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3  day 4  day 5), she makes  

 

Solution 2 

If  or , the expression evaluates to .  

If , the expression evaluates to .  

Case  remains. In that case, we want to 

maximize  where . Trying out the six possibilities we get that 

the best one is , where . 

 

Solution 3 

 and  

 

Solution 4 

The digit  can be either the tens digit ( :  possibilities), or the ones 

digit ( :  possibilities), but we counted the number  twice. This means 

that out of the  two-digit numbers,  have at least one digit equal 

to . Therefore the probability is . 

By complementary counting, we count the numbers that do not contain a , then subtract 

from the total. There is a  probability of choosing a number that does NOT contain 

a . Subtract this from  and simplify yields . 

 

Solution 5(1) 

Isabella had  Canadian dollars. Setting up an equation we 

get  , which solves to  , and the sum of digits 

of  is . 

 

Solution 5(2) 
.ach time Isabella exchanges  U.S. dollars, she gets  Canadian dollars and  Canadian 

dollars extra. Isabella received a total of  Canadian dollars extra, therefore she 
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exchanged  U.S. dollars  times. Thus  

Solution 6 

The directions "southwest" and "southeast" are orthogonal. Thus the described situation 

is a right triangle with legs  miles and  miles long. The hypotenuse length 

is , and thus the answer is . 

Without a calculator one can note that . 

 

Solution 7 

The area of the circle is   the area of the square is . 

.xactly  of the circle lies inside the square. Thus the total area 

is . 

 

 

Solution 8 

The sum of the first  odd numbers is  . As in our case  , we 

have . 

 

Solution 9 

The entire situation is in the picture below. The correct answer is . 
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Solution 10 

The area of the large circle is , the area of the small one is , hence the shaded area 

is . 

From the Pythagorean Theorem for the right triangle  we have  , 

hence  and thus the shaded area is . 

 

Solution 11 

Let the number of students be  . Then the sum of their scores is at 

least . At the same time, we need to achieve the mean , which 

is equivalent to achieving the sum . 

Hence we get a necessary condition on  : we must 

have  . This can be simplified to  . The 

smallest integer  for which this is true is . 

To finish our solution, we now need to find one way how  students could have scored 

on the test. We have  points to divide among them. The five  s 

make , hence we must divide the remaining  points among the other  students. 

This can be done e.g. by giving  points to each of them. 

Hence the smallest possible number of students is . 

 

Solution 12(1) 

We already know that  ,  ,  , and  . Let's 

compute the next few terms to get the idea how the sequence behaves. We 

get  ,  , 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
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, and so on. 

We can now discover the following 

pattern:  and  . This is easily proved by 

induction. It follows that . 

 

Solution 12(2) 
Note that the recurrence  can be rewritten 

as . 

Hence we get that  and 

also  

From the values given in the problem statement we see that . 

From  we get that . 

From  we get that . 

Following this pattern, we 

get . 

 

Solution 13 

By the definition of an inverse 

function,  . By comparing 

coefficients, we have  and  . Simplifying,

and . Thus . 

 

Solution 14(1) 

The triangle  is clearly a right triangle, its area is  . If we knew the 

areas of triangles  and  , we could subtract them to get the area of the 

pentagon. 

Draw the height  from  onto  . As  and the area is  , we 

get . The situation is shown in the picture below: 

https://artofproblemsolving.com/wiki/index.php?title=Inverse_function
https://artofproblemsolving.com/wiki/index.php?title=Inverse_function
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Now note that the triangles  ,  ,  ,  and  all have the 

same angles and therefore they are similar. We already know some of their sides, and we 

will use this information to compute their areas. Note that if two polygons are similar with 

ratio  , their areas have ratio  . We will use this fact repeatedly. Below we will 

use  to denote the area of the triangle . 

We have , hence . 

Also, , hence . 

Now for the smaller triangles: 

We know that , hence . 

Similarly, , hence . 

Finally, the area of the pentagon is . 

 

Solution 14(2) 
Split the pentagon along a different diagonal as follows: 

 The area of the pentagon is then 

the sum of the areas of the resulting right triangle and trapezoid. As before, 

triangles , , and  are all similar. 
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Since  ,  and  . 

Since ,  and . 

The trapezoid's height is therefore  , and its area 

is . 

Triangle  has area , and the total area is . 

 

Solution 14(3) 
Because triangle ABC, triangle NBK, and triangle AMJ are similar right triangles whose 

hypotenuses are in the ratio 13 : 8 : 1, their areas are in the ratio 169 : 64 : 1. The area of 

triangle ABC is 1/2 (12)(5) = 30, so the areas of triangle NBK and triangle AMJ are (64/169) 

(30) and (1/169)(30), respectively. Thus the area of pentagon CMJKN is (1 − 64/169 - 

1/169)(30)=  

 

Solution 15(1) 

If Jack's current age is , then Bill's current age is . 

In five years, Jack's age will be  and Bill's age will be . 

We are given that . Thus . 

For  we get  . For  and  the value  is not an integer, 

and for  it is more than  . Thus the only solution is  , and the 

difference in ages is . 

 

Solution 15(2) 
Age difference does not change in time. Thus in five years Bill's age will be equal to their 

age difference. 

The age difference is , hence it is a multiple of . 

Thus Bill's current age modulo  must be . 
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Thus Bill's age is in the set . 

As Jack is older, we only need to consider the cases where the tens digit of Bill's age is 

smaller than the ones digit. This leaves us with the options . 

Checking each of them, we see that only  works, and gives the 

solution . 

 

Solution 16 

Let  , so  . By 

definition,  , which implies that all 

solutions to  lie on the line  on the complex plane. The graph 

of  is a circle centered at the origin, and there are  intersections. 

 

Solution 17 

Let the three roots be  .

 By Vieta’s 

formulas,  gives us 

that . 

 

Solution 18(1) 

Let the coordinates of  be  . As  lies on the parabola, we 

have  . As the origin is the midpoint of  , the coordinates 

of  are . We need to choose  so that  will lie on the parabola as well. 

In other words, we need . 

Substituting for , we get: . 

This simplifies to , which solves to . Both roots lead to the 

same pair of points:  and  . Their distance 

is . 

https://artofproblemsolving.com/wiki/index.php?title=Circle
https://artofproblemsolving.com/wiki/index.php?title=Vieta%E2%80%99s_formulas
https://artofproblemsolving.com/wiki/index.php?title=Vieta%E2%80%99s_formulas
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Solution18(2) 

Let the coordinates of  and  be  and  , respectively. Since the 

median of the points lies on the origin,  and 

expanding  , we find:

 

It also follows that  . .xpanding this, we find:

 

To find the distance between the points,  must be 

found. .xpanding  :

 we find the distance to be  . .xpanding this 

yields . 

 

Solution 19 

Consider a trapezoidal (label it  as follows) cross-section of the truncate cone 

along a diameter of the bases: 

 
Above,  and  are points of tangency. By the Two Tangent 

Theorem,  and  , so  . We draw  such 

that it is the foot of the altitude  to : 

https://artofproblemsolving.com/wiki/index.php?title=Trapezoid
https://artofproblemsolving.com/wiki/index.php?title=Tangent_(geometry)
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By the Pythagorean Theorem,  

 

Solution 20 

There are  possible colorings of the cube. Consider the color that appears with greater 

frequency. The property obviously holds true if  or  of the faces are colored the same, 

which for each color can happen in  ways. If  of the faces are colored the 

same, there are  possible cubes (corresponding to the  possible ways to pick pairs of 

opposite faces for the other color). If  of the faces are colored the same, the property 

obviously cannot be satisfied. Thus, there are a total of  ways for this to 

occur, and the desired probability is . 

 

Solution 21 

 

 represents the slope of a line passing through the origin. It follows that since a 

line  intersects the ellipse at either  or  points, the minimum and 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=File:2004_12B_AMC-21.png


 

- 104 - 

 

maximum are given when the line  is a tangent, with only one point of 

intersection. Substituting,

Rearranging by the degree of  ,

Since the line  , we want the discriminant,

 to be equal 

to . We want , which is the sum of the roots of the above quadratic. By Vieta’s 

formulas, that is . 

 

Solution 22(1) 

If the power of a prime  other than  divides  , then from  it 

follows that  , but then considering the product of the 

diagonals,  but  , contradiction. So the only prime factors 

of  are  and . 

It suffices now to consider the two magic squares comprised of the powers of  and  of 

the corresponding terms. These satisfy the normal requirement that the sums of rows, 

columns, and diagonals are the same, owing to our rules of exponents  additionally, all 

terms are non-negative. 

The powers of : 

 
So  , so  . Indeed, we have the 

magic squares 

 
The powers of : 

 
Again, we get . However, if we let , 

then , which obviously gives us a contradiction, and 

similarly for . For , we get 

 

https://artofproblemsolving.com/wiki/index.php?title=Vieta%E2%80%99s_formulas
https://artofproblemsolving.com/wiki/index.php?title=Vieta%E2%80%99s_formulas
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In conclusion,  can be , and their sum is . 

 

Solution 22(2) 
All the unknown entries can be expressed in terms of  . 

Since  , it follows that  , 

and  . Comparing rows  and  then gives  , from 

which  . Comparing columns  and  gives  , from 

which . Finally, , and . All the entries are positive 

integers if and only if  or . The corresponding values for  are  and , 

and their sum is . 

 

Solution23 

Let the roots be , and let . Then 

 

 

and by matching coefficients,  . Then our 

polynomial looks like and we need the 

number of possible products . 

Since  and  , it follows that  , 

with the endpoints not achievable because the roots must be distinct. Because  cannot 

be an integer, there are  possible values 

of . 

 

Solution24 

Let  . Then the first condition tells us that

 and 
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multiplying out gives us  . Since  , we 

have . 

The second condition tells us that  . .xpanding, we 

have  . 

.vidently , so we get . 

Now  and  . 

Thus, . 

 

Solution 25(1) 

Given  digits, there must be exactly one power of  with  digits such that the first digit 

is . Thus  contains  elements with a first digit of . For each number in the form 

of  such that its first digit is  , then  must either have a first digit of  or  , 

and  must have a first digit of . Thus there are also  numbers with first 

digit  and  numbers with first digit  . By using complementary 

counting, there are  elements of  with a first digit of . 

Now,  has a first digit of  if and only if the first digit of  is , so there are

 elements of  with a first digit of . 

 

Solution 25(2) 
We can make the following chart for the possible loops of leading digits:

 

 

Thus each loop from  can either have  or  numbers. Let there be  of the 

sequences of  numbers, and let there be  of the sequences of numbers. We note that 

a  appears only in the loops of  , and also we are given that  has  digits.

Solving gives  and , thus the answer 

is . 
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Solution 1 

 
 

Solution 2 

 
 

Solution 3 

Let  be the width, so the length is  . By the Pythagorean 

Theorem,  . The area of the rectangle 

is . 

 

Solution 4 

For  windows, the store offers a discount of  (floor function). Dave receives a 

discount of  and Doug receives a discount of  . 

These amount to  dollars in discounts. Together, they receive a discount 

of , so they save . 

  

Solution 5 

The sum of the first 20 numbers is  and the sum of the other 30 numbers 

is . Hence the overall average is  

 

Solution 6 

Let  be the distances traveled by Josh and Mike, respectively, and let  be the 

time and rate of Mike. Using  , we have 

that  and  . 

Then  . 

 

Solution 7 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Floor_function
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Arguable the hardest part of this question is to visualize the diagram. Since each side 

of  can be extended to pass through a vertex of  , we realize 

that  must be tilted in such a fashion. Let a side of  be . 

 

Solution 8 

Clearly the two quantities are both integers, so we check the prime 

factorization of  . It is easy to see now that 

works, so the answer is . 

 

 

 

https://artofproblemsolving.com/wiki/index.php?title=Prime_factorization
https://artofproblemsolving.com/wiki/index.php?title=Prime_factorization
https://artofproblemsolving.com/wiki/index.php?title=File:2005_12A_AMC-7b.png


 

- 109 - 

 

 

Notice the right triangle (in blue) with legs  and hypotenuse  . By 

the Pythagorean Theorem, we 

have  . 

Thus,  

 

Solution 9(1) 

A quadratic equation always has two roots, unless it has a double root. That means we can 

write the quadratic as a square, and the coefficients 4 and 9 suggest this. Completing the 

square,  , so  . 

The sum of these is . 

 

Solution 9(2) 
Another method would be to use the quadratic formula, since our  coefficient is given 

as 4, the  coefficient is  and the constant term is  . 

Hence,  Because we want only a single 

solution for  , the determinant must equal 0. Therefore, we can 

write  which factors to    using Vieta's 

https://artofproblemsolving.com/wiki/index.php?title=Right_triangle
https://artofproblemsolving.com/wiki/index.php?title=Hypotenuse
https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Quadratic_equation
https://artofproblemsolving.com/wiki/index.php?title=Completing_the_square
https://artofproblemsolving.com/wiki/index.php?title=Completing_the_square
https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_formulas
https://artofproblemsolving.com/wiki/index.php?title=File:2005_12A_AMC-7.png
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formulas we see that the sum of the solutions for  is the opposite of the coefficient of , 

or . 

 

Solution 9(3) 
Using the discriminant, the result must 

equal  .    

  Therefore,  or  , 

giving a sum of . 

 

Solution 10 

There are  sides total on the unit cubes, and  are painted red. 

 
 

Solution 11(1) 

Let the digits be  so that  . In order for this to be an 

integer,  and  have to have the same parity. There are  possibilities for  , 

and  for .  depends on the value of both  and  and is unique for each . 

Thus our answer is . 

 

Solution 11(2) 
Thus, the three digits form an arithmetic sequence. 

If the numbers are all the same, then there are  possible three-digit numbers. 

If the numbers are different, then we count the number of strictly increasing arithmetic 

sequences between  and  and multiply by 2 for the decreasing ones: 

Common difference Sequences possible Number of sequences 

1 
 

8 

2 
 

6 

3 
 

4 

4 
 

2 

This gives us  . However, the question asks for three-digit 

numbers, so we have to ignore the four sequences starting with  . Thus our answer 

is . 

https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_formulas
https://artofproblemsolving.com/wiki/index.php?title=Discriminant
https://artofproblemsolving.com/wiki/index.php?title=Parity
https://artofproblemsolving.com/wiki/index.php?title=Arithmetic_sequence
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Solution 12 

For convenience’s sake, we can transform  to the origin and  to  (this does 

not change the problem). The line  has the equation  . The 

coordinates are integers if  , so the values of  are  , with a total 

of  coordinates. 

 

Solution 13 

 (i.e., each number is counted twice). The sum  will always 

be , so the arithmetic sequence has a sum of . 

The middle term must be the average of the five numbers, which is  

 

Solution 14 

There are  dots total. Casework: 

The dot is removed from an even face. There is a  chance of this 

happening. Then there are 4 odd faces, giving us a probability of . 

The dot is removed from an odd face. There is a  chance of this 

happening. Then there are 2 odd faces, giving us a probability of . 

Thus the answer is . 

 

Solution 15(1) 

Notice that the bases of both triangles are diameters of the circle. Hence the ratio of the 

areas is just the ratio of the heights of the triangles, or  (  is the foot of 

the perpendicular from  to ). 

https://artofproblemsolving.com/wiki/index.php?title=Equation
https://artofproblemsolving.com/wiki/index.php?title=Casework
https://artofproblemsolving.com/wiki/index.php?title=Perpendicular
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Call the radius  . Then  ,  . Using the Pythagorean 

Theorem in , we get . 

Now we have to find . Notice , so we can write the proportion: 

 

 

 
By the Pythagorean Theorem in  , we 

have . 

Our answer is . 

 

Solution 15(2) 
Let the center of the circle be . 

Note that . 

 is midpoint of . 

 is midpoint of  Area of  Area of  Area 

of  Area of . 

 

Solution 15(3) 

Let  be the radius of the circle. Note that  so . 

By Power of a Point Theorem,  , and 

thus  

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Proportion
https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Power_of_a_Point_Theorem
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Then the area of  is  . Similarly, the area 

of  is  , so the desired ratio 

is  

 

Solution 16 

 
Without loss of generality, let . Draw the segment between the center of the third 

circle and the large circle  this has length . We then draw the radius of the large 

circle that is perpendicular to the x-axis, and draw the perpendicular from this radius to 

the center of the third circle. This gives us a right triangle with 

legs  and hypotenuse . The Pythagorean Theorem yields: 

 

 

 

https://artofproblemsolving.com/wiki/index.php?title=Without_loss_of_generality
https://artofproblemsolving.com/wiki/index.php?title=Radius
https://artofproblemsolving.com/wiki/index.php?title=X-axis
https://artofproblemsolving.com/wiki/index.php?title=Right_triangle
https://artofproblemsolving.com/wiki/index.php?title=Hypotenuse
https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=File:2005_12A_AMC-16b.png
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Quite obviously , so  and . 

 

Solution 17 

It is a pyramid with height  and base area , so using the formula for the volume of a 

pyramid, . 

 

Solution 18 

The given states that there are  prime numbers less than , which is a fact we 

must somehow utilize. Since there seems to be no easy way to directly calculate the 

number of "prime-looking" numbers, we can apply complementary counting. We can split 

the numbers from  to  into several groups:

   

 

 . Hence, the number of prime-looking numbers 

is  (note that  are primes). 

We can calculate  using the Principle of Inclusion-.xclusion: (the values 

of  and their intersections can be found quite easily) 

 

Substituting, we find that our answer is . 

 

Solution 19(1) 

We find the number of numbers with a  and subtract from . Quick counting tells 

us that there are  numbers with a 4 in the hundreds place,  numbers with a 4 in 

the tens place, and  numbers with a 4 in the units place (counting ). Now we 

apply the Principle of Inclusion-.xclusion. There are  numbers with a 4 in the hundreds 

and in the tens, and  for both the other two intersections. The intersection of all three 

sets is just . So we get: 

 
 

Solution 19(2) 
Alternatively, consider that counting without the number  is almost equivalent to 

https://artofproblemsolving.com/wiki/index.php?title=Pyramid
https://artofproblemsolving.com/wiki/index.php?title=Complementary_counting
https://artofproblemsolving.com/wiki/index.php?title=Principle_of_Inclusion-Exclusion
https://artofproblemsolving.com/wiki/index.php?title=Principle_of_Inclusion-Exclusion
https://artofproblemsolving.com/wiki/index.php?title=Intersection
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counting in base   only, in base , the number  is not counted. Since  is skipped, the 

symbol  represents  miles of travel, and we have traveled  miles. By basic 

conversion,  

 

Solution 20 

For the two functions  and ,as 

long as  is between  and ,  will be in the right domain, so we don't need to worry 

about the domain of . 

 

Also, every time we change , the expression for the final answer in terms of  will 

be in a different form(although they'll all satisfy the final equation), so we get a different 

starting value of . .very time we have two choices for ) and altogether we have to 

choose  times. Thus, . 

Note: the values of x that satisfy  are , , ,  , . 

 

Solution 21 

 
Casework upon : 

: Then . Thus we get . 

: Then . Thus we get . 

: Then the exponent of  becomes huge, and since  there is no way we can 

satisfy the second condition. Hence we have two ordered triples . 

 

Solution 22 

Box P has dimensions , , and . Surface area = Sum of all 

edges =  

The diameter of the sphere is the space diagonal of the prism, which is

 
 

https://artofproblemsolving.com/wiki/index.php?title=Casework
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Solution 23 

Let , so . Define ,   then , so . 

Here we can just make a table and count the number of values of  per value of . The 

largest possible value of  is 12, and we 

get 

. 

The total number of ways to pick two distinct numbers is , 

so we get a probability of . 

 

Solution 24 

Since  has degree three, then  has degree six. Thus,  has 

degree six, so  must have degree two, since  has degree three. 

 

 

 

Hence, we conclude , , and  must each be , , or . Since a quadratic is 

uniquely determined by three points, there can be  different 

quadratics  after each of the values of , , and  are chosen. 

 

However, we have included  which are not quadratics. Namely, 

 

 

 

 

 
Clearly, we could not have included any other constant functions. For any linear function, 

we have  because . So we have not included 

any other linear functions. Therefore, the desired answer is . 

 

Solution 25(1) 

https://artofproblemsolving.com/wiki/index.php?title=Quadratic_equation
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For this solution, we will just find as many solutions as possible, until it becomes intuitive 

that there are no more size of triangles left. 

First, try to make three of its vertices form an equilateral triangle. This we find is possible 

by taking any vertex, and connecting the three adjacent vertices into a triangle. This 

triangle will have a side length of   a quick further examination of this cube will show 

us that this is the only possible side length (red triangle in diagram). .ach of these triangles 

is determined by one vertex of the cube, so in one cube we have 8 equilateral triangles. 

We have 8 unit cubes, and then the entire cube (green triangle), giving us 9 cubes 

and  equilateral triangles. 

 

NOT.: Connecting the centers of the faces will actually give an octahedron, not a cube, 

because it only has  vertices. 

Now, we look for any additional equilateral triangles. Connecting the midpoints of three 

non-adjacent, non-parallel edges also gives us more equilateral triangles (blue triangle). 

Notice that picking these three edges leaves two vertices alone (labelled A and B), and 

that picking any two opposite vertices determine two equilateral triangles. Hence there 

are  of these equilateral triangles, for a total of . 

https://artofproblemsolving.com/wiki/index.php?title=Vertex
https://artofproblemsolving.com/wiki/index.php?title=Octahedron


 

- 118 - 

 

 

 

Solution 25(2) 
The three-dimensional distance formula shows that the lengths of the equilateral triangle 

must be , which yields the possible edge lengths 

of 

 

 

 

Some casework shows that  are the only lengths that work, from which 

we can use the same counting argument as above. 
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Since  means  , the statement "  " can be rewritten as "

": 

 

 

Solution 3 

Let  Brianna's money. We have  . Thus, the 

money left over is , so the answer is . 

 

Solution 4 

Lisa's goal was to get an A on  quizzes. She already has A's on  quizzes, 

so she needs to get A's on  more. There are  quizzes left, 

so she can afford to get less than an A on  of them. 

 

Solution 5 

There are 80 tiles. .ach tile has  shaded. Thus: 

 

 

Solution 6 

Draw height  (Perpendicular line from point C to line AD). We have that . 

From the Pythagorean Theorem,  . Since

 ,  , and  , 

so . 

 

Solution 7 

If we get rid of the absolute values, we are left with the following 4 equations (using the 

logic that if , then  is either  or ): 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
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We can then put these equations in slope-intercept form in order to graph them. 

 

Now you can graph the lines to find the shape of the graph: 

 

We can easily see that it is a rhombus with diagonals of  and . The area is , 

or  

 

Solution 8 

We see that the vertex of the quadratic function  is . The y-intercept 
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of the line  is . We want to find the values (if any) such that . 

Solving for , the only values that satisfy this are  and , so the answer is  

 

Solution 9 

To begin, we see that the remaining  of the students got  points. Assume that 

there are  students  we see that  students got  points,  students 

got  points,  students got  points,  students got  points, and  students 

got  points. The median is , since the  and terms are both . The mean 

is  . The difference 

between the mean and median, therefore, is . 

 

Solution 10 

Performing this operation several times yields the results of  for the second 

term,  for the third term, and  for the fourth term. The sum of the cubes of the 

digits of  equal  , a complete cycle. The cycle is... excluding the first term, 

the , , and  terms will equal , , and , following the fourth term. Any 

term number that is equivalent to  will produce a result of  . It just so 

happens that , which leads us to the answer of . 

 

Solution 11 

The only way to get a total of $  or more is if you pick a twenty and another bill, or if you 

pick both tens. There are a total of ways to choose  bills out of . 

There are  ways to choose a twenty and some other non-twenty bill. There is  way to 

choose both twenties, and also  way to choose both tens. Adding these up, we find that 

there are a total of  ways to attain a sum of  or greater, so there is a total probability 

of . 

 

Solution 12 

Let  have roots  and . Then 

 

so  and . Also,  has roots  and , so 
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and  and . Thus . 

Indeed, consider the quadratics . 

 

Solution 13(1) 

We see that we can re-

write  ,  ,  , ... ,  as 

 by using substitution. By using the properties of 

exponents, we know that . 

 

Therefore, the answer is  

 

Solution 13(2) 

Changing  to logarithmic form, we get  . We can rewrite this 

as  . Applying this to the rest, we 

get 

 

 

Solution 14 

Let  be the radius of the circle. Draw the two radii that meet the points of tangency to 

the lines . We can see that a square is formed by the origin, two tangency points, 

and the center of the circle. The side lengths of this square are  and the diagonal 

is  . The diagonal of a square is  times the side length. 

Therefore, . 
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Solution 15(1) 

 can be written as the sum of eight two-digit numbers, let's say , , , and . 

Then  . The last digit of  is  , 

and  won't affect the units digits, so  must end 

with . The smallest value can have is , and 

the greatest value is  . Therefore,  must 

equal  or . 

Case 1:  

The only distinct positive integers that can add up to  is . So, , , , 

and  must include four of the five numbers  . We 

have  , or  . We can 

add all of , and try subtracting one number to get to , but 

to no avail. Therefore,  cannot add up to . 

Case 2:  

Checking all the values for , , ,and  each individually may be time-consuming, instead 

of only having  solution like Case 1. We can try a different approach by looking 

at  first. 

If  ,  , 
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or  . That means

 . We know

 , so the missing digit 

is  

 

Solution 15(2) 
Alternatively, we know that a number is congruent to the sum of its digits mod 9, so

 , where  is some 

digit. Clearly, . 

 

Solution 16 

The eight spheres are formed by shifting spheres of radius  and center   in 

the  directions. Hence, the centers of the spheres are . For a sphere 

centered at the origin to contain all eight spheres, its radius must be greater than or equal 

to the longest distance from the origin to one of these spheres. This length is the sum of 

the distance from  to the origin and the radius of the spheres, or . 

To verify this is the longest length, we can see from the triangle inequality that the length 

from the origin to any other point on the spheres is strictly smaller. Thus, the answer 

is . 

 

Solution 17 

Using the laws of logarithms, the given equation becomes 

 
As  must all be rational, and there are no powers 

of  or  in , . Then . 

Only the four-tuple  satisfies the equation, so the answer 

is . 

 

Solution 18 

For angle  and  to be acute,  must be between the two lines that are perpendicular 

to  and contain points  and  . For angle  to be acute, first draw 

a  triangle with  as the hypotenuse. Note  cannot be inside this 

https://artofproblemsolving.com/wiki/index.php?title=Logarithms
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triangle's circumscribed circle or else . Hence, the area of  is the area of the 

large triangle minus the area of the small triangle minus the area of the circle, which 

is , which is approximately . The answer 

is . 

 

Solution 19 

let , then  where  and  are nonzero digits. 

By difference of squares,

 
For this product to be a square, the factor of  must be repeated in 

either  or  , and given the constraints it has to be  . The 

factor of  is already a square and can be ignored. Now  must be another square, 

and since  cannot be  or greater then  must equal  or  . 

If  then , , , which is not 

a digit. Hence the only possible value for  is  . Now we 

have  ,  ,  , 

then , , , , and  

 

Solution 20 

The sum of the set is , so if we could have 

the sum in each set of parenthesis be  then the minimum value would be . 

Considering the set of four terms containing , this sum could only be even if it had two 

or four odd terms. If it had all four odd terms then it would be , 

and with two odd terms then its minimum value is , so we cannot 

achieve two sums of . The closest we could have to  and  is  and , which can be 

achieved through  and  . So the minimum possible 

value is . 

 

Solution 21 

If  has  factors, then  is a product of  powers of (not necessarily 

distinct) primes. When multiplied by , the amount of factors of increased by , 
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so there are  possible powers of  in the factorization of  , and  possible powers 

of  in the factorization of  , which would be  ,  , and  . Therefore the highest 

power of  that could divide  is . 

 

Solution 22 

Since , let , where  is an argument of . I will prove by induction 

that , where . 

Base Case: trivial 

Inductive Step: Suppose the formula is correct for  , then

 Since

 the formula 

is proven 

 , where  is an integer. Therefore,

 The value 

of  only matters modulo . Since , k only needs 

to take values from 0 to , so the answer is  

 

Solution 23(1) 

Let  and  . 

Then,  implies  ,so  . 

Therefore,  . Since  , we find 

that . Thus,    

 

Solution 23(2) 

First, remember that  factors to  . By the 

givens,  and  . These can be used to find  :

https://artofproblemsolving.com/wiki/index.php?title=Argument
https://artofproblemsolving.com/wiki/index.php?title=Modulo
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Therefore,

 

It follows that  and , thus  

 

Solution 24 

 

Using the slope formula and differences of squares, we find: 

 = the slope of , 

 = the slope of , 

 = the slope of . 

So the value that we need to find is the sum of the slopes of the three sides of the triangle 

divided by . Without loss of generality, let  be the side that has the smallest angle 

with the positive -axis. Let  be an arbitrary point with the coordinates . Translate 

the triangle so  is at the origin. Then . Since the slope of a line is equal 

to the tangent of the angle formed by the line and the positive x- axis, the answer 

is . 

Using , and the tangent addition formula, this simplifies to , so the 
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answer is  

 

Solution 25(1) 

We approach this problem by counting the number of ways ants can do their desired 

migration, and then multiple this number by the probability that each case occurs. 

Let the octahedron be  , with points  coplanar. Then the ant 

from  and the ant from  must move to plane  . Suppose, without loss of 

generality, that the ant from  moved to point . Then, we must consider three cases. 

 

Case 1: Ant from point  moved to point  

On the plane, points  and  are taken. The ant that moves to D can come from 

either  or . The ant that moves to  can come from either  or . Once these two 

ants are fixed, the other two ants must migrate to the "poles" of the octahedron, 

points  and . Thus, there are two degrees of freedom in deciding which ant moves 

to , two degrees of freedom in deciding which ant moves to , and two degrees of 

freedom in deciding which ant moves to . Hence, there are  ways the 

ants can move to different points. 

 

Case 2: Ant from point  moved to point  

On the plane, points  and  are taken. The ant that moves to C must be from  or , 

but the ant that moves to  must also be from  or . The other two ants, originating 

from points  and  , must move to the poles. Therefore, there are two degrees of 

freedom in deciding which ant moves to  and two degrees of freedom in choosing which 

ant moves to . Hence, there are  ways the ants can move to different points. 

 

Case 3: Ant from point  moved to point  

By symmetry to Case 1, there are  ways the ants can move to different points. 

 

Given a point , there is a total of  ways the ants can move to different 

points. We oriented the square so that point  was defined as the point to which the ant 

from point  moved. Since the ant from point  can actually move to four different 

points, there is a total of ways the ants can move to different points. 

.ach ant acts independently, having four different points to choose from. Hence, each ant 

has probability  of moving to the desired location. Since there are six ants, the 

probability of each case occuring is  . Thus, the desired answer 

is . 

 

Solution 25(2) 

https://artofproblemsolving.com/wiki/index.php?title=Coplanar
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Let  be the number of cycles of length  the can be walked among the vertices of an 

octahedron. For example,  would represent the number of ways in which an ant 

could navigate  vertices and then return back to the original spot. Since an ant cannot 

stay still, . We also easily see that . 

Now consider any four vertices of the octahedron. All four vertices will be connected by 

edges except for one pair. Let’s think of this as a square with one diagonal (from top left 

to bottom right). 

 

Suppose an ant moved across this diagonal  then the ant at the other end can only move 

across the diagonal (which creates 2-cycle, bad) or it can move to another vertex, but then 

the ant at that vertex must move to the spot of the original ant (which creates 3-cycle, 

bad). Thus none of the ants can navigate the diagonal and can either shift clockwise or 

counterclockwise, and so . 

For , consider an ant at the top of the octahedron. It has four choices. Afterwards, it 

can either travel directly to the bottom, and then it has  ways back up, or it can travel 

along the sides and then go to the bottom, of which simple counting gives us  ways back 

up. Hence, this totals . 

 

Now, the number of possible ways is given by the sum of all possible cycles,

 
where the coefficients represent the number of ways we can configure these cycles. To 

find , fix any face, there are  adjacent faces to select from to complete the cycle. From 

the four remaining faces there are only  ways to create cycles, hence . 

To find  , each cycle of  faces is distinguished by their common edge, and there 

are  edges, so . 

To find , each three-cycle is distinguished by the vertex, and there are  edges. However, 

since the two three-cycles are indistinguishable, . 

Clearly . Finally, 

 

.ach bug has  possibilities to choose from, so the probability is . 
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Solution1 

The sandwiches cost dollars. The sodas cost dollars. In total, 

the purchase costs dollars. The answer is .  

 

Solution2 

By the definition of  , we have  . Then 

. The answer is .  

 

Solution3 

Let be Mary's age. Then . Solving for , we obtain . The answer is 

.  

 

Solution4 

From the greedy algorithm, we have in the hours section and in the minutes section. 

 
 

Solution5 

Dave and Doug paid dollars in total. Doug paid for three slices of plain pizza, 

which cost  . Dave paid  dollars. Dave paid  more 

dollars than Doug. The answer is .  

 

Solution6 

Since the two hexagons are going to be repositioned to form a square without overlap, 

the area will remain the same. The rectangle's area is  . This means the 

square will have four sides of length 12. The only way to do this is shown below. 

 

As you can see from the diagram, the line segment denoted as is half the length 

https://artofproblemsolving.com/wiki/index.php?title=Greedy_algorithm
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of the side of the square, which leads to  

 

Solution7 

Let be Mary's age, let be Sally's age, and let be Danielle's age. We have , 

and  . The sum of their ages is 

 . Therefore,  , and  . 

Then . Mary will be on her next birthday. The answer is .  

 

Solution8 

Notice that if the consecutive positive integers have a sum of 15, then their average (which 

could be a fraction) must be a divisor of 15. If the number of integers in the list is odd, 

then the average must be either 1, 3, or 5, and 1 is clearly not possible. The other two 

possibilities both work:  

 

 

If the number of integers in the list is even, then the average will have a . The only 

possibility is , from which we get:  

 

Thus, the correct answer is 3, answer choice .  

 

Solution9 

Let the price of a pencil be and an eraser . Then with . 

Since and are positive integers, we must have and .  

Considering the equation  modulo 3 (that is, comparing the 

remainders when both sides are divided by 3) we have  so 

leaves a remainder of 1 on division by 3.  

Since , possible values for are 4, 7, 10 ....  

Since 13 pencils cost less than 100 cents, . is too high, so 

must be 4 or 7.  

If  then  and so  giving  . This contradicts the pencil 

being more expensive. The only remaining value for  is 7  then the 13 pencils cost 

 cents and so the 3 erasers together cost 9 cents and each eraser costs 

cents.  
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Thus one pencil plus one eraser cost cents, which is answer choice  

 

Solution10 

For to be an integer, must be a perfect square.  

Since can't be negative, .  

The perfect squares that are less than or equal to  are 

, so there are values for .  

Since every value of gives one and only one possible value for , the number 

of values of is .  

 

Solution11 

.ither or . The union of them is 2 lines, and 

thus the answer is .  

 

Solution 12(1) 

The inside diameters of the rings are the positive integers from 1 to 18. The total distance 

needed is the sum of these values plus 2 for the top of the first ring and the bottom of the 

last ring. Using the formula for the sum of an arithmetic series, the answer is 

.  

 

Solution 12(2)  

Alternatively, the sum of the consecutive integers from 3 to 20 is . However, the 17 

intersections between the rings must be subtracted, and we 

also get  

 

Solution 13 

Let the radius of the smallest circle be , the radius of the second largest circle be , 

and the radius of the largest circle be .  

Adding up all these equations and then dividing both sides by 2, we get,  

 
Then, we get  ,  , and  Then we get 
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Solution 14(1) 

The problem can be restated as an equation of the form , where 

is the number of pigs, is the number of goats, and is the positive debt. The problem 

asks us to find the lowest x possible. p and g must be integers, which makes the equation 

a Diophantine equation. The .uclidean algorithm tells us that there are integer solutions 

to the Diophantine equation , where is the greatest common divisor of 

 and  , and no solutions for any smaller  . Therefore, the answer is the greatest 

common divisor of 300 and 210, which is 30,  

 

Solution 14(2) 

Alternatively, note that  is divisible by 30 no matter 

what and are, so our answer must be divisible by 30. In addition, three goats minus 

two pigs give us exactly. Since our theoretical best can be achieved, it 

must really be the best, and the answer is . debt that can be resolved.  

 

Solution 14(3) 

Let us simplify this problem. Dividing by , we get a pig to be: , and a goat 

to be . It becomes evident that if you exchange pigs for goats, we get the 

smallest positive difference -  . Since we originally 

divided by , we need to multiply again, thus getting the answer:  

Solution15 

For , x must be in the form of , where denotes any integer. 

For , . 

The smallest possible value of will be that of .  

 

Solution 16 
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and are vertical angles so they are congruent, as are angles 

and (both are right angles because the radius and tangent line at a point on a 

circle are always perpendicular). Thus, .  

By the Pythagorean Theorem, line segment  . The sides are proportional, so 

 . This makes  and 

.  

 

Solution 17(1) 

One possibility is to use the coordinate plane, setting  at the origin. Point  will be 

 and  will be  since  , and  are collinear and 

contain a diagonal of . The Pythagorean theorem results in  

 

 

 

 

This implies that and   dividing gives us .  
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Solution 17(2) 

First note that angle  is right since  is tangent to the circle. Using the 

Pythagorean Theorem on , then, we see  

But it can also be seen that  . Therefore, since  lies on  , 

. Using the Law of Cosines on , we see  

 

Thus, since and are rational, and . So , , and  

 

Solution18 

Quickly verifying by plugging in values verifies that and are in the domain.  

 

Plugging in into the function:  

 

 

Since cannot have two values:  

 

 
 

Therefore, the largest set of real numbers that can be in the domain of  is 

 
 

Solution 19 

Let  be the line that goes through  and  , and let  be the line 

. If we let be the measure of the acute angle formed by and the x-axis, 
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then  .  clearly bisects the angle formed by  and the x-axis, so 

 . We also know that  and  intersect at a 

point on the x-axis. The equation of  is  , so the coordinate of this 

point is  . Hence the equation of  is  , so  , 

and our answer choice is .  

 

Solution 20(1) 

 

Let us count the good paths. The bug starts at an arbitrary vertex, moves to a neighboring 

vertex (3 ways), and then to a new neighbor (2 more ways). So, without loss of generality, 

let the cube have vertices such that and are two 

opposite faces with above and above . The bug starts at and moves first to 

, then to .  

From this point, there are two cases.  

Case 1: the bug moves to . From , there is only one good move available, to . 

From , there are two ways to finish the trip, either by going or 

. So there are 2 good paths in this case.  

Case 2: the bug moves to . Case 2a: the bug moves . In this case, there are 0 

good paths because it will not be possible to visit both and without double-visiting 

some vertex. Case 2b: the bug moves . There is a unique good path in this case, 

.  

Thus, all told we have 3 good paths after the first two moves, for a total of 

good paths. There were  possible paths the bug could have taken, so the 

probability a random path is good is the ratio of good paths to total paths, 

.  

 

Solution 20(2) (using the answer choices) 

As in Solution 1, the bug can move from its arbitrary starting vertex to a neighboring vertex 

in 3 ways. After this, the bug can move to a new neighbor in 2 ways (it cannot return to 
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https://artofproblemsolving.com/wiki/index.php?title=Without_loss_of_generality
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the first vertex). The total number of paths (as stated above) is or . Therefore, 

the probability of the bug following a good path is equal to for some positive integer 

. The only answer choice which can be expressed in this form is .  

 

Solution21 

Looking at the constraints of :  

 

 

 

 

 

 

 
is a circle with a radius of . So, the area of is .  

Looking at the constraints of :  

 

 

 

 

 

 

 

is a circle with a radius of . So, the area of is .  

So the desired ratio is .  

 

Solution 22 

Project any two non-adjacent and non-opposite sides of the hexagon to the circle  the arc 

between the two points formed is the location where all three sides of the hexagon can 

be fully viewed. Since there are six such pairs of sides, there are six arcs. The probability 

of choosing a point is  , or if the total arc degree measures add up to 

. .ach arc must equal .  
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Call the center , and the two endpoints of the arc and , so . Let 

be the intersections of the projections of the sides of the hexagon corresponding to 

 . Notice that  is an isosceles triangle:  and 

. Since is a radius and 

can be found in terms of a side of the hexagon, we are almost done.  

If we draw the altitude of  from  , then we get a right triangle. Using simple 

trigonometry, .  

Since  , we get 

.  

 

Solution 23 
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In general,  such that 

 has  terms. Specifically,  To find x, we need 

only solve the equation . Algebra yields  

 

Solution 24(1) 

By the Multinomial Theorem, the summands can be written as  

 

and  

 

respectively. Since the coefficients of like terms are the same in each expression, each like 

term either cancel one another out or the coefficient doubles. In each expansion there 

are:  

 

terms without cancellation. For any term in the second expansion to be negative, the 

parity of the exponents of and must be opposite. Now we find a pattern:  

if the exponent of is 1, the exponent of can be all even integers up to 2004, so there 

are 1003 terms.  

if the exponent of is 3, the exponent of can go up to 2002, so there are 1002 terms.  

 
if the exponent of is 2005, then can only be 0, so there is 1 term.  

If we add them up, we get terms. However, we can switch the exponents of 

and and these terms will still have a negative sign. So there are a total of 

negative terms.  

By subtracting this number from 2015028, we obtain or as our answer.  

 

Solution 24(2) 

Alternatively, we can use a generating function to solve this problem. The goal is to find 

the generating function for the number of unique terms in the simplified expression (in 

terms of ). In other words, we want to find where the coefficient of equals the 

https://artofproblemsolving.com/wiki/index.php?title=Multinomial_Theorem
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number of unique terms in .  

First, we note that all unique terms in the expression have the form, , where 

 and  is some constant. Therefore, the generating function for the 

MAXIMUM number of unique terms possible in the simplified expression of 

is  

Secondly, we note that a certain number of terms of the form, , do not appear 

in the simplified version of our expression because those terms cancel. Specifically, we 

observe that terms cancel when because every unique term is of 

the form: for all possible .  

 

Since the generating function for the maximum number of unique terms is already known, 

it is logical that we want to find the generating function for the number of terms that 

cancel, also in terms of  . With some thought, we see that this desired generating 

function is the following: 

 
 

Now, we want to subtract the latter from the former in order to get the generating function 

for the number of unique terms in  , our initial goal: 

 which equals 

 
 

The coefficient of  of the above expression equals 

 

 

.valuating the expression, we get , as expected.  

 

Solution 24(3) 

Define  such that  . Then the expression in the problem becomes: 

.  
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.xpanding this using binomial theorem gives 

 , 

where (we may omit the coefficients, as we are seeking for the number of 

terms, not the terms themselves).  

Simplifying gives:  . Note that two terms 

that come out of different powers of cannot combine and simplify, as their exponent 

of  will differ. Therefore, we simply add the number of terms produced from each 

addend. By the Binomial Theorem,  will have  terms, so the 

answer is .  

 

Solution 25(1) 

This question can be solved fairly directly by casework and pattern-finding. We give a 

somewhat more general attack, based on the solution to the following problem:  

How many ways are there to choose elements from an ordered element set without 

choosing two consecutive members?  

You want to choose  numbers out of  with no consecutive numbers. For each 

configuration, we can subtract from the -th element in your subset. This converts 

your configuration into a configuration with  elements where the largest possible 

element is , with no restriction on consecutive numbers. Since this process is 

easily reversible, we have a bijection. Without consideration of the second condition, we 

have:  

Now we examine the second condition. It simply states that no element in our original 

configuration (and hence also the modified configuration, since we don't move the 

smallest element) can be less than , which translates to subtracting from the "top" of 

each binomial coefficient. Now we have, after we cancel all the terms  where 

 , 

 

 

Solution 25(2) 

Another way of visualizing the solution above would be to use 's and 's. Denote as 

the numbers we have chosen and as other numbers. Taking an example, assuming we 

are picking two numbers, we imagine the shape  . This notation forces a number 
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between the two chosen numbers, which blocks the two numbers we picked from being 

consecutive. Now we consider the orientations with this shape. We have 

remaining numbers.  

We need to find the number of ways to place the remaining 's. We can find this by 

utilizing stars and bars, with the following marker being placed to represent groups: *| - 

*|*. Now, we have to place  numbers within  groups, which is  . The same 

concept can be used for the remaining numbers. The rest of the solution continues as 

above.  

Solution by: .veryoneintexas  

 

Solution 25(3) 

We have the same setup as in the previous solution.  

Note that if , the answer will be 0. Otherwise, the elements we choose 

define boxes (which divide the nonconsecutive numbers) into which we can drop 

the  remaining elements, with the caveat that each of the middle  boxes 

must have at least one element (since the numbers are nonconsecutive). This is equivalent 

to dropping elements into boxes, where each box is allowed to be 

empty. And this is equivalent to arranging objects, of which are dividers, 

which we can do in ways.  

Now, looking at our original question, we see that the thing we want to calculate is just 
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Solution1 

if n is even and if n is odd. So we have  

 
 

Solution2 

 

 
 

Solution 3(1) 

If the Cougars won by a margin of 14 points, then the Panthers' score would be half of (34-

14). That's 10 .  
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Solution 3(2) 

Let the Panthers' score be  . The Cougars then scored  . Since the teams 

combined scored , we get ,  

and the answer is . 

 

Solution 4(1) 

The total price of the items is 

 
 

 
 

Solution 4(2) 

We can round the prices to , , , , and .  

So  

We can make an equation:  

If we simplify the equation to "x", we get  

 

Solution5 

The speed that Bob is catching up to John is miles per hour. Since Bob is one 

mile behind John, it will take of an hour to catch up to John.  

 

Solution6 

Francesca makes a total of grams of lemonade, and in those 

grams, there are calories from the lemon juice and calories from the sugar, 

for a total of  calories per  grams. We want to know how many 

calories there are in  grams, so we just divide  by  to get 

.  

 

Solution 7(1) 

First, we seat the children.  

The first child can be seated in spaces.  

The second child can be seated in spaces.  
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Now there are ways to seat the adults.  

 
 

Solution 7(2) 

If there was no restriction, there would be 4!=24 ways to sit. However, only 2/4 of the 

people can sit in the driver's seat, so our answer is  

 

Solution 8(1)  

 

 

 

 

 

 
 

Solution 8(2) 

Add both equations:  

 
Simplify:  

 
Isolate our solution:  

 

Substitute the point of intersection  

 
 

Solution 8(3) 

Plugging in into the first equation, and solving for we get as .  

Doing the same for the second equation for the second equation, we get as  
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Adding  

 

Solution 9(1) 

Let's set the middle (tens) digit first. The middle digit can be anything from 2-7 (If it was 1 

we would have the hundreds digit to be 0, if it was more than 8, the ones digit cannot be 

even).  

If it was 2, there is 1 possibility for the hundreds digit, 3 for the ones digit. If it was 3, there 

are 2 possibilities for the hundreds digit, 3 for the ones digit. If it was 4, there are 3 

possibilities for the hundreds digit, and 2 for the ones digit,  

and so on.  

So, the answer is .  

 

Solution 9(2)  

The last digit is 4, 6, or 8.  

If the last digit is  , the possibilities for the first two digits correspond to 2-element 

subsets of .  

Thus the answer is .  

 

Solution10 

If the second size has length x, then the first side has length 3x, and we have the third side 

which has length 15. By the triangle inequality, we have: 

 Now, since we want the greatest perimeter, 

we want the greatest integer x, and if  then  . Then, the first side has 

length , the second side has length , the third side has length , and so 

the perimeter is .  

 

Solution 11 

Joe has 2 ounces of cream, as stated in the problem.  

JoAnn had 14 ounces of liquid, and drank of it. Therefore, she drank of her cream, 

leaving her .  

 



 

- 146 - 

 

 

Solution 12(1) 

Substituting  , we find that  , so our 

parabola is .  

The x-coordinate of the vertex of a parabola is given by . 

Additionally, substituting  , we find that 

 . 

Since it is given that , then .  

 

Solution 12(2) 

A parabola with the given equation and with vertex  must have equation 

 . Because the  -intercept is  and  , it follows that 

 . Thus   so 

.  

 

Solution 13(1) 

The ratio of any length on to a corresponding length on is equal to 

the ratio of their areas. Since  ,  and  are equilateral. 

 , which is equal to  , is the diagonal of rhombus  . Therefore, 

 .  and  are the longer diagonal of rhombuses 

 and  , respectively. So the ratio of their areas is  or  . One-

third the area of is equal to . So the answer is .  

 

Solution 13(2) 

Draw the line  to form an equilateral triangle, since  , and line 
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segments and are equal in length. To find the area of the smaller rhombus, we 

only need to find the value of any arbitrary base, then square the result. To find the value 

of the base, use the line we just drew and connect it to point at a right angle along line 

 . Call the connected point  , with triangles  and  being 30-60-90 

triangles, meaning we can find the length of or . The base of must be 

, and half of that length must be (triangles and are congruent by 

). Solving for the third length yields , which we square to get the answer .  

 

Solution14 

From the given, we know that 

(The numbers are in cents)  

since  , and since  is an integer, then  or  . It is 

easily deduced that  is impossible to make with  and  integers, so  and 

. Then, it can be guessed and checked quite simply that if and 

, then . The problem asks for the total cost of 

jam, or cents, or  

 

Solution 15(1) 

Draw the altitude from  onto  and call the point  . Because  and 

 are right angles due to being tangent to the circles, and the altitude creates 

as a right angle. is a rectangle with bisecting . The length 

is and has a length of , so by pythagorean's, is .  

, which is half the area of the hexagon, so 

the area of the entire hexagon is  

 

Solution 15(2) 

 and  are congruent right trapezoids with legs  and  and with 

equal to  . Draw an altitude from  to either  or  , creating a rectangle with 

width and base , and a right triangle with one leg , the hypotenuse , and the other 

. Using the Pythagorean theorem, is equal to , and is also equal to the height 

of the trapezoid. The area of the trapezoid is thus , and 



 

- 148 - 

 

the total area is two trapezoids, or .  

 

Solution 16 

To find the area of the regular hexagon, we only need to calculate the side length.  

Drawing in points , , and , and connecting and with an auxiliary line, we see 

two 30-60-90 triangles are formed.  

Points  and  are a distance of  apart. Half of this 

distance is the length of the longer leg of the right triangles. Therefore, the side length of 

the hexagon is .  

The apothem is thus  , yielding an area of 

.  

 

Solution17 

The probability of getting an on one of these dice is .  

The probability of getting on the first and on the second die is . Similarly we 

can express the probabilities for the other five ways how we can get a total . (Note that 

we only need the first three, the other three are symmetric.)  

Summing these, the probability of getting a total  is: 

 

 

Solution 18(1) 

Let the starting point be . After steps we can only be in locations where 

 . Additionally, each step changes the parity of exactly one coordinate. 

Hence after steps we can only be in locations where is even. It can easily 

be shown that each location that satisfies these two conditions is indeed reachable.  

Once we pick , we have valid choices for , giving a total 
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of possible positions.  

 

Solution 18(2) 

moves results in a lot of possible endpoints, so we try small cases first.  

If the object only makes move, it is obvious that there are only 4 possible points that the 

object can move to. If the object makes moves, it can move to , , , 

, , , as well as , for a total of moves. If the 

object makes  moves, it can end up at  ,  ,  ,  ,  , 

, , , , etc. for a total of 25.  

At this point we can guess that for n moves, there are different endpoints. Thus, 

for 10 moves, there are endpoints, and the answer is .  

 

Solution 19 

First, The number of the plate is divisible by and in the form of , or .  

We can conclude straight away that using the divisibility rule.  

If , the number is not divisible by (unless it's , which is not divisible by ), 

which means there are no , , , or year olds on the car, but that can't be true, as 

that would mean there are less than kids on the car.  

If , then the only possible number is . is divisible by , , and , but 

not by and , so that doesn't work.  

If , then the only number is , also not divisible by or .  

If , the only number is . It is divisible by , , , and .  

Therefore, we conclude that the answer is  

NOTE: Automatically, since there are 8 children and all of their ages are less than or equal 

to 9 and are different, the answer choices can be narrowed down to or .  

 

Solution 20 

Let be an arbitrary integer. For which do we have ?  

The equation can be rewritten as . The second one 

gives us . Combining these, we get that both hold at the same time 

if and only if .  
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Hence for each integer  we get an interval of values for which 

. These intervals are obviously pairwise disjoint.  

For any the corresponding interval is disjoint with , so it does not contribute 

to our answer. On the other hand, for any  the entire interval is inside  . 

Hence our answer is the sum of the lengths of the intervals for .  

For a fixed the length of the interval is .  

This means that our result is .  

 

Solution 21 

 

Let the rectangle have side lengths and . Let the axis of the ellipse on which the foci 

lie have length , and let the other axis have length . We have 

From the definition of an ellipse, . Also, the diagonal of 

the rectangle has length . Comparing the lengths of the axes and the distance 

from the foci to the center, we have 

Since , we now know and because 

, or one-fourth of the rectangle's perimeter, we multiply by four to get an 
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answer of .  

 

Solution 22(1) 

The power of  for any factorial is given by the well-known algorithm 

It is rational to guess numbers right before powers of 

because we won't have any extra numbers from higher powers of . As we list out the 

powers of 5, it is clear that  is less than 2006 and  is greater. 

Therefore, set  and  to be 624. Thus, c is  . Applying the 

algorithm, we see that our answer is .  

 

Solution 22(2) 

Clearly, the power of that divides is larger or equal than the power of which divides 

it. Hence we are trying to minimize the power of that will divide .  

Consider . .ach fifth term is divisible by , each -th one by , 

and so on. Hence the total power of that divides is . (For any 

only finitely many terms in the sum are non-zero.)  

In our case we have , so the largest power of that will be less than is at 

most  . Therefore the power of  that divides  is equal to 

. The same is true for and .  

Intuition may now try to lure us to split into as evenly as possible, giving 

and . However, this solution is not optimal.  

To see how we can do better, let's rearrange the terms as follows:  

 

The idea is that the rows of the above equation are roughly equal to , , etc.  

More precisely, we can now notice that for any positive integers we can write 

in the form , , , where all 

are integers and .  

It follows that  and 
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Hence we get that for any positive integers  we have 

 
Therefore for any  the result is at least 

.  

If we now show how to pick so that we'll get the result , we will be done.  

Consider the row with in the denominator. We need to achieve sum in this row, 

hence we need to make two of the numbers smaller than . Choosing 

does this, and it will give us the largest possible remainders for and in the other three 

rows, so this is a pretty good candidate. We can compute 

and verify that this triple gives the desired result . 

 

Solution 23(1) 

Using the Law of Cosines on , we have:  

 
Using the Law of Cosines on  , we have: 

 

Now we use  . 
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Note that we know that we want the solution with  since we know that 

. Thus, .  

 

Solution 23(2) 

Rotate triangle 90 degrees counterclockwise about so that the image of rests 

on . Now let the image of be . Note that , meaning triangle is 

right isosceles, and . Then . Now because and 

 , we observe that  , by the Pythagorean Theorem on 

. Now we have that . So we take 

the cosine of the second equality, using that fact that  , to get 

. Finally, we use the fact that 

and use the Law of Cosines on triangle to arrive at the value of .  

Or notice that since and , we have , 

and Law of Cosines on triangle gives the value of .  

 

Solution 24 

We start out by solving the equality first. 
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 We end up 

with three lines that matter:  ,  , and 

 . We plot these lines below. 

Note that by testing the point , we can 

see that we want the area of the pentagon. We can calculate that by calculating the area 

of the square and then subtracting the area of the 3 triangles. (Note we could also do this 

by adding the areas of the isosceles triangle in the bottom left corner and the rectangle 

with the previous triangle's hypotenuse as the longer side.) 

 
 

Solution 25 

https://artofproblemsolving.com/wiki/index.php?title=Pentagon
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We say the sequence  completes at  if  is the minimal positive integer such that 

. Otherwise, we say does not complete.  

Note that if , then for all , and does not divide 

, so if , then does not complete. (Also, cannot be 1 in 

this case since does not divide , so we do not care about these at all.)  

From now on, suppose .  

We will now show that completes at for some . We will do this with 3 

lemmas.  

Lemma: If  , and neither value is  , then 

.  

Proof: There are 2 cases to consider.  

If , then , and . So 

and .  

If  , then  , and  . So  and 

.  

In both cases, , as desired.  

 

Lemma: If  , then  . Moreover, if instead we have  for some 

, then .  

Proof: By the way  is constructed in the problem statement, having two equal 

consecutive terms  implies that  divides every term in the sequence. So 

and , so , so . For the proof of the second 

result, note that if  , then  , so by the first result we just proved, 

.  
 

Lemma: completes at for some .  

Proof: Suppose  completed at some  or not at all. Then by the second 

lemma and the fact that neither  nor  are  , none of the pairs 

 can have a  or be equal to  . So the first lemma 
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implies  so 

 , a contradiction. Hence  completes at  for some 

.  
 

Now we're ready to find exactly which values of we want to count.  

Let's keep in mind that and that is odd. We have two 

cases to consider.  

Case 1: If is odd, then is even, so is odd, so is odd, so is even, and this 

pattern must repeat every three terms because of the recursive definition of , so the 

terms of  reduced modulo 2 are  so  is odd and hence 

(since if completes at , then must be or for all ).  

 

Case 2: If is even, then is odd, so is odd, so is even, so is odd, and this 

pattern must repeat every three terms, so the terms of  reduced modulo 2 are 

so is even, and hence .  
 

We have found that is true precisely when and is odd. 

This tells us what we need to count.  

There are  numbers less than  and relatively prime to it (   is the 

.uler totient function). We want to count how many of these are even. Note that 

is a 1-1 correspondence between the odd and even numbers less than and 

relatively prime to . So our final answer is , or . 

 

2007 AMC 12A Solutions 

Solution 1 

= the amount Pam spent = the amount Susan spent  

 

 

Pam pays 10 more dollars than Susan  
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Solution2 

The brick has volume  . The base of the aquarium has area  . For 

every inch the water rises, the volume increases by    therefore, when the 

volume increases by , the water level rises  

Solution 3(1) 

 Let be the smaller term. Then  

Thus, the answer is  

 

Solution 3(2) 

By trial and error, 1 and 3 work. 1+3=4. 

 

Solution4 

 
 

Solution5 

After paying his taxes, he has of his earnings left. Since is 

of his income, he got a total of . 

 

Solution 6(1) 

 

We angle chase, and find out that:  

https://artofproblemsolving.com/wiki/index.php?title=File:2007_AMC12A-6.png
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Solution 6(2) 

 

Since triangle is isosceles we know that angle .  

Also since triangle is isosceles we know that .  

This implies that .  

Then the sum of the angles in quadrilateral is .  

Solving the equation we get .  

Therefore the answer is (D).  

 

Solution7 

Let be the common difference between the terms.  

 

 
 

 

 
 , so  . But we can't find any more variables, 

because we don't know what is. So the answer is .  

 

Solution8 

https://artofproblemsolving.com/wiki/index.php?title=File:Mihir_Borkar_Solution_2007_AMC_10A_Problem_6_p_2.png
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We look at the angle between 12, 5, and 10. It subtends of the circle, or degrees (or 

you can see that the arc is  of the right angle). Thus, the angle at each vertex is an 

inscribed angle subtending degrees, making the answer  

 

Solution 9(1) 

Let the distance from Yan's initial position to the stadium be and the distance from Yan's 

initial position to home be  . We are trying to find  , and we have the following 

identity given by the problem:  

 

Thus and the answer is  

 

Solution 9(2) 

Another way of solving this problem is by setting the distance between Yan's home and 

the stadium, thus filling in one variable. Let us set the distance between the two places to 

be , where is a random measurement (cause life, why not?) The distance to going 

to his home then riding his bike, which is times faster, is equal to him just walking to the 

stadium. So the equation would be: Let the distance from Yan's position to his home. 

Let the distance from Yan's home to the stadium.  

 

 

https://artofproblemsolving.com/wiki/index.php?title=Arc
https://artofproblemsolving.com/wiki/index.php?title=Right_angle
https://artofproblemsolving.com/wiki/index.php?title=Inscribed_angle
https://artofproblemsolving.com/wiki/index.php?title=File:2007_AMC12A-8.png
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But we're still not done with the question. We know that Yan is from his home, and 

is or from the stadium. , the 's cancel out, and we are left 

with . Thus, the answer is  

 

Solution10 

 

Since 3-4-5 is a Pythagorean triple, the triangle is a right triangle. Since the hypotenuse is 

a diameter of the circumcircle, the hypotenuse is  . Then the other legs are 

and . The area is  

 

Solution11 

A given digit appears as the hundreds digit, the tens digit, and the units digit of a term the 

same number of times. Let  be the sum of the units digits in all the terms. Then 

, so must be divisible by . To see that it need not be 

divisible by any larger prime, the sequence  gives 

.  

 

Solution12 

The only times when  is even is when  and  are of the same parity. The 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_triple
https://artofproblemsolving.com/wiki/index.php?title=Right_triangle
https://artofproblemsolving.com/wiki/index.php?title=Diameter
https://artofproblemsolving.com/wiki/index.php?title=Circumcircle
https://artofproblemsolving.com/wiki/index.php?title=Parity
https://artofproblemsolving.com/wiki/index.php?title=File:2007_AMC12A-10.png
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chance of being odd is , so it has a probability of being even. Therefore, 

the probability that will be even is .  

 

Solution13 

We are trying to find the foot of a perpendicular from  to  . 

Then the slope of the line that passes through the cheese and  is the negative 

reciprocal of the slope of the line, or . Therefore, the line is . The point 

where and intersect is , and .  

 

Solution 14(1) 

If 45 is expressed as a product of five distinct integer factors, the absolute value of the 

product of any four it as least  , so no factor can have an 

absolute value greater than 5. Thus the factors of the given expression are five of the 

integers  . The product of all six of these is  , so the 

factors are -3, -1, 1, 3, and 5. The corresponding values of a, b, c, d, and e are 9, 7, 5, 3, 

and 1, and their sum is 25 (C).  

 

Solution 14(2) 

The prime factorization of  is  . Therefore, the 5 distinct integer factors must 

have some negative numbers in them. Because there are two  's in the prime 

factorization, one of them must be negative and the other positive. Because there is a , 

there must also be a to cancel the negatives out. The 5 distinct integer factors must 

be  . The corresponding values of  and  are  . 

and their sum is  

 

Solution15 

The median must either be or . Casework:  

Median is : Then and . 

https://artofproblemsolving.com/wiki/index.php?title=Perpendicular
https://artofproblemsolving.com/wiki/index.php?title=Slope
https://artofproblemsolving.com/wiki/index.php?title=Casework
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Median is : Then and .  

Median is : Then and . 

All three cases are valid, so our solution is .  

 

Solution16 

We can find the number of increasing arithmetic sequences of length 3 possible from 0 to 

9, and then find all the possible permutations of these sequences.  

Common difference  Sequences possible  Number of sequences  

1  
 

8  

2  
 

6  

3  
 

4  

4  
 

2  

This gives us a total of sequences. There are to permute 

these, for a total of .  

However, we note that the conditions of the problem require three-digit numbers, and 

hence our numbers cannot start with zero. There are  numbers which start 

with zero, so our answer is .  

 

Solution17 

We can make use the of the trigonometric Pythagorean identities: square both equations 

and add them up:  

 

 

 

This is just the cosine difference identity, which simplifies to  

 

Solution 18(1) 

A fourth degree polynomial has four roots. Since the coefficients are real(meaning that 

complex roots come in conjugate pairs), the remaining two roots must be the complex 

conjugates of the two given roots, namely . Now we work backwards for the 

polynomial:  

 

https://artofproblemsolving.com/wiki/index.php?title=Arithmetic_sequence
https://artofproblemsolving.com/wiki/index.php?title=Trigonometric_identities#Pythagorean_Identities
https://artofproblemsolving.com/wiki/index.php?title=Root
https://artofproblemsolving.com/wiki/index.php?title=Complex_conjugate
https://artofproblemsolving.com/wiki/index.php?title=Complex_conjugate
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Thus our answer is .  

 

Solution 18(2) 

Just like in Solution 1 we realize that the roots come in conjugate pairs. Which means the 

roots are So our polynomial is  

(1)  

Looking at the equation of the polynomial . We 

see that  

If we plug in into equation (1) we get .  

Now if we multiply a complex number by its conjugate we get the sum of the squares of 

its real and imaginary parts. Using this property on the above we multiply and get 

 So 

the answer is .  

 

Solution19(1) 

 

From  , we have that the height of  is 

https://artofproblemsolving.com/wiki/index.php?title=File:2007_12A_AMC-19.png
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. Thus lies on the lines .  

 using 45-45-90 triangles, so in  we have that 

 . The slope of  is  , so the equation of the line is 

 . The point 

lies on one of two parallel lines that are  units away from  . Now take an 

arbitrary point on the line and draw the perpendicular to one of the parallel lines  

then draw a line straight down from the same arbitrary point. These form a 45-45-90 , 

so the straight line down has a length of . Now we note that the 

y-intercept of the parallel lines is either units above or below the y-intercept of line 

   hence the equation of the parallel lines is 

.  

We just need to find the intersections of these two lines and sum up the values of the x-

coordinates. Substituting the  into  , we get 

.  

 

Solution 19(2) 

We are finding the intersection of two pairs of parallel lines, which will form a 

parallelogram. The centroid of this parallelogram is just the intersection of and , 

which can easily be calculated to be . Now the sum of the x-coordinates is just 

.  

 

Solution20 

 
Since the sides of a regular polygon are equal in length, we can call each side . .xamine 

one edge of the unit cube: each contains two slanted diagonal edges of an octagon and 

one straight edge. The diagonal edges form right triangles, making the 

https://artofproblemsolving.com/wiki/index.php?title=Parallel
https://artofproblemsolving.com/wiki/index.php?title=Perpendicular
https://artofproblemsolving.com/wiki/index.php?title=Y-intercept&action=edit&redlink=1
https://artofproblemsolving.com/wiki/index.php?title=X-coordinates&action=edit&redlink=1
https://artofproblemsolving.com/wiki/index.php?title=X-coordinates&action=edit&redlink=1
https://artofproblemsolving.com/wiki/index.php?title=Parallel
https://artofproblemsolving.com/wiki/index.php?title=Parallelogram
https://artofproblemsolving.com/wiki/index.php?title=Centroid
https://artofproblemsolving.com/wiki/index.php?title=Regular_polygon
https://artofproblemsolving.com/wiki/index.php?title=Right_triangle
https://artofproblemsolving.com/wiki/index.php?title=File:2007_AMC_12A_Problem_20.png
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distance on the edge of the cube  . Thus,  , and 

.  

.ach of the cut off corners is a pyramid, whose volume can be calculated by . 

Use the base as one of the three congruent isosceles triangles, with the height being one 

of the edges of the pyramid that sits on the edges of the cube. The height is 

. The base is a with leg of length , making 

its area . Plugging this in, we get that the area of one of 

the tetrahedra is  . Since there are 8 

removed corners, we get an answer of  

 

Solution21 

By Vieta's formulas, the sum of the roots of a quadratic equation is , the product of 

the zeros is , and the sum of the coefficients is . Setting equal the first two 

tells us that  . Thus,  , so the 

common value is also equal to the coefficient of .  

To disprove the others, note that:  

: then , which is not necessarily true. 

: the y-intercept is , so , not necessarily true. 

: an x-intercept of the graph is a root of the polynomial, but this excludes the other root. 

: the mean of the x-intercepts will be the sum of the roots of the quadratic divided by 2. 

 

https://artofproblemsolving.com/wiki/index.php?title=Pyramid
https://artofproblemsolving.com/wiki/index.php?title=Congruency_(geometry)&action=edit&redlink=1
https://artofproblemsolving.com/wiki/index.php?title=Isosceles_triangle
https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_formulas
https://artofproblemsolving.com/wiki/index.php?title=Quadratic_equation
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Solution 22(1) 

For the sake of notation let . Obviously . 

Then the maximum value of  is when  , and the sum 

becomes . So the minimum bound is . We do casework upon the 

tens digit:  

Case 1: . .asy to directly disprove.  

Case 2:  .  , and  if 

and otherwise.  

Subcase a: 

 . This 

exceeds our bounds, so no solution here. 

Subcase b: 

 . First 

solution. 

Case 3:  .  , and  if  and 

otherwise.  

Subcase a: 

 . 

Second solution. 

Subcase b: 

 . Third 

solution.  

Case 4: . But , and clearly sum to .  

Case 5:  . So  and  (recall that  ), 

and  . Fourth 

solution.  

In total we have solutions, which are and .  

 

Solution 22(2) 

Clearly, . We can break this into three cases:  

Case 1:  

https://artofproblemsolving.com/wiki/index.php?title=Casework
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Inspection gives . 

Case 2: , (not to be confused with ),  

If you set up an equation, it reduces to 

 
which has as its only solution satisfying the constraints , . 

Case 3: , ,  

This reduces to 

 . The only two solutions satisfying the constraints for this equation are 

, and , .  

The solutions are thus and the answer is .  

 

Solution 22(3) 

As in Solution 1, we note that and .  

Obviously, .  

As , this means that , or equivalently that 

.  

Thus . For each possible we get three possible .  

(.. g., if  , then  is a number such that  and 

, therefore .)  

For each of these nine possibilities we compute as and 

check whether .  

We'll find out that out of the 9 cases, in 4 the value has the correct sum of digits.  

This happens for .  

 

Solution 22(4)  

This is mainly for fun. We can create a python program to do this for us:  

def calculateSumOfDigits(number):  

       number  = str(number) 

       digits = [] 

       for i in range(len(number)): 

               digits.append(int(number[i])) 

       return sum(digits) 

for i in range(2007):  



 

- 168 - 

 

       if(i+calculateSumOfDigits(i)+calculateSumOfDigits(calculateSumOfDigits(i)) == 

2007): 

               print(i) 

 

Solution 23 

Let be the x-coordinate of and , and be the x-coordinate of and be the y-

coordinate of  and  . Then  and 

. Since the distance between and 

is , we have , yielding .  

However, we can discard the negative root (all three logarithmic equations are underneath 

the line and above when is negative, hence we can't squeeze in a square 

of side 6). Thus .  

Substituting back, , so .  

 

Solution 24(1) 

 
By looking at various graphs, we obtain that, for most of the graphs  

 

Notice that the solutions are basically reflections across  . However, when 

, the middle apex of the sine curve touches the sine curve at the top 

only one time (instead of two reflected points), so we get here .  

 
 

Solution 24(2) 

So if and only 

if or .  

The first occurs whenever  , or  for some 

nonnegative integer . Since , . So there are solutions in 

https://artofproblemsolving.com/wiki/index.php?title=Logarithm
https://artofproblemsolving.com/wiki/index.php?title=Sine
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this case.  

The second occurs whenever  , or  for some nonnegative 

integer . Here so that there are solutions here.  

However, we overcount intersections. These occur whenever  

which is equivalent to dividing . If 

 is even, then  is odd, so this never happens. If  , 

then there won't be intersections either, since a multiple of 8 can't divide a number which 

is not even a multiple of 4.  

This leaves  . In this case, the divisibility becomes  dividing 

 . Since  and  are relatively prime (subtracting twice the 

second number from the first gives 1), must divide . Since , 

 . Then there is only one intersection, namely when 

.  

Therefore we find  is equal to  , unless 

, in which case it is one less, or . The problem may then be finished 

as in Solution 1.  

 

Solution 25(1) 

Let  denote the number of spacy subsets of  . We have 

.  

The spacy subsets of can be divided into two groups:  
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those not containing . Clearly .  

those containing . We have , since removing from any 

set in produces a spacy set with all elements at most equal to and each such 

spacy set can be constructed from exactly one spacy set in . 

Hence,  

 
From this recursion, we find that  

             

 

1  2  3  4  6  9  13  19  28  41  60  88  129   

And so the answer is , .  

 

Solution 25(2) 

Since each of the elements of the subsets must be spaced at least two apart, a divider 

counting argument can be used.  

From the set we choose at most four numbers. Let 

those numbers be represented by balls. Between each of the balls there are at least two 

dividers. So for example, o | | o | | o | | o | | represents .  

For subsets of size  there must be  dividers between the balls, leaving 

dividers to be be placed in spots between 

the balls. The number of way this can be done is 

.  

Therefore, the number of spacy subsets is 

.  

 

Solution 25(3) 

A shifting argument is also possible, and is similar in spirit to Solution 2. Clearly we can 

have at most  elements. Given any arrangment, we subract  from the 

element in our subset, when the elements are arranged in increasing order. This creates a 

bijection with the number of size  subsets of the set of the first  positive 

integers. For instance, the arrangment o | | o | | o | | | o | corresponds to the arrangment 

o o o | o |. Notice that there is no longer any restriction on consectutive numbers. 

Therefore, we can easily plug in the possible integers 0, 1, 2, 3, 4, 5 for  : 

 

https://artofproblemsolving.com/wiki/index.php?title=Recursion
https://artofproblemsolving.com/wiki/index.php?title=Bijection
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In general, the number of subsets of a set with  element and with no  consecutive 

numbers is  

 

2007 AMC 12B Solutions 

Solution 1 

There are four walls in each bedroom, since she can't paint floors or ceilings. So we 

calculate the number of square feet of wall there is in one bedroom: 

 We have 

three bedrooms, so she must paint  

 

Solution 2 

The trip was miles long and took gallons. Therefore, 

the average mileage was  

 

Solution 3 

 

 

 

Solution 4 

18 bananas cost the same as 12 apples, and 12 apples cost the same as 8 oranges, so 18 

bananas cost the same as oranges 

 

Solution 5 

She must get at least  points, and that can only be possible by 

answering at least questions correctly.  

 

Solution 6 
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One bug goes to . The path that he takes is units long. The length of 

is  

 

Solution 7 

 
Since and are right angles, and equals , is a square, and is 

5. Since  and  are also 5, triangle  is equilateral. Angle  is therefore 

 
 

Solution 8 

Tom's age  years ago was  . The ages of his three children  years ago was 

since there are three people. If his age years ago was twice the sum of the 

https://artofproblemsolving.com/wiki/index.php?title=Right_angle
https://artofproblemsolving.com/wiki/index.php?title=Square
https://artofproblemsolving.com/wiki/index.php?title=Equilateral_triangle
https://artofproblemsolving.com/wiki/index.php?title=File:2007_12B_AMC-6.png
https://artofproblemsolving.com/wiki/index.php?title=File:2007_12B_AMC-7.png
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children's ages then,  

 

Solution9 

 

 
 

Solution 10(1) 

If we let be the number of people initially in the group, the is the number of girls. 

If two girls leave and two boys arrive, the number of people in the group is still but the 

number of girls is . Since only of the group are girls, 

The number of girls is  

 

Solution 10(2) 

There are the same number of total people before and after, but the number of girls has 

dropped by two and . , and , so the answer is .  

 

Solution 11 

The sum of the interior angles of any quadrilateral is 

 

 

Solution 12 

We can assume there are people in the class. Then there will be junior and 

seniors. The sum of everyone's scores is Since the average score 
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of the seniors was the sum of all the senior's scores is The only 

score that has not been added to that is the junior's score, which is 

 

 

Solution 13 

The traffic light runs through a second cycle.  

Letting reference the moment it turns green, the light changes at three different 

times: , , and  

This means that the light will change if the beginning of Leah's interval lies in , 

or  

This gives a total of seconds out of  

 
 

Solution 14 

Drawing  ,  , and  ,  is split into three smaller triangles. The 

altitudes of these triangles are given in the problem as , , and .  

Summing the areas of each of these triangles and equating it to the area of the entire 

triangle, we get:  

where is the length of a side  

 
 

Solution 15(1) 

The sum of an infinite geometric series is given by where is the first term and 

is the common ratio.  

In this series,  

The series with odd powers of is given as  

It's sum can be given by  

Doing a little algebra  
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Solution 15(2) 

The given series can be decomposed as follows: 

 

Clearly  . We obtain 

that , hence .  

Then from  we get  , and thus 

.  

 

Solution 16(1) 

A tetrahedron has 4 sides. The ratio of the number of faces with each color must be one 

of the following:  

, , , or  

 

The first ratio yields appearances, one of each color.  

The second ratio yields appearances, three choices for the first color, and two 

choices for the second.  

The third ratio yields appearances since the two colors are interchangeable.  

The fourth ratio yields appearances. There are three choices for the first color, and since 

the second two colors are interchangeable, there is only one distinguishable pair that fits 

them.  

The total is appearances  

 

Solution 16(2) 

.very colouring can be represented in the form  , where  is the number of 

white faces,  is the number of red faces, and  is the number of blue faces. .very 
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distinguishable colouring pattern can be represented like this in exactly one way, and every 

ordered whole number triple with a total sum of 4 represents exactly one colouring 

pattern (if two tetrahedra have rearranged colours on their faces, it is always possible to 

rotate one so that it matches the other).  

Therefore, the number of colourings is equal to the number of ways 3 distinguishable 

nonnegative integers can add to 4. If you have 6 cockroaches in a row, this number is equal 

to the number of ways to pick two of the cockroaches to eat for dinner (because the 

remaining cockroaches in between are separated in to three sections with a non-negative 

number of cockroaches each), which is  

 

Solution 17 

Note that if is positive, then, the equation will have no solutions for . This becomes 

more obvious by noting that at , . The LHS quadratic function will 

increase faster than the RHS logarithmic function, so they will never intersect.  

This puts as the smallest in the set since it must be negative.  

Checking the new equation:  

Near , but at ,  

This implies that the solution occurs somewhere in between:  

This also implies that  

This makes our set (ordered)  

The median is  

 

Solution 18 

The difference between and is given by  

 
The difference between the two squares is three times this amount or  

 
The difference between two consecutive squares is always an odd number, therefore 

is odd. We will show that must be 1. Otherwise we would be looking for two 

consecutive squares that are at least 81 apart. But already the equation 

solves to , and has more than three digits.  

The consecutive squares with common difference are and . 

One third of the way between them is and two thirds of the way is .  

This gives , , .  
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Solution 19 

 

 
Where and  

 

 

 

 
 

Solution 20(1) 

This article is a stub. Help us out by expanding it.  

Plotting the parallelogram on the coordinate plane, the 4 corners are at 

 . Because  , 

we have that or that , 

which gives (consider a homothety, or dilation, that carries the first parallelogram 

to the second parallelogram  because the area increases by , it follows that the stretch 

along the diagonal, or the ratio of side lengths, is ). The area of triangular half of the 

parallelogram on the right side of the y-axis is given by , so 

substituting :  

 

Thus  , and we verify that  ,  will give us a 

https://artofproblemsolving.com/wiki/index.php?title=2007_AMC_12B_Problems/Problem_20&action=edit
https://artofproblemsolving.com/wiki/index.php?title=Homothety
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minimum value for  . Then 

.  

 

Solution 20(2) 

This article is a stub. Help us out by expanding it.  

The key to this solution is that area is invariant under translation. By suitably shifting the 

plane, the problem is mapped to the lines  and 

. Now, the area of the parallelogram contained by 

is the former is equal to the area of a rectangle with sides  and  , 

 , and the area contained by the latter is  . Thus, 

and must be even if the former quantity is to equal . 

so  is a multiple of  . Putting this all together, the minimal solution for 

, so the sum is .  

 

Solution 21 

 
All numbers of six or less digits in base 3 have been written.  

The form of each palindrome is as follows  

1 digit -  

2 digits -  

3 digits -  

4 digits -  

5 digits -  

6 digits -  

Where are base 3 digits  

Since  , this gives a total of 

palindromes so far.  

7 digits - , but not all of the numbers are less than  

Case:  

All of these numbers are less than giving more palindromes  

Case: ,  

All of these numbers are also small enough, giving more palindromes  

Case: ,  

https://artofproblemsolving.com/wiki/index.php?title=2007_AMC_12B_Problems/Problem_20&action=edit
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It follows that , since any other would make the value too large. This leaves the 

number as . Checking each value of d, all of the three are small enough, so that 

gives more palindromes.  

Summing our cases there are  

 

Solution 22 

First, notice that each of the midpoints of , , and are on the locus. Suppose 

after some time the particles have each been displaced by a short distance , to new 

positions  and  respectively. Consider  and drop a perpendicular from 

to hit at . Then, and . From here, we can 

use properties of a triangle to determine the lengths and as 

monomials in . Thus, the locus of the midpoint will be linear between each of the three 

special points mentioned above. It follows that the locus consists of the only triangle with 

those three points as vertices. Comparing inradii between this "midpoint" triangle and the 

original triangle, the area contained by must be of the total area.  

 

Solution 23(1) 

Let and be the two legs of the triangle.  

We have .  

Then .  

We can complete the square under the root, and we get, 

.  

Let and , we have .  

After rearranging, squaring both sides, and simplifying, we have .  

 

Putting back  and  , and after factoring using  , we've got 

.  

Factoring 72, we get 6 pairs of and  

 

And this gives us solutions .  

Alternatively, note that . Then 72 has 
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factors. However, half of these are repeats, so there we have solutions.  

 

Solution 23(2) 

We will proceed by using the fact that  , where  is the radius of the 

incircle and is the semiperimeter .  

We are given .  

The incircle of breaks the triangle's sides into segments such that , 

 and  . Since ABC is a right triangle, one of  ,  and  is 

equal to its radius, 6. Let's assume .  

The side lengths then become  ,  and  . 

Plugging into Pythagorean's theorem:  

 

 

 

 

 

 
We can factor  to arrive with  pairs of solutions: 

and .  

 

Solution 24(1) 

Combining the fraction, must be an integer.  

Since the denominator contains a factor of  , 

 
Since  for some positive integer  , we can rewrite the fraction(divide by  on 

both top and bottom) as  

Since the denominator now contains a factor of  , we get 

.  

But since  , we must have  , and 

thus .  

For the original fraction simplifies to .  
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For that to be an integer,  must be a factor of  , and therefore we must have 

. .ach of these values does indeed yield an integer.  

Thus there are four solutions: , , , and the answer is  

 

Solution 24(2) 

Let's assume that We get  

 
Factoring this, we get equations-  

 

 

 

 
(It's all negative, because if we had positive signs, would be the opposite sign of )  

Now we look at these, and see that-  

 

 

 

 

 

 

 

 

This gives us solutions, but we note that the middle term needs to give you back .  

For example, in the case  

 , the middle term is  , which is not equal by  for 

whatever integar .  

Similar reason for the fourth equation. This elimnates the last four solutions out of the 

above eight listed, giving us 4 solutions total  

 

Solution 24(3) 

Let . Then the given equation becomes .  

Let's set this equal to some value, .  

Clearing the denominator and simplifying, we get a quadratic in terms of :  
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Since and are integers, is a rational number. This means that is an 

integer.  

Let . Squaring and rearranging yields:  

 

.  

In order for both  and  to be an integer,  and  must both be odd or 

even. (This is easily proven using modular arithmetic.) In the case of this problem, both 

must be even. Let and .  

Then:  

 

.  

Factoring 126, we get pairs of numbers: 

and .  

Looking back at our equations for  and  , we can solve for 

. Since is an integer, there are only pairs of that 

work:  and  . This means that there are  values of  such that  is an 

integer. But looking back at in terms of , we have , meaning that there are values 

of for every . Thus, the answer is .  

 

Solution 24(4) 

Rewriting the expression over a common denominator yields  . This 

expression must be equal to some integer .  

Thus,  . Taking this  yields 

 . Since  ,  . This implies that 

so .  

We can then take to get that . Thus 
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.  

However, taking  ,  so  cannot 

equal 1.  

Also, note that if , . Since , will be an integer, but 

will not be an integer since none of the possible values of are multiples of 9. Thus, 

cannot equal 9.  

Thus, the only possible values of is 3, and can be 1, 2, 7, or 14. This yields 4 possible 

solutions, so the answer is .  

 

Solution 25 

Let , and . Since , we could let , 

 , and  . Now to get back to  we need another vertex 

. Now if we look at this configuration as if it was two dimensions, we would 

see a square missing a side if we don't draw . Now we can bend these three sides 

into an equilateral triangle, and the coordinates change: , , 

 ,  , and  . Checking for all the 

requirements, they are all satisfied. Now we find the area of triangle  . It is a 

 triangle, which is an isosceles right triangle. Thus the area of it is 

. 

 

2008 AMC 12A Solutions 

 

Solution 1 

The machine completes one-third of the job in  hours. Thus, the 

entire job is completed in  hours. 

Since the machine was started at  , the job will be finished  hours later, 

at . The answer is . 
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Solution 2(1) 

Here's a cheapshot: Obviously,  is greater than . Therefore, its reciprocal is less 

than , and the answer must be . 

Solution 2(2) 

. 

 

Solution 3 

If  , 

then 

. 

Solution 4(1) 

 . 

Solution 4(2) 
Notice that everything cancels out except for  in the numerator and  in the 

denominator. 

Thus, the product is , and the answer is . 

 

Solution 5 

 For  to be an 

integer,  must be even, but not necessarily divisible by . Thus, the answer is . 

 

Solution 6(1) 

Let the sticker price be . 

The price of the computer is  at store , and  at store . 
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Heather saves  at store , so . 

Solving, we find , and the thus answer is . 

Solution 6(2) 
The  in store  is  better than the additional  off at store . 

Thus the  off is equal to  -   , and therefore the sticker price is . 

 

Solution 7 

It will take  of an hour or  minutes to get to shore. 

Since only  gallons of water can enter the boat, only  net gallons can enter the 

boat per minute. 

Since  gallons of water enter the boat each minute, LeRoy must 

bail  gallons per minute . 

 

Solution 8 

A cube with volume  has a side of length  and thus a surface area of . 

A cube whose surface area is  has a side of length  and a 

volume of . 

 

Solution 9 

Let the width and height of the screen be  and  respectively, and let the width and 

height of the movie be  and  respectively. 

By the Pythagorean Theorem, the diagonal is  . 

So . 

Since the movie and the screen have the same width, . 

Thus, the height of each strip is . 

 

Solution 10(1) 

Doug can paint  of a room per hour, Dave can paint  of a room in an hour, and the time 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
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they spend working together is . 

Since rate times time gives output,  

Solution 10(2) 
If one person does a job in  hours and another person does a job in  hours, the time it 

takes to do the job together is  hours. 

Since Doug paints a room in 5 hours and Dave paints a room in 7 hours, they both paint 

in  hours. They also take 1 hour for lunch, so the total 

time  hours. 

Looking at the answer choices,  is the only one satisfied by . 

 

Solution 11 

To maximize the sum of the  faces that are showing, we can minimize the sum of the 

numbers of the  faces that are not showing. 

The bottom  cubes each have a pair of opposite faces that are covered up. When the 

cube is folded,     and  are opposite pairs. Clearly  has 

the smallest sum. 

The top cube has 1 number that is not showing. The smallest number on a face is . 

So, the minimum sum of the  unexposed faces is . Since the sum of 

the numbers on all the cubes is , the maximum 

possible sum of  visible numbers is . 

 

Solution 12 

 is defined if  is defined. Thus the domain is 

all . 

Since  ,  . 

Thus  is the range of . 

Thus the answer is . 
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Solution 13 

 
Let  be the center of the small circle with radius , and let  be the point where the 

small circle is tangent to . Also, let  be the point where the small circle is tangent to 

the big circle with radius . 

Then  is a right triangle, and a  triangle at that. 

Therefore, . 

Since  , we have  , 

or , or . 

Then the ratio of areas will be  squared, or . 

 

Solution 14 

Area is invariant under translation, so after translating left  and up  units, we have 

the inequality 

 

which forms a diamond centered at the origin and vertices at . Thus 

the diagonals are of length  and  . Using the formula  , the answer 

is . 

https://artofproblemsolving.com/wiki/index.php?title=Tangent
https://artofproblemsolving.com/wiki/index.php?title=Rhombus
https://artofproblemsolving.com/wiki/index.php?title=Origin
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Solution 15 

. 

So, . Since  is a multiple of four and the units 

digit of powers of two repeat in cycles of four, . 

Therefore, . So the units digit is . 

 

Solution 16(1) 

Let  and . 

The first three terms of the arithmetic sequence are  ,  , 

and , and the  term is . 

Thus, . 

Since the first three terms in the sequence are  ,  , and  , the  th term 

is . 

Thus the  term is . 

 

Solution 16(2) 

If  ,  , and  are in arithmetic progression, 

then , , and  are in geometric progression. Therefore, 

 
Therefore,  ,  , therefore the 12th term in the sequence 

is  

 

Solution 16(3) 

 

 

 

 

 

https://artofproblemsolving.com/wiki/index.php?title=Arithmetic_progression
https://artofproblemsolving.com/wiki/index.php?title=Geometric_progression
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Solution 17(1) 

All positive integers can be expressed as , , , or , where  is a 

nonnegative integer. 

If , then . 

If , 

then , , 

and . 

If , then . 

If , 

then , , 

and . 

Since , every positive 

integer  will satisfy . 

Since one fourth of the positive integers  can be expressed as , 

where  is a nonnegative integer, the answer is . 

 

Solution 17(2) 

After checking the first few  such as ,  through , we can see that the only  that 

satisfy the conditions are odd numbers that when tripled and added 1 to, are double an 

odd number. For example, for , we notice the sequence yields , , and , a 

valid sequence. 

So we can set up an equation,  where x is equal to . Rearranging 

the equation yields . Experimenting yields that every 4th  after 3 

creates an integer, and thus satisfies the sequence condition. So the number of valid 

solutions is equal to . 

 

Solution 18 
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Without loss of generality, let  be on the  axis,  be on the  axis, and  be on 

the  axis, and let  have respective lengths of 5, 6, and 7. 

Let  denote the lengths of segments  respectively. Then by 

the Pythagorean Theorem,  so    

similarly,  and  . Since  ,  , and  are mutually perpendicular, 

the tetrahedron's volume is because we can consider the tetrahedron to be a right 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
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triangular pyramid.  which is answer 

choice . 

 

Solution 19(1) 

Let  and . We are 

expanding . 

Since there are  terms in  , there are  ways to choose one term from 

each  . The product of the selected terms is  for some 

integer  between  and  inclusive. For each  , there is one and only 

one  in . For example, if I choose  from  , then there is exactly one power 

of  in  that I can choose  in this case, it would be . Since there is only one way to 

choose one term from each  to get a product of , there are  ways 

to choose one term from each  and one term from  to get a product of . Thus the 

coefficient of the  term is . 

 

Solution 19(2) 

Let  . 

Then the  term from the product in 

question  is 

 

So we are trying to find the sum of the coefficients of  minus . Since the constant 

term  in  (when expanded) is , and the sum of the coefficients of  is , 

we find the answer to 

be . 

 

Solution 19(3) 
We 

expand  to 

 and use FOIL 

to multiply. It expands out to: 
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It becomes apparent that 

. 

Now we have to find the coefficient of  in the product: 

. 

We quickly see that the we get  terms 

from  ,  ,  , ...  , ...  . The coefficient 

of  is just the sum of the coefficients of all these 

terms.  , so the 

answer is . 

 

Solution 19(4) 

Rewrite the product as . It is known that 

 

Thus, our product becomes 

 

 

We determine the  coefficient by doing casework on the first three terms in our 

product. We can obtain an  term by choosing  in the first term,  in the second 

and third terms, and  in the fourth term. We can get two  terms by choosing  in 

either the second or third term,  in the first term,  in the second or third term from 

which  has not been chosen, and the  in the fourth term. We 

get   terms this way. (We multiply by  because the  term 

could have been chosen from the second term or the third term). Lastly, we can get 

an  term by choosing  in the first three terms and a  from the fourth 

term. We have a total of  for the  coefficient, but we recall 

that we have a negative sign in front of our product, so we obtain an answer 
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of . 

 

Solution 20(1) 

 

By the Angle Bisector Theorem,  By Law of 

Sines on  ,

Since the area of a triangle satisfies  , 

where  the inradius and  the semiperimeter, we have

Since  and  share the altitude (to  ), their areas are the ratio of 

their bases, or  The semiperimeters 

are  and  . Thus,

https://artofproblemsolving.com/wiki/index.php?title=Angle_Bisector_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Law_of_Sines
https://artofproblemsolving.com/wiki/index.php?title=Law_of_Sines
https://artofproblemsolving.com/wiki/index.php?title=Inradius
https://artofproblemsolving.com/wiki/index.php?title=Semiperimeter
https://artofproblemsolving.com/wiki/index.php?title=Altitude
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Solution 20(2) 

 
We start by finding the length of  and  as in solution 1. Using the angle bisector 

theorem, we see that  and . Using Stewart's Theorem gives us the 

equation  , where  is the length of  . Solving gives 

us , so . 

Call the incenters of triangles  and   and  respectively. Since  is 

an incenter, it lies on the angle bisector of . Similarly, lies on the angle bisector 

of . Call the point on  tangent to  , and the point tangent to  . 

Since  and  are right, 

and , . Then, . 

We now use common tangents to find the length of  and . Let , and 

the length of the other tangents be  and . Since common tangents are equal, we can 



 

- 195 - 

 

write that  ,  and  . Solving gives us 

that . Similarly, . 

We see now 

that  

 

Solution 21 

There are  total permutations. 

For every permutation  such that  , there is 

exactly one permutation such that  . Thus it suffices to count the 

permutations such that . 

 ,  , and  are the only combinations of 

numbers that can satisfy . 

There are  combinations of numbers,  possibilities of which side of the equation 

is  and which side is  , and  possibilities for 

rearranging  and  . Thus, there are  permutations such 

that . 

Thus, the number of heavy-tailed permutations is . 

 

Solution 22(1) (trigonometry) 

Let one of the mats be , and the center be  as shown: 
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Since there are  mats,  is equilateral. So,  . 

Also, . 

By the Law of 

Cosines: 

. 

Since  must be positive, . 

 

Solution 22(2) (without trigonometry) 
Draw  and  as in the diagram. Draw the altitude from  to  and call the 

intersection  

 

https://artofproblemsolving.com/wiki/index.php?title=Equilateral
https://artofproblemsolving.com/wiki/index.php?title=Law_of_Cosines
https://artofproblemsolving.com/wiki/index.php?title=Law_of_Cosines
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As proved in the first solution,  . That 

makes  a  triangle, so  and  

Since  is a right 

triangle,  

Solving for  gives  

 

Solution 23 

Looking at the coefficients, we are immediately reminded of the binomial expansion 

of . 

Modifying this slightly, we can write the given equation as:

 We can apply a translation of  and a rotation 

of  (both operations preserve area) to simplify the problem:  

Because the roots of this equation are created by rotating  radians successively about 

the origin, the quadrilateral is a square. 

We know that half the diagonal length of the square is  
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Therefore, the area of the square is  

 

Solution 24(1) 

 

Let  . Then  , and 

since  and , we have 

 

With calculus, taking the derivative and setting equal to zero will give the maximum value 

of . Otherwise, we can apply AM-GM: 

 

Thus, the maximum is at . 

 

Solution 24(2) 

We notice that  is strictly increasing on the interval  (if , 

then it is impossible for ), so we want to maximize . 

Consider the circumcircle of  and let it meet  again at  . Any 

point  between  and  on line  is inside this circle, so it follows 

https://artofproblemsolving.com/wiki/index.php?title=Derivative
https://artofproblemsolving.com/wiki/index.php?title=AM-GM
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that  . Therefore to maximize  , the circumcircle 

of  must be tangent to  at  . By PoP we find 

that . 

Now our computations are straightforward:

 
 

Solution 25 

This sequence can also be expressed using matrix multiplication as follows: 

. 

Thus,  is formed by rotating  counter-clockwise about the origin 

by  and dilating the point's position with respect to the origin by a factor of . 

So, starting with  and performing the above operations  times in 

reverse yields . 

Rotating  clockwise by  yields . A dilation by a factor 

of  yields the point . 

Therefore, . 

Shortcut: no answer has  in the denominator. So the point cannot have 

orientation  or . Also there are no negative answers. Any other non-

multiple of  rotation of  would result in the need of radicals. So either it has 

orientation  or  . Both answers add up to  . 
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Thus, . 

 

2008 AMC 12B Solutions 

Solution 1(1) 

If the basketball player makes  three-point shots and  two-point shots, he 

scores  points. Clearly every value of  yields a different 

number of total points. Since he can make any number of three-point shots 

between  and  inclusive, the number of different point totals is . 

 

Solution 1(2) 

Stars and bars can also be utilized to solve this problem. Since we need to decide what 

number of 2's and 3's are scored, and there are a total of 5 shots. It can be written like 

such: _ _ _ | _ _. Solving this, we get . 

 

Solution 2 

After reversing the numbers on the second and fourth rows, the block will look like this: 

 

The difference between the two diagonal sums 

is: . 

 

Solution 3 

We want to find the maximum any player could make, so assume that everyone else makes 

the minimum possible and that the combined salaries total the maximum of  

 

 
The maximum any player could make is  dollars  

 

Solution 4 

. 

Since a circle has , the desired ratio is . 
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Solution 5 

The class could send  carnations and no roses,  carnations 

and  roses,  carnations and  roses, and so on, down to  carnation and  roses. 

There are 9 total possibilities (from 0 to 16 roses, incrementing by 2 at each step),  

 

Solution 6 

.very time the pedometer flips, Pete has walked  steps. Therefore, Pete has 

walked a total of  steps, which 

is  miles, which is closest to answer choice . 

 

Solution 7 

 

 

 

 
 

Solution 8 

Since  and , . 

Since  and , . 

Thus, . 

 

Solution 9(1) 

Let  be the angle that subtends the arc  . By the law of 

cosines,  implies . 

The half-angle formula says 

that  . The law of cosines 

tells us , which is answer 

choice . 

https://artofproblemsolving.com/wiki/index.php?title=Trigonometric_identities#Half_Angle_Identities
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Solution 9(2) 

Define  as the midpoint of line segment  , and  the center of the circle. 

Then  ,  , and  are collinear, and since  is the midpoint 

of  ,  and so  . 

Since , , and so . 

 

 

 

Solution 10 

Let  be the number of bricks in the chimney. 

Without talking, Brenda and Brandon lay  and  bricks per hour respectively, so 
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together they lay  per hour together. 

Since they finish the chimney in  hours,  . 

Thus, . 

 

Solution 11 

In a cone, radius and height each vary inversely with increasing height (i.e. the radius of 

the cone formed by cutting off the mountain at  feet is half that of the original 

mountain). Therefore, volume varies as the inverse cube of increasing height (expressed 

as a percentage of the total height of cone):  

Plugging in our given condition, . 

. 

 

Solution 12(1) 

Letting  be the nth partial sum of the sequence: 

 

 
The only possible sequence with this result is the sequence of odd integers. 

 

 
 

Solution 12(2) 
Letting the sum of the sequence equal  yields the following two 

equations: 

 and 

. 

Therefore: 

 and  

Hence, by 

substitution, 
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Solution 13 

The region is the shaded area: 

 
We can find the area of the shaded region by subtracting the pentagon from the middle 

third of the square. The area of the middle third of the square is . The 

pentagon can be split into a rectangle and an equilateral triangle. 

The base of the equilateral triangle is  and the height is  . 

Thus, the area is . 

The base of the rectangle is  and the height is the height of the equilateral triangle minus 

the height of the smaller equilateral triangle. This is:  Therefore, the 

area of the shaded region is 

 

 

Solution 14 

Let  be the circumference of the circle, and let  be the radius of the circle. 

Using log 

properties,  and . 

Since  , 
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Solution 15 

 The equilateral triangles form trapezoids with 

side lengths  (half a unit hexagon) on each face of the unit square. The four 

triangles "in between" these trapezoids are isosceles triangles with two side lengths  and 

an angle of  in between them, so the total area of these triangles (which is the area 

of ) is, by the Law of Sines,  which makes the answer . 

 

Solution 16 

 

 

 

 

 
By Simon's Favorite Factoring Trick: 

 
Since  and  are the only positive factorings of . 

 or  yielding  solutions. Notice that 

because , the reversed pairs are invalid. 

 

Solution 17 

Supposing  ,  is perpendicular to  and, it follows, to the  -axis, 

making  a segment of the line x=m. But that would mean that the coordinates 

of  are , contradicting the given that points  and  are distinct. So  is 

not . By a similar logic, neither is . 

https://artofproblemsolving.com/wiki/index.php?title=Law_of_Sines
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This means that  and  is perpendicular to  . Let C be the 

point  . So the slope of  is the negative reciprocal of the slope of  , 

yielding   . 

Because  is the length of the altitude of triangle  from , and  is 

the length of  , the area of  . 

Since  ,  . 

Substituting,   

 , 

whose digits sum to . 

 

Solution 18 

Let  be the height of the pyramid and  be the distance from  to . The side length 

of the base is  . The heights 

of  and  are  and  , 

respectively. Consider a side view of the pyramid from . We have a systems of 

equations through the Pythagorean Theorem: 

 

Setting them equal to each other and simplifying 

gives . 

Therefore,  , and the volume of the pyramid 

is . 

 

Solution 19 

We need only concern ourselves with the imaginary portions of  and  (both of 

which must be 0). These are: 

 

Let  and  then we 

know  and  Therefore

which reaches its minimum  when  by the Trivial Inequality. Thus, the 
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answer is  

 

Solution 20 

Pick a coordinate system where Michael's starting pail is  and the one where the truck 

starts is  . Let  and  be the coordinates of Michael and the truck 

after  seconds. Let  be their (signed) distance after  seconds. 

Meetings occur whenever . We have . 

The truck always moves for  seconds, then stands still for  . During the 

first  seconds of the cycle the truck moves by  feet and Michael by  , hence 

during the first  seconds of the cycle  increases by  . During the 

remaining  seconds  decreases by . 

From this observation it is obvious that after four full cycles, i.e. at  , we will 

have  for the first time. 

During the fifth cycle,  will first grow from  to  , then fall from  to  . 

Hence Michael overtakes the truck while it is standing at the pail. 

During the sixth cycle,  will first grow from  to , then fall from  to . 

Hence the truck starts moving, overtakes Michael on their way to the next pail, and then 

Michael overtakes the truck while it is standing at the pail. 

During the seventh cycle,  will first grow from  to , then fall from  to . 

Hence the truck meets Michael at the moment when it arrives to the next pail. 

Obviously, from this point on  will always be negative, meaning that Michael is 

already too far ahead. Hence we found all  meetings. 

The movement of Michael and the truck is plotted below: Michael in blue, the truck in red. 
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Solution 21(1) 

Circles centered at  and  will overlap if  and  are closer to each other than if the 

circles were tangent. The circles are tangent when the distance between their centers is 

equal to the sum of their radii. Thus, the distance from  to  will be  . 

Since  and  are separated by  vertically, they must be separated by  horizontally. 

Thus, if , the circles intersect. 

Now, plot the two random variables  and  on the coordinate plane. .ach variable 

ranges from  to . The circles intersect if the variables are within  of each other. Thus, 

the area in which the circles don't intersect is equal to the total area of two small triangles 

on opposite corners, each of area . We conclude the probability the circles 

intersect is:  

 

Solution 21(2) 
Two circles intersect if the distance between their centers is less than the sum of their radii. 

In this problem,  and  intersect iff

 

In other words, the two chosen -coordinates must differ by no more than . To find 

this probability, we divide the problem into cases: 

1)  is on the interval . The probability that  falls within the desired 

range for a given  is  (on the left)  (on the right) all over  (the range of 

possible values). The total probability for this range is the sum of all these probabilities 
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of  (over the range of ) divided by the total range of  (which is ). Thus, the 

total probability for this interval is

 2)  is on the interval  . In 

this case, any value of  will do, so the probability for the interval is 

simply . 

3)  is on the interval . This is identical, by symmetry, to case 1. 

The total probability is therefore  

 

Solution 22 

Auntie .m won't be able to park only when none of the four available spots touch. We can 

form a bijection between all such cases and the number of ways to pick four spots out of 

13: since none of the spots touch, remove a spot from between each of the cars. From the 

other direction, given four spots out of 13, simply add a spot between each. So the 

probability she can park is  

 

Solution 23(1) 

.very factor of  will be of the form . Using the logarithmic 

property , it suffices to count the total number of 2's 

and 5's running through all possible  . For every factor  , there will be 

another , so it suffices to count the total number of 2's occurring in all factors 

(because of this symmetry, the number of 5's will be equal). And 

since , the final sum will be the total number of 2's 

occurring in all factors of . 

There are  choices for the exponent of 5 in each factor, and for each of those 

choices, there are  factors (each corresponding to a different exponent of 2), 

yielding  total 2's. The total number of 2's is 

https://artofproblemsolving.com/wiki/index.php?title=Bijection
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therefore  . Plugging in our answer choices into this 

formula yields 11 (answer choice ) as the correct answer. 

 

Solution 23(2) 

We are given  The 

property  now gives  The 

product of the divisors is (from elementary number theory)  where  is the 

number of divisors. Note that , so . Substituting these 

values with  in our equation above, we get , from whence 

we immediately obtain  as the correct answer. 

 

Solution 23(3) 

For every divisor  of  ,  , we have  . 

There are  divisors of  that are . After casework 

on the parity of  , we find that the answer is given 

by . 

 

Solution 24 

Let . We need to rewrite the recursion into something manageable. The 

two strange conditions,  's lie on the graph of  and  is an 

equilateral triangle, can be compacted as follows:

 which uses  , where  is the 

height of the equilateral triangle and therefore  times its base. 

The relation above holds for  and for   , so
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 Or,

This implies that each segment of a successive triangle is  more than 

the last triangle. To find , we merely have to plug in  into the aforementioned 

recursion and we have  . Knowing that  is  , we can deduce 

that  .Thus,  , 

so  . We want to 

find  so that .  is our answer. 

 

Solution 25(1) 

 

Note: In the image AB and CD have been swapped from their given lengths in the problem. 

However, this doesn't affect any of the solving. 

Drop perpendiculars to  from  and , and call the intersections  respectively. 

Now, 

and  . Thus,  . We 

conclude  and  . To simplify things even more, notice 

that , so . 

Also,  So the 

https://artofproblemsolving.com/wiki/index.php?title=File:2008_AMC_12B_25.jpg
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area of  is:  

Over to the other side:  is  , and is therefore congruent 

to . So . 

The area of the hexagon is clearly 

 

 

Solution 25(2) 

 

Let  and  meet  at  and , respectively. 

Since  ,  , and they share  , 

triangles  and  are congruent. 

By the same reasoning, we also have that triangles  and  are congruent. 

Hence, we 

have 

. 

If we let the height of the trapezoid be  , we 

have . 

Thusly, if we find the height of the trapezoid and multiply it by 12, we will be done. 

Let the projections of  and  to  be  and , respectively. 

We have  ,  , 

and . 

https://artofproblemsolving.com/wiki/index.php?title=File:2008_AMC_12B_25_II.JPG
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Therefore, . Solving this, we easily get that . 

Multiplying this by 12, we find that the area of hexagon  is , which 

corresponds to answer choice . 

 

2009 AMC 12A Solutions 

 

Solution 1 

There is  hour and  minutes between 10:34 AM and noon  and there 

is  hour and  minutes between noon and 1:18 PM. Hence the flight took  hours 

and  minutes, and . 

 

Solution 2 

We compute: 

 

This is choice . 

 

Solution 3(1) 

We can rewrite the two given fractions as  and . (We multiplied all numerators and 

denominators by .) 

Now it is obvious that the interval between them is divided into three parts by the 

fractions  and . 
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Solution 3(2) 
The number we seek can be obtained as a weighted average of the two endpoints, where 

the closer one has weight  and the further one . We compute: 

 

 

Solution 4 

As all five options are divisible by , we may not use any pennies. (This is because a penny 

is the only coin that is not divisible by , and if we used between  and  pennies, the sum 

would not be divisible by .) 

Hence the smallest coin we can use is a nickel, and thus the smallest amount we can get 

is . Therefore the option that is not reachable is   . 

We can verify that we can indeed get the other ones: 

 

 

 

 
 

Solution 5 

Let the original cube have edge length  . Then its volume is  . The new box has 

dimensions  ,  , and  , hence its volume is  . 

The difference between the two volumes is . As we are given that the difference is , we 

have , and the volume of the original cube was . 

 

Solution 6 

We 

have . 

 

Solution 7 

As this is an arithmetic sequence, the difference must be 

constant:  . This solves to  . 

The first three terms then are  ,  , and  . In general, the  th term is  . 

Solving , we get . 

 

Solution 8(1) 

 The area of the outer square is  times that of the inner square. Therefore the side 
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of the outer square is  times that of the inner square. 

Then the shorter side of the rectangle is  of the side of the outer square, and the 

longer side of the rectangle is  of the side of the outer square, hence their ratio is . 

 

Solution 8(2) 

Let the side length of the smaller square be , and let the smaller side of the rectangles 

be . Since the larger square's area is four times larger than the smaller square's, the larger 

square's side length is . That too is then equivalent to , giving . Then, 

the larger piece of the rectangles is . . 

 

Solution 8(3) 

Let the longer side length be , and the shorter side be . 

We have 

that 

 

Hence, the answer is  

 

Solution 9(1) 

As , we have . 

To compute  , set  in the first formula. We 

get . 

 

Solution 9(2) 

Combining the two formulas, we know that . 

We can rearrange the right hand side to . 

Comparing coefficients we have , , and . From the 

second equation we get  , and then from the third we get  . 

Hence . 

 

Solution 10 

By the triangle inequality we have  , and 

https://artofproblemsolving.com/wiki/index.php?title=Triangle_inequality
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also , hence . 

We got that  , and as we know that  is an integer, we must 

have . 

 

Solution 11(1) 

Split  into  congruent triangles by its diagonals (like in the pictures in the problem). 

This shows that the number of diamonds it contains is equal to times the th 

triangular number (i.e. the diamonds within the triangles or between the diagonals) 

and  (the diamonds on sides of the triangles or on the diagonals). The th 

triangular number is . Putting this together for  this gives: 

 
 

Solution 11(2) 
Color the diamond layers alternately blue and red, starting from the outside. You'll get the 

following pattern: 

 
In the figure , the blue diamonds form a  square, and the red diamonds form 

a  square. Hence the total number of diamonds 

in  is . 

 

Solution 11(3) 

When constructing  from  , we add  new diamonds. Let  be the 

number of diamonds in  . We now know 

that  and . 
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Hence we get:  

 

Solution 12(1) 

The sum of the digits is at most  . Therefore the number is at 

most . Out of the numbers  to  the one with the largest sum of digits 

is , and the sum is . Hence the sum of digits will be at most . 

Also, each number with this property is divisible by , therefore it is divisible by , and 

thus also its sum of digits is divisible by . 

We only have six possibilities left for the sum of the digits: , , , , , and . These 

lead to the integers  ,  ,  ,  ,  , and  . But for  the sum of digits 

is  , which is not  , therefore  is not a solution. Similarly we can throw 

away , , , and , and we are left with just solution: the number . 

 

Solution 12(2) 
We can write each integer between  and  inclusive 

as  where  and . The 

sum of digits of this number is  , hence we get the 

equation . This simplifies to . 

Clearly for  there are no solutions, hence  and we get the 

equation . This obviously has only one valid solution , hence the 

only solution is the number . 

 

Solution 12(3) 
The sum of the digits is at most  . Therefore the number is at 

most . Since the number is  times the sum of its digits, it must be divisible 

by , therefore also by , therefore the sum of its digits must be divisible by . With this 

in mind we can conclude that the number must be divisible by , not just by . Since the 

number is divisible by , it is also divisible by , therefore the sum of its digits is divisible 

by  , therefore the number is divisible by  , which leaves us with  ,  and  . 

Only  is  times its digits, hence the answer is . 
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Solution 13(1) 

Answering the question 

To answer the question we are asked, it is enough to compute  for two different 

angles, preferably for both extremes (  and  degrees). You can use the law of cosines 

to do so. 

Alternately, it is enough to compute  for one of the extreme angles. In case it falls 

inside one of the given intervals, we are done. In case it falls on the boundary between 

two options, we also have to argue whether our  is the minimal or the maximal 

possible value of . 

Below we show a complete solution in which we also show that all possible values 

of  do indeed lie in the given interval. 

Complete solution 

Let  be the point the ship would reach if it turned , and  the point it would reach 

if it turned . Obviously,  is the furthest possible point from , and  is the closest 

possible point to . 

Hence the interval of possible values for  is . 

 

We can find  and  as follows: 

Let  and  be the feet of the heights from  and  onto . The angles in the 

triangle  are , , and , hence . Similarly, 

the angles in the triangle  are  ,  , and  , 

hence  and . 
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Hence we get: 

 

 

Therefore for any valid  the value  is surely in the interval . 

 

Solution 13(2) 

From the law of 

cosines, 

 . 

This is essentially the same solution as above. The answer is . 

 

Solution 14(1) 

Let's label the three points as , , and . 

Clearly, whenever the line  intersects the inside of the triangle, it will intersect 

the side . Let  be the point of intersection. 

The triangles  and  have the same height, which is the distance between the 

point  and the line . Hence they have equal areas if and only if  is the midpoint 

of . 
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The midpoint of the segment  has coordinates . This point lies on the 

line  if and only if . This simplifies to . 

This is a quadratic equation with roots  and . Both roots represent valid 

solutions, and their sum is . 

For illustration, below are pictures of the situation for , , , 

and . 

 

 

 
 

 

 

Solution 14(2) 
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The line must pass through the triangle's centroid, since the line divides the triangle in half. 

The coordinates of the centroid are found by averaging those of the vertices. The slope of 

the line from the origin through the centroid is thus , which is equal to . 

 

 

 

 

Using Vieta's Formulas, the sum of the possible values of  is  

 

Solution 15 

Obviously, even powers of  are real and odd powers of  are imaginary. Hence the real 

part of the sum is  , and the imaginary part 

is . 

Let's take a look at the real part first. We have , hence the real part simplifies 

to . If there were an odd number of terms, we could pair 

them as follows: , hence the result would be negative. 

As we need the real part to be , we must have an even number of terms. If we have an 

even number of terms, we can pair them as  . .ach 

parenthesis is equal to , thus there are  of them, and the last value used is . This 

happens for  and  . As  is not present as an option, we may 

conclude that the answer is . 

In a complete solution, we should now verify which of  and  will give us 

the correct imaginary part. 

We can rewrite the imaginary part as 

follows:  . 

We need to obtain  . Once again we can repeat the same 

reasoning: If the number of terms were even, the left hand side would be negative, thus 

the number of terms is odd. The left hand side can then be rewritten 

as  . We need  parentheses, therefore the last 

value used is . This happens when  or , and we are done. 
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Solution 16 

Let  be the radius of our circle. For it to be tangent to the positive  and  axes, we must 

have  . For the circle to be externally tangent to the circle centered 

at  with radius , the distance between  and  must be exactly . 

By the Pythagorean theorem the distance 

between  and  is  , hence we get the 

equation . 

Simplifying, we obtain . By Vieta's formulas the sum of the two roots 

of this equation is . 

(We should actually solve for  to verify that there are two distinct positive roots. In this 

case we get . This is generally a good rule of thumb, but is not necessary 

as all of the available answers are integers, and the equation obviously doesn't factor as 

integers.) 

 
 

Solution 17(1) 

Using the formula for the sum of a geometric series we get that the sums of the given two 

sequences are  and . 

Hence we have  and  . This can be rewritten 

as . 

As we are given that  and  are distinct, these must be precisely the two roots of the 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_theorem
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equation . 

Using Vieta's formulas we get that the sum of these two roots is . 

 

Solution 17(2) 
Using the formula for the sum of a geometric series we get that the sums of the given two 

sequences are  and . 

Hence we have  and  . This can be rewritten 

as . 

Which can be further rewritten as  . Rearranging the equation we 

get  . .xpressing this as a difference of squares we 

get . 

Dividing by like terms we finally get  as desired. 

 

Note: It is necessary to check that , as you cannot divide by zero. As the 

problem states that the series are different, , and so there is no division by zero 

error. 

 

Solution 18(1) 

The number  can be written as . 

For  we have  . The first value in the 

parentheses is odd, the second one is even, hence their sum is odd and we 

have . 

For  we have  . For  the value in the 

parentheses is odd, hence . 

This leaves the case . We have . The value  is obviously 

even. And as  , we have  , and 

therefore  . Hence the largest power of  that 

https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_formulas
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divides  is  , and this gives us the desired maximum of the function  :

. 

 

Solution 18(2) 
Notice that 2 is a prime factor of an integer  if and only if  is even. Therefore, given any 

sufficiently high positive integral value of , dividing  by yields a terminal digit of zero, 

and dividing by 2 again leaves us with  where  is an odd integer. Observe 

then that  must be the maximum value for  because whatever value we 

choose for ,  must be less than or equal to . 

"Isn't this solution incomplete because we need to show that  can be 

reached?" 

An example of 7 being reached is 1000064. 1000064 divided by  is 7813. 

In fact, 1000064 is the ONLY  that satisfies 7. All others are 6 or lower, because if 

there are more zeroes, to be divisible by 128 ( ), the last 7 digits must be divisible by 128, 

but 64 isn't. Meanwhile, if there are less zeroes, we can test by division that they do not 

work. 

 

Solution 19(1) 

In any regular polygon with side length , consider the isosceles triangle formed by the 

center of the polygon  and two consecutive vertices  and  . We are given 

that  . Obviously  , where  is the radius of the circumcircle. 

Let  be the midpoint of . Then , and , where  is the 

radius of the incircle. 

Applying the Pythagorean theorem on the triangle , we get that . 

Then the area between the circumcircle and the incircle can be computed 

as . 

Hence , , and therefore . 

 

Solution 19(2)(Applying Basic Trig) 
Similar to the first solution, consider the isosceles triangle formed by each polygon. If you 

drop an altitude to the side of each polygon, you get in both polygons a right triangle with 

base of . For both the pentagon and heptagon, the hypotenuse of these right triangles is 

the radii of the larger circles and the apothems (the altitude we dropped to the side of 

each polygon) are the radii of the smaller circles. 

Label the apothem of the pentagon  and the apothem of the heptagon . Label the 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_theorem
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hypotenuse in the pentagon  and the hypotenuse in the heptagon . 

Now, finding the angles in the triangles and applying trig functions to find these radii, we 

get the following: 

 =  

 =  

 =  

 =  

Now, the areas in between the circles are: 

 =  

 =  

Note the trig identity  , from which we can easily get 

that  

Thus, the area between the circles in both the heptagon and the pentagon are equivalent 

to , and therefore the answer is . 

 

Solution 20(1) 

Let  denote the area of triangle . , 

so . Since 

triangles  and  share a base, they also have the same height and 

thus  and  with a ratio of . , 

so . 
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Solution 20(2) 

Using the sine area formula on triangles  and , as , we 

see that 

 
Since , triangles  and  are similar. Their ratio 

is . Since , we must have , so . 

 

Solution 20(3) (which won't work when justification is required) 

The easiest way for areas of triangles to be equal would be if they were congruent. A way 

for that to work would be if  were simply an isosceles trapezoid! 

Since  and  (look at the side lengths and you'll know 

why!),  

 

Solution 21 

From the three zeroes, we 

have . 

Then 

. 

Let's do each factor case by case: 

: Clearly, all the fourth roots are going to be complex. 

: The real roots are , and there are two complex roots. 

: The real roots are , and there are two complex roots. 

So the answer is . 
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Solution 22 

Firstly, note that the intersection of the plane must be a hexagon. Consider the net of the 

octahedron. Notice that the hexagon becomes a line on the net. Also, notice that, given 

the parallel to the faces conditions, the line must be parallel to the sides of the net 

(precisely  of them). Now, notice that, through symmetry, 2 of the hexagon's vertexes 

lie on the midpoint of the side of the "square" in the octahedron. In the net, the condition 

gives you that one of the intersections of the line with the net have to be on the midpoint 

of the side. However, if one is on the midpoint, because of the parallel conditions, all of 

the vertices are on the midpoint of a side. Thus, we have a regular hexagon with a side 

length of the midline of an equilateral triangle with side length 1, which is . Thus, the 

answer is , and . 

 

Solution 23 

 

The two quadratics are  rotations of each other about . Since we are only 

dealing with differences of roots, we can translate them to be symmetric about . 

Now  and . Say our translated versions 

of  and  are  and , respectively, so that . Let  be a root 

of  and  a root of  by symmetry. Note that since they each contain each 

other's vertex, , , , and  must be roots of alternating polynomials, so  is a root 

of  and  a root of  
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The vertex of  is half the sum of its roots, or . We are told that the vertex 

of one quadratic lies on the other, so 

 

Let  and divide through by , since this is a timed competition and it will 

drastically simplify computations. We know  and 

that , or 

 

So . Since , . 

The answer is , 

and . 

 

Note: 

Actually it is not necessary to solve any quadratic equations, if one utilizes the two facts 

about the quadratic  ( ) that (i) the difference of the two quadratic 

roots equals to , and (ii) that the minimum value of a quadratic equals to , 

where . Here is a possible adjustment to the solution: 

Without loss of generality we may "shift" , ,   units to the left, then the 

differences of  remain the same,  and  are symmetrical about , 

so , . The relationship of ,  becomes . So we 

may write: 

 
Again without loss of generality, we can assume  and  (Short argument is 
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needed here instead of the lazy "wlog"). Also, the vertex of  is , 

so , or . 

Since  are roots of , we have the following relationship of the roots:

 

So , or . 

Therefore . 

 

Solution 24(1) 

We just look at the last three logarithms for the moment, and use the fact 

that . We wish to find: 

 
 

Now we realize that  is much smaller than . So we approximate this, 

remembering we have rounded down, as: 

 
We have used  logarithms so far. Applying  more to the left of our expression, we 

get . Then we can apply the logarithm  more times, until we get to . So our 

answer is approximately . But we rounded down, so that means 

that after  logarithms we get a number slightly greater than , so we can apply 

logarithms one more time. We can be sure it is small enough so that the logarithm can 

only be applied more time since  is the largest answer choice. So the 

answer is . 

 

Solution 24(2) 

Let  where there are  's.  is defined 

iff  iff . Note , 

so . Thus, we seek the largest  such that . Now 
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note that 

 

so  satisfies the inequality. Since it is the largest choice, it is the answer. 

 

Solution 25(1) 

Consider another sequence  such that  , 

and . 

The given recurrence becomes 

 

It follows that . Since , all terms in 

the sequence  will be a multiple of . 

Now consider another sequence  such that  , 

and  . The 

sequence  satisfies . 

As the number of possible consecutive two terms is finite, we know that the 

sequence  is periodic. Write out the first few terms of the sequence until it starts to 

repeat. 

 

Note that  and  . Thus  has a period 

of : . 

It follows that  and  . 

Thus  

Our answer is . 

 

Solution 25(2) 
You didn't have to do what the user above did, just try some values and then you will find 

it repeats the answer is A 

Note 

It is not actually difficult to list out the terms until it repeats. You will find that the period 

is 7 starting from term 2. 
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2009 AMC 12B Solutions 

Solution 1 

The only combination of five items with total cost a whole number of dollars is 3 muffins 

and  bagels. The answer is . 

 

Solution 2 

Losing three cans of paint corresponds to being able to paint five fewer rooms. 

So . The answer is . 

 

Solution 3 

Twenty percent less than 60 is  . One-third more than a number n is  . 

Therefore  and the number is . The answer is . 

 

Solution 4 

.ach triangle has leg length  meters and area  square 

meters. Thus the flower beds have a total area of 25 square meters. The entire yard has 

length 25 m and width 5 m, so its area is 125 square meters. The fraction of the yard 

occupied by the flower beds is . The answer is . 

 

Solution 5 

The age of each person is a factor of  . So the twins could 

be  years of age and, consequently Kiana could be 

128, 32, 8 or 2 years old, respectively. Because Kiana is younger than her brothers, she 

must be 2 years old. So the sum of their ages is . The answer is . 

 

Solution 6 

The three operations can be performed on any of  orders. However, if the addition 

is performed either first or last, then multiplying in either order produces the same result. 

So at most four distinct values can be obtained. It is easy to check that the values of the 
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four expressions are in fact all distinct. So the answer is , 

which is choice . 

 

Solution 7 

Let  be the price at the beginning of January. The price at the end of March 

was  Because the price at the of April was , the price 

decreased by  during April, and the percent decrease was

So to the nearest integer  is . The answer 

is . 

 

Solution 8(1) 

Let  be the weight of the bucket and let  be the weight of the water in a full bucket. 

Then we are given that  and  . Hence  , 

so  . Thus  . 

Finally . The answer is . 

 

Solution 8(2) 
Imagine that we take three buckets of the first type, to get rid of the fraction. We will have 

three buckets and two buckets' worth of water. 

On the other hand, if we take two buckets of the second type, we will have two buckets 

and enough water to fill one bucket. 

The difference between these is exactly one bucket full of water, hence the answer 

is . 

 

Solution 8(3) 
We are looking for an expression of the form . 

We must have , as the desired result contains exactly one bucket. Also, we 

must have , as the desired result contains exactly one bucket of water. 

At this moment, it is easiest to check that only the options (A), (B), and (.) 

satisfy , and out of these only (.) satisfies the second equation. 

Alternately, we can directly solve the system, getting  and . 
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Solution 9(1) 

Because the line  is parallel to , the area of  is independent of 

the location of  on that line. Therefore it may be assumed that  is . In that case 

the triangle has base  and altitude , so its area is . 

 

Solution 9(2) 

The base of the triangle is  . Its altitude is the distance 

between the point  and the parallel line , which is . Therefore 

its area is . The answer is . 

 

 

Solution 9(3) 

By Shoelace, our area is:  We 

know  so we get:  

 

Solution 10(1) 

The clock will display the incorrect time for the entire hours of  and . So the 
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correct hour is displayed  of the time. The minutes will not display correctly whenever 

either the tens digit or the ones digit is a , so the minutes that will not display correctly 

are  and  and . This amounts to fifteen of the sixty 

possible minutes for any given hour. Hence the fraction of the day that the clock shows 

the correct time is . The answer is . 

 

Solution 10(2) 
The required fraction is the number of correct times divided by the total times. There are 

60 minutes in an hour and 12 hours on a clock, so there are 720 total times. 

We count the correct times directly  let a correct time be , where  is a number 

from 1 to 12 and  and  are digits, where . There are 8 values of  that will display 

the correct time: 2, 3, 4, 5, 6, 7, 8, and 9. There are five values of  that will display the 

correct time: 0, 2, 3, 4, and 5. There are nine values of  that will display the correct time: 

0, 2, 3, 4, 5, 6, 7, 8, and 9. Therefore there are  correct times. 

Therefore the required fraction is . 

 

Solution 11 

On Monday, day 1, the birds find  quart of millet in the feeder. On Tuesday they find

 quarts of millet. On Wednesday, day 3, they find

quarts of millet. The number of quarts of millet they find on day  is

 The 

birds always find  quart of other seeds, so more than half the seeds are millet 

if  , that is, when  . 

Because  and  , this will first occur on 

day  which is . The answer is . 

 

Solution 12 
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Let the  th term of the series be  . Because  it follows 

that  and the first term is . The answer is . 

 

Solution 13 

Let  be the foot of the altitude to  . 

Then  and  . 

Thus  or assume that the triangle is obtuse at 

angle  then . The sum of the two possible values 

is . The answer is . 

 

Solution 14(1) 

For  the shaded area is at most , which is too little. Hence , and 

therefore the point  is indeed inside the shaded part, as shown in the picture. 

Then the area of the shaded part is one less than the area of the triangle with 

vertices  ,  , and  . Its area is obviously  , therefore the 

area of the shaded part is . 

The entire figure has area  , hence we want the shaded part to have area  . 

Solving for , we get . The answer is . 

 

Solution 14(2) 
The unit square is of area 1, so the five unit squares have area 5. Therefore the 

shaded space must occupy 2.5. The missing unit square is of area 1, and if 

reconstituted the original triangle would be of are 3.5. It can then be inferred: (3-a) 

* 3 = 7. 

3-a = , so 3 -  = a. 

3 -  =  = . . 

 

Solution 15 

(B) Intuitively,  will be largest for that option for which the value in the parentheses is 

smallest. 
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Formally, first note that each of the values in parentheses is larger than . Now, each of 

the options is of the form . This can be rewritten as . 

As  , we have  . Thus  is the largest for the option for 

which  is smallest. And as  is an increasing function, this is the option 

for which  is smallest. 

We now get the following easier problem: Given that , find the smallest value 

in the set . 

Clearly  is smaller than the first and the third option. 

We have , dividing both sides by  we get . 

And finally, , therefore , and as both sides are positive, we can 

take the square root and get . 

Thus the answer is . 

 

Solution 16(1) 

.xtend  and  to meet at . Then 

 

Thus  is isosceles with . Because , it follows that the 

triangles  and  are similar. Therefore

so  

 

Solution 16(2) 
Let  be the intersection of  and the line through  parallel to  By 

constuction  and   it follows that  is the bisector of the 

angle  . So by the Angle Bisector Theorem we get

 The answer 

is . 

https://artofproblemsolving.com/wiki/index.php?title=Angle_Bisector_Theorem
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Solution 17(1) 

There are two possible stripe orientations for each of the six faces of the cube, so there 

are  possible stripe combinations. There are three pairs of parallel faces so, if 

there is an encircling stripe, then the pair of faces that do not contribute uniquely 

determine the stripe orientation for the remaining faces. In addition, the stripe on each 

face that does not contribute may be oriented in either of two different ways. So a total 

of stripe combinations on the cube result in a continuous stripe around the 

cube. The required probability is . 

 

Solution 17(2) 
Without loss of generality, orient the cube so that the stripe on the top face goes from 

front to back. There are two mutually exclusive ways for there to be an encircling stripe: 

either the front, bottom and back faces are painted to complete an encircling stripe with 

the top face's stripe or the front, right, back and left faces are painted to form an encircling 

stripe. The probability of the first case is , and the probability of the second 

case is . The cases are disjoint, so the probabilities sum . 

 

Solution 17(3) 
There are three possible orientations of an encircling stripe. For any one of these to appear, 

the stripes on the four faces through which the continuous stripe is to pass must be 

properly aligned. The probability of each such stripe alignment is . Since 

there are three such possibilities and they are disjoint, the total probability 

is . The answer is . 

 

Solution 17(4) 
Consider a vertex on the cube and the three faces that are adjacent to that vertex. If no 

two stripes on those three faces are aligned, then there is no stripe encircling the cube. 

The probability that the stripes aren't aligned is , since for each alignment of one stripe, 

there is one and only one way to align the other two stripes out of four total possibilities. 

therefore there is a probability of  that two stripes are aligned. 
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Now consider the opposing vertex and the three sides adjacent to it. Given the two 

connected stripes next to our first vertex, we have two more that must be connected to 

make a continuous stripe. There is a probability of  that they are aligned, so 

there is a probability of  that there is a continuous stripe. 

 

Solution 18 

After 10 minutes (600 seconds), Rachel will have completed 6 laps and be 30 seconds from 

completing her seventh lap. Because Rachel runs one-fourth of a lap in 22.5 seconds, she 

will be in the picture between 18.75 seconds and 41.25 seconds of the tenth minute. After 

10 minutes Robert will have completed 7 laps and will be 40 seconds past the starting line. 

Because Robert runs one-fourth of a lap in 20 seconds, he will be in the picture between 

30 and 50 seconds of the tenth minute. Hence both Rachel and Robert will be in the 

picture if it is taken between 30 and 41.25 seconds of the tenth minute. So the probability 

that both runners are in the picture is . The answer is . 

 

Solution 19(1) 

To find the answer it was enough to play around with  . One can easily find 

that  is a prime, then  becomes negative for  between  and  , and 

then  is again a prime number. And as  is already the 

largest option, the answer must be . 

 

Solution 19(2) 
We will now show a complete solution, with a proof that no other values are prime. 

Consider the function , then obviously . 

The roots of  are:  

We can then write  , and 

thus . 

We would now like to factor the right hand side further, using the 

formula . To do this, we need to express both constants 
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as squares of some other constants. Luckily, we have a pretty good idea how they look like. 

We are looking for rational  and  such that  . 

.xpanding the left hand side and comparing coefficients, we get 

and . We can easily guess (or compute) the solution , . 

Hence  , and we can easily verify that 

also . 

We now know the complete factorization of : 

 

As the final step, we can now combine the factors in a different way, in order to get rid of 

the square roots. 

We 

have 

 , 

and . 

Hence we obtain the factorization . 

For  both terms are positive and larger than one, hence  is not prime. 

For  the second factor is positive and the first one is negative, hence  is 

not a prime. The remaining cases are  and . In both cases,  is indeed 

a prime, and their sum is . 

 

Solution 19(3) 
Instead of doing the hard work, we can try to guess the factorization. One good approach: 

We can make the observation that  looks similar to  with the exception 

of the  term. In fact, we have . But then we notice 

that it differs from the desired expression by a 

square: . 

Now we can use the formula  to obtain the same 

factorization as in the previous solution, without all the work. 
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Solution 19(4) 

After arriving at the factorization  , a 

more mathematical approach would be to realize that the second factor is always positive 

when  is a positive integer. Therefore, in order for  to be prime, the first factor has 

to be . 

We can set it equal to 1 and solve for : 

 

 

 

 
Substituting these values into the second factor and adding would give the answer. 

 

Solution 20(1) 

Each edge of  is cut by two planes, so  has  vertices. Three edges 

of  meet at each vertex, so  has  edges. 

 

Solution 20(2) 
At each vertex, as many new edges are created by this process as there are 

original edges meeting at that vertex. Thus the total number of new edges is the 

total number of endpoints of the original edges, which is . A middle portion of 

each original edge is also present in , so  has  edges. 

 

Solution 20(3) 

Euler's Polyhedron Formula applied to  gives , where F is the 

number of faces of . Each edge of  is cut by two planes, so has  vertices. 

Each cut by a plane  creates an additional face on , so Euler's Polyhedron 

Formula applied to  gives , where  is the number of 

edges of . Subtracting the first equation from the second gives , 

whence . The answer is . 

 

Solution 20(4) 
Each edge connects two points. The plane cuts that edge so it splits into  at each 

end (like two legs) for a total of  new edges. 
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But because each new edge is shared by an adjacent original edge cut similarly, 

the additional edges are overcounted . 

 

Since there are  edges to start with,  new edges result. So there 

are  edges in the figure. 

 

Solution 20(5) 
The question specifies the slices create as many pyramids as there are vertices, 

implying each vertex owns 4 edge ends. There are twice as many edge-ends as 

there are edges, and 2 * 100 = 200. 

 = 50, so there are 50 vertices. 

The base of a pyramid has 4 edges, so each sliced vertex would add four edges 

to . 

100 + 4 * 50 =  

 

Solution 21(1) 

Notice that either a woman stays in her own seat after the rearrangement, or two adjacent 

women swap places. Thus, our answer is counting the number of ways to arrange 1x1 and 

2x1 blocks to form a 1x10 rectangle. This can be done via casework depending on the 

number of 2x1 blocks. The cases of 0, 1, 2, 3, 4, 5 2x1 blocks correspond to 10, 8, 6, 4, 2, 0 

1x1 blocks, and so the sum of the cases is
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Solution 21(2) 
Let  be the number of possible seating arrangements with  women. 

Consider  and focus on the rightmost woman. If she returns back to her seat, then 

there are  ways to seat the remaining  women. If she sits in the second to last 

seat, then the woman who previously sat there must now sit at the rightmost seat. This 

gives us  ways to seat the other  women, so we obtain the recursion

 

Starting with  and  we can calculate  

 

Solution 22(1) 

The area of any parallelogram  can be computed as the size of the vector 

product of  and . 

In our setting where  ,  , and  this is 

simply . 

In other words, we need to count the triples of 

integers  where ,  and . 

These can be counted as follows: We have  identical red balls (representing 

powers of  ),  blue balls (representing powers of  ), and three labeled urns 

(representing the factors  ,  , and  ). The red balls can be distributed 

in  ways, and for each of these ways, the blue balls can then also be 

distributed in  ways. (See Distinguishability for a more detailed explanation.) 

Thus there are exactly  ways how to break  into three 

positive integer factors, and for each of them we get a single parallelogram. Hence 

the number of valid parallelograms is . 

 

Solution 22(2) 
Without the vector product the area of  can be computed for example as 

follows: If  and  , then clearly  . 

Let  ,  and  be the orthogonal projections 

of , , and  onto the  axis. Let denote the area of the polygon . We can 

https://artofproblemsolving.com/wiki/index.php?title=Distinguishability
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then compute: 

 The remainder of 

the solution is the same as the above. 

 

Solution 23 

We can directly 

compute . 

This number is in  if and only if  and at the same 

time . This simplifies to  and . 

Let , and let  denote the area of 

the region . Then obviously the probability we seek is . All we 

need to do is to compute the area of the intersection of  and . It is easiest to do this 

graphically: 

 

Coordinate axes are dashed,  is shown in red,  in green and their intersection is yellow. 
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The intersections of the boundary of  and  are obviously at  and 

at . 

Hence each of the four red triangles is an isosceles right triangle with legs long , and 

hence the area of a single red triangle is . Then the area of all four is , 

and therefore the area of  is  . Then the probability we seek 

is . 

(Alternately, when we got to the point that we know that a single red triangle is , we can 

directly note that the picture is symmetric, hence we can just consider the first quadrant 

and there the probability is . This saves us the work of first multiplying and 

then dividing by .) 

 

Solution 24 

First of all, we have to agree on the range of  and . This should have been a 

part of the problem statement -- but as it is missing, we will assume the most common 

definition:  and . 

Hence we get that  , thus our equation simplifies 

to . 

Consider the function  . We are looking for roots 

of  on . 

By analyzing properties of  and  (or by computing the derivative of ) one can 

discover the following properties of : 

. 

 is increasing and then decreasing on . 

 is decreasing and then increasing on . 

 is increasing and then decreasing on . 
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For  we have  . Hence  has 

exactly one root on . 

For  we have  . 

Hence  is negative on the entire interval . 

Now note that . Hence for  we have , and 

we can easily check that  as well. 

Thus the only unknown part of  is the interval  . On this interval,  is 

negative in both endpoints, and we know that it is first increasing and then decreasing. 

Hence there can be zero, one, or two roots on this interval. 

To prove that there are two roots, it is enough to find any  from this interval such 

that . 

A good guess is its midpoint,  , where the function  has its 

local maximum. We can 

evaluate: . 

Summary: The function  has  roots on  : the first one is  , the second one is 

in , and the last two are in . 

 

Solution 25(1) 

We need to find a reasonably easy way to count the squares. 

First, obviously the maximum distance between two points in the same quadrant 

is , hence each square has exactly one vertex in each quadrant. 

Given any square, we can circumscribe another axes-parallel square around it. In the 

picture below, the original square is red and the circumscribed one is blue. 
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Let's now consider the opposite direction. Assume that we picked the blue square, how 

many different red squares do share it? 

Answering this question is not as simple as it may seem. Consider the picture below. It 

shows all three red squares that share the same blue square. In addition, the picture shows 

a green square that is not valid, as two of its vertices are in bad locations. 

 

The size of the blue square can range from  to , and for the intermediate 

sizes there is more than one valid placement. We will now examine the cases one after 

another. Also, we can use symmetry to reduce the number of cases. 
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size  upper_right  solutions  symmetries  total 

   6        (3,3)          1           1      1 

  

   7        (3,3)          1           4      4 

  

   8        (3,3)          1           4      4 

   8        (3,4)          1           4      4 

   8        (4,4)          3           1      3 

  

   9        (3,3)          1           4      4 

   9        (3,4)          1           8      8 

   9        (4,4)          3           4     12 

  

  10        (3,3)          1           4      4 

  10        (3,4)          1           8      8 

  10        (3,5)          1           4      4 

  10        (4,4)          3           4     12 

  10        (4,5)          3           4     12 

  10        (5,5)          5           1      5 

   

  11        (4,4)          3           4     12 

  11        (4,5)          3           8     24 

  11        (5,5)          5           4     20 

   

  12        (5,5)          5           4     20 

  12        (5,6)          5           4     20 

  12        (6,6)          7           1      7 

   

  13        (6,6)          7           4     28 

   

  14        (7,7)          9           1      9 

Summing the last column, we get that the answer is . 

 

Solution 25(2) 
This is based on a clever bijection given in this page. 

Consider any square  where all four vertices are in , and the side length is at 

least , so the four vertices must lie in distinct quadrants (Same proof as in solution 1). 

Without loss of generality, assume that  are in the first, second, third, fourth 

quadrant. Then we consider the following mapping: 

 
Then the new points , , ,  are either being the same point or forming a square 

in , a 5x5 grid. 

http://answers.yahoo.com/question/index?qid=20110101175843AAhdbwT
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Conversely, for any point in , it can be reversed to a square   however, for any 

square in  , there are four possible squares  that were mapped to them. 

Therefore the number of possible squares  is equal to , where  is 

the number of squares inscribed in . 

Moreover by the same idea in solution 1, each square (with sides parallel or slanted to the 

axes) in a  can be inscribed in a square in , with sides parallel to one of the axes, call 

it "standard square". Noticing that each standard square of side length  corresponds 

to  inscribed squares, and that there are  number of standard squares of side 

length , we have 

 

So the answer is  

2010 AMC 12A Solutions 

Solution 1 

. 

Solution 2 

It is easy to see that the ferry boat takes  trips total. The total number of people taken to 

the island is 

 

 

Solution 3 

If we shift  to coincide with , and add new horizontal lines to divide  into five 

equal parts: 

 

This helps us to see that  and  , where  . 
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Hence . 

 

Solution 4 

 is negative, so we can just place a negative value into each expression and find the one 

that is positive. Suppose we use . 

 

 

 

 

 

Obviously only  is positive. 

 

Solution 5 

Let  be the number of points Chelsea currently has. In order to guarantee victory, we 

must consider the possibility that the opponent scores the maximum amount of points by 

getting only bullseyes. 

 

The lowest integer value that satisfies the inequality is . 

 

Solution 6  

 is at most , so  is at most . The minimum value of  is . 

However, the only palindrome between  and  is  , which means 

that  must be . 

It follows that  is , so the sum of the digits is . 

 

Solution 7 

The water tower holds  times more water than Logan's miniature. 

The volume of a sphere is:  . Since we are comparing the heights (m), we 

should compare the radii (m) to find the ratio. Since, the radius is cubed, Logan should 

make his tower  times shorter than the actual tower. This 
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is  meters high, or choice . 

Note: The fact that  doesn't matter since only the ratios are important. 

 

Solution 8 

 

 

Let . 

 

Since , triangle  is a  triangle, so . 

 

Solution 9(1)  

Imagine making the cuts one at a time. The first cut removes a box . The second 

cut removes two boxes, each of dimensions  , and the third cut does the 

https://artofproblemsolving.com/wiki/index.php?title=File:AMC_2010_12A_Problem_8.png
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same as the second cut, on the last two faces. Hence the total volume of all cuts 

is . 

Therefore the volume of the rest of the cube is . 

Solution 9(2)  

We can use Principle of Inclusion-.xclusion (PI.) to find the final volume of the cube. 

There are 3 "cuts" through the cube that go from one end to the other. .ach of these "cuts" 

has  cubic inches. However, we can not just sum their volumes, as the 

central cube is included in each of these three cuts. To get the correct result, 

we can take the sum of the volumes of the three cuts, and subtract the volume of the 

central cube twice. 

Hence the total volume of the cuts 

is . 

Therefore the volume of the rest of the cube is . 

Solution 9(3)  

We can visualize the final figure and see a cubic frame. We can find the volume of the 

figure by adding up the volumes of the edges and corners. 

.ach edge can be seen as a  box, and each corner can be seen as 

a box. 

. 

 

Solution 10  

 and  are consecutive terms, so the common difference 

is . 

 

The common difference is . The first term is  and the  term is 

 

 

Solution 11  

This problem is quickly solved with knowledge of the laws of exponents and logarithms. 

https://artofproblemsolving.com/wiki/index.php?title=Principle_of_Inclusion-Exclusion
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Since we are looking for the base of the logarithm, our answer is . 

 

Solution 12 

Start with Brian. If he is a toad, he tells the truth, hence Mike is a frog. If Brian is a frog, he 

lies, hence Mike is a frog, too. Thus Mike must be a frog. 

As Mike is a frog, his statement is false, hence there is at most one toad. 

As there is at most one toad, at least one of Chris and LeRoy is a frog. But then the other 

one tells the truth, and therefore is a toad. 

Hence we must have one toad and  frogs. 

 

Solution 13(1) 

The image below shows the two curves for  . The blue curve is  , 

which is clearly a circle with radius , and the red curve is a part of the curve . 

 

In the special case  the blue curve is just the point , and as , this 

point is on the red curve as well, hence they intersect. 
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The case  is symmetric to : the blue curve remains the same and the red 

curve is flipped according to the  axis. Hence we just need to focus on . 

Clearly, on the red curve there will always be points arbitrarily far from the origin: for 

example, as  approaches 0,  approaches  . Hence the red curve intersects the blue 

one if and only if it contains a point whose distance from the origin is at most . 

 

At this point we can guess that on the red curve the point where  is always closest 

to the origin, and skip the rest of this solution. 

 

For an exact solution, fix  and consider any point  on the red curve. Its distance 

from the origin is  . To minimize this distance, it is enough to 

minimize . By the Arithmetic Mean-Geometric Mean Inequality we get that 

this value is at least , and that equality holds whenever , i.e., . 

 

Now recall that the red curve intersects the blue one if and only if its closest point is at 

most  from the origin. We just computed that the distance between the origin and the 

closest point on the red curve is  . Therefore, we want to find all positive 

integers  such that . 

Clearly the only such integer is  , hence the two curves are only disjoint 

for  and . This is a total of  values. 

Solution 13(2) 

From the graph shown above, we see that there is a specific point closest to the center of 

the circle. Using some logic, we realize that as long as said furthest point is not inside or 

on the graph of the circle. This should be enough to conclude that the hyperbola does not 

intersect the circle. 

Therefore, for each value of k, we only need to check said value to determine intersection. 

Let said point, closest to the circle have coordinates  derived from the equation. 

Then, all coordinates that satisfy  intersect the circle. Squaring, we 

find  After multiplying through by  and rearranging, we 

find  . We see this is a quadratic in  and consider taking the 

determinant, which tells us that solutions are real when, after 

factoring:  We plot this inequality on the number line to find it is 

https://artofproblemsolving.com/wiki/index.php?title=Arithmetic_Mean-Geometric_Mean_Inequality
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satisfied for all values except: . We then eliminate 0 because it is extraneous as 

both  and  are points which coincide. Therefore, there are a total 

of  values. 

 

Solution 14  

By the Angle Bisector Theorem, we know that . If we use the lowest possible 

integer values for AB and BC (the measures of AD and DC, respectively), 

then  , contradicting the Triangle Inequality. If we 

use the next lowest values (  and ), the Triangle Inequality is satisfied. 

Therefore, our answer is , or choice . 

 

Solution 15  

Let  be the probability of flipping heads. It follows that the probability of flipping tails 

is . 

The probability of flipping  heads and  tails is equal to the number of ways to flip it times 

the product of the probability of flipping each coin. 

 
As for the desired probability  both  and  are nonnegative, we only need to 

consider the positive root, hence 

 

Applying the quadratic formula we get that the roots of this equation are . As the 

probability of heads is less than , we get that the answer is . 

 

Solution 16 

https://artofproblemsolving.com/wiki/index.php?title=Angle_Bisector_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Triangle_Inequality
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We can solve this by breaking the problem down into  cases and adding up the 

probabilities. 

 

Case : Bernardo picks . If Bernardo picks a  then it is guaranteed that his number will 

be larger than Silvia's. The probability that he will pick a  is . 

 

Case  : Bernardo does not pick  . Since the chance of Bernardo picking  is  , the 

probability of not picking  is . 

If Bernardo does not pick 9, then he can pick any number from  to . Since Bernardo is 

picking from the same set of numbers as Silvia, the probability that Bernardo's number is 

larger is equal to the probability that Silvia's number is larger. 

Ignoring the  for now, the probability that they will pick the same number is the number 

of ways to pick Bernardo's 3 numbers divided by the number of ways to pick any 3 numbers. 

We get this probability to be  

Probability of Bernardo's number being greater is  

Factoring the fact that Bernardo could've picked a  but didn't: 

 

Adding up the two cases we get  

 

Solution 17(1)  

It is clear that  is an equilateral triangle. From the Law of Cosines, we get 

that  . Therefore, the area 

of  is . 

If we extend  ,  and  so that  and  meet at  ,  and  meet 

at  , and  and  meet at  , we find that hexagon  is formed by 

taking equilateral triangle  of side length  and removing three equilateral 

triangles,  ,  and  , of side length  . The area of  is 

https://artofproblemsolving.com/wiki/index.php?title=Law_of_Cosines
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therefore 

. 

 

Based on the initial conditions, 

 

Simplifying this gives us . By Vieta's Formulas we know that the sum of 

the possible value of  is . 

Solution 17(2) 

Step 1: Use Law of Cosines in the same manner as the previous solution to 

get . 

Step 2:      via SAS congruency. Using the 

formula  and because of the congruency, the area 

condition, and the fact is equilateral, . 

Step 3:  and by Vieta's Formulas we 

get . 

 

Solution 18 

.ach path must go through either the second or the fourth quadrant. .ach path that goes 

through the second quadrant must pass through exactly one of the 

points , , and . 

There is  path of the first kind,  paths of the second kind, 

and  paths of the third type. .ach path that goes through the 

fourth quadrant must pass through exactly one of the points  ,  , 

and . Again, there are  paths of the first kind,  paths of the second 

https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_Formulas
https://artofproblemsolving.com/wiki/index.php?title=Law_of_Cosines
https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_Formulas
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kind, and  paths of the third type. 

Hence the total number of paths is . 

 

Solution 19  

The probability of drawing a white marble from box  is , and the probability of 

drawing a red marble from box  is . 

To stop after drawing  marbles, we must draw a white marble from 

boxes  and draw a red marble from box  Thus,

 

So, we must have  or  

Since  increases as  increases, we can simply test values of   after some trial 

and error, we get that the minimum value of  is  , 

since  but  

 

Solution 20(1)  

Since  and  have integer terms with , we can write the terms of 

each sequence as 

 

where  and  ( ) are the common differences of each, respectively. 

 

Since 

 

it is easy to see that 

. 
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Hence, we have to find the largest  such that  and  are both integers. 

 

The prime factorization of  is . We list out all the possible pairs that 

have a product of  

 

and soon find that the largest  value is  for the pair  , and so the 

largest  value is . 

Solution 20(2)  

As above, let  and  for some . 

Now we get  , 

hence  . 

Therefore  divides . And as the second term is greater than the 

first one, we only have to consider the options . 

For  we easily see that for  the right side is less than  and for any 

other  it is way too large. 

For  we are looking for  such that  . 

Note that must be divisible by . We can start looking for the solution by trying the 

possible values for  , and we easily discover that for  we 

get , which has a suitable solution . 

Hence  is the largest possible . (There is no need to check  anymore.) 

Solution 20(3)  

Using answer choices we see that the last two are way too big so we check 8 first and we 

finish it in like  1 minute unlike the scrubs above who actually thought about the problem. 

 

Solution 21(1)  

The  values in which  intersect 

at  are the same as the zeros 

of . 

Since there are  zeros and the function is never negative, all  zeros must be double roots 

because the function's degree is . 
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Suppose we let , , and  be the roots of this function, and let  be 

the cubic polynomial with roots , , and . 

 

In order to find  we must first expand 

out the terms of . 

 
[Quick note: Since we don't know , , and , we really don't even need the last 3 terms 

of the expansion.] 

 
All that's left is to find the largest root of . 

 
Solution 21(2)  

The  values in which  intersect 

at  are the same as the zeros 

of  . We also know that this graph 

has 3 places tangent to the x-axis, which means that each root has to have a multiplicity 

of 2. Let the function be . 

Applying Vieta's formulas, we get  or . Applying it 

again, we get, after simplification, . 

Notice that squaring the first equation 

yields  , which is similar to the second 

equation. 

Subtracting this from the second equation, we get . Now that we 

have to  term, we can manpulate the equations to yield the sum of 
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squares. 

 or

 . We finally 

reach . 

Since the answer choices are integers, we can guess and check squares to 

get  in some order. We can check that 

this works by adding then and seeing . We just need to take the 

lowest value in the set, square root it, and subtract the resulting value from 5 to 

get . 

Alternative method: 

After reaching  and  , we can algebraically 

derive . 

Applying Vieta's formulas on the  term 

yields . 

Notice 

that 

 , 

so

 
Subtracting this 

from  yields 

 , so  , which means that  ,  , and  are the roots of the 

cubic , and it is not hard to find that these roots are , , and . 

The largest of these values is . 

 

Solution 22(1)  

If we graph each term separately, we will notice that all of the zeros occur at  , 

where  is any integer from  to  , 

inclusive: . 

The minimum value of  occurs where the absolute value of the sum of the slopes is 

at a minimum , since it is easy to see that the value will be increasing on either side. 
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That means the minimum must happen at some . 

The sum of the slope at  is 

 

Now we want to minimize . The zeros occur at  and , which 

means the slope is  where . 

We can now verify that both  and  yield . 

You can also think of the slopes playing 'tug of war', where the slope of each absolute 

function upon passing its  -intercept is negated, positively tugging on the remaining 

negative slopes. 

The sum of the slopes 

is  

So we need to find the least integer  such 

that  

 This "exactly" 

means that the slope is Z.RO between the whole interval  . We can 

explicitly evaluate both to check that they are both equal to the desired minimum value 

of : 

 

 

Thus the minimum value of  is . 

Solution 22(2) 
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Rewrite the given expression as follows:

 Imagine the real line. For 

each  imagine that there are  boys standing at the coordinate . We 

now need to place a donut on the real line in such a way that the sum of its distances from 

all the boys is minimal, and we need to compute this sum. 

Note that there are  boys in total. Let's 

label them from 1 (the only boy placed at ) to  (the last boy placed at . 

Clearly, the minimum sum is achieved if the donut's coordinate is the median of the boys' 

coordinates. To prove this, place the donut at the median coordinate. If you now move it 

in any direction by any amount , there will be  boys such that it moves  away from 

this boy. For each of the remaining boys, it moves at most  closer, hence the total sum of 

distances does not decrease. 

Hence the optimal solution is to place the donut at the median coordinate. Or, more 

precisely, as  is even, we can place it anywhere on the segment formed by boy  and 

boy : by extending the previous argument, anywhere on this segment the sum 

of distances is the same. 

By trial and error, or by solving the quadratic equation  we get 

that boy number  is the last boy placed at  and the next boy is the one placed 

at . Hence the given expression is minimized for any . 

Common part of both solutions 

To find the minimum, we want to balance the expression so that it is neither top nor 

bottom heavy. . 

Now that we know that the sum of the first 84 's is equivalent to the sum of 's 85 to 

119, we can plug either  or  to find the minimum. 

Note that the terms  to  are negative, and the 

terms  to  are positive. Hence we get:
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 and

Hence the total sum of distances 

is . 

Solution 22(3) 

Since the minimum exists, we want all the  s to cancel out. Thus, we want to find 

some  such that

 

Then,  . The answer(expression's value) is 

then  , which becomes . 

 

Solution 23(1)  

Hints and Method of Attack 

Let  be the result of dividing  by tens such that  is not divisible by 10. We want to 

consider  . But because 100 is not prime, and because  is obviously 

divisible by 4 (if in doubt, look at the answer choices), we only need to 

consider . 

However, 25 is a very particular number.  , and so 

is . How can we group terms to take advantage of this fact? 

There might be a problem when you cancel out the 10s from . One method is to cancel 
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out a factor of 2 from an existing number along with a factor of 5. But this might prove 

cumbersome, as the grouping method will not be as effective. Instead, take advantage 

of inverses in modular arithmetic. Just leave the negative powers of 2 in a "storage base," 

and take care of the other terms first. Then, use Fermat's Little Theorem to solve for the 

power of 2. 

We will use the fact that for any integer  ,

 

First, we find that the number of factors of  in  is equal 

to . Let . The  we want is therefore the 

last two digits of  , or  . If instead we find  , we know 

that  , what we are looking for, could 

be  ,  ,  , 

or  . Only one of these numbers will be a multiple of four, and 

whichever one that is will be the answer, because  has to be a multiple 

of 4. 

If we divide  by  by taking out all the factors of  in  , we can 

write  as  where where every 

multiple of 5 is replaced by the number with all its factors of 5 removed. Specifically, every 

number in the form  is replaced by , and every number in the form  is replaced 

by . 

The number  can be grouped as follows: 

 

Where the first line is composed of the numbers in  that aren't multiples of five, the 

second line is the multiples of five and not 25 after they have been divided by five, and 

the third line is multiples of 25 after they have been divided by 25. 

Using the identity at the beginning of the solution, we can reduce  to 
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Using the fact that  (or simply the fact 

that  if you have your powers of 2 memorized), we can deduce 

that  . 

Therefore . 

Finally, combining with the fact that  yields . 

Solution 23(2) 

Let  be  after we truncate its zeros. Notice that  has exactly 

(floored)  factors of 5  thus,  We shall 

consider  modulo 4 and 25, to determine its residue modulo 100. It is easy to prove 

that  is divisible by 4 (consider the number of 2s dividing  minus the number of 5s 

dividing ), and so we only need to consider  modulo 25. 

Now, notice that for integers  we have  

Thus, for integral a:

Using this process, we can essentially remove all the numbers which had not formerly 

been a multiple of 5 in  from consideration. 

Now, we consider the remnants of the 5, 10, 15, 20, ..., 90 not yet eliminated. The 10, 20, 

30, ..., 90 becomes 1, 2, 3, 4, 1, 6, 7, 8, 9, whose product is 1 mod 25. Also, the 5, 5, 15, 

25, ..., 85 becomes 1, 1, 3, 1, 7, 9, 11, 13, 3, 17 and . We deduce that from multiplying 

out the 1, 1, 3, 1, 7, ..., 17 is equivalent to 2 modulo 25, and so we need to compute . 

But this is simply by Fermat's Little Theorem . Because 12 is 

also a multiple of 4, we can utilize the Chinese Remainder Theorem to show 

that  and so the answer is . 

 

Solution 24  

The question asks for the number of disjoint open intervals, which means we need to find 

the number of disjoint intervals such that the function is defined within them. 

We note that since all of the  factors are inside a logarithm, the function is undefined 

where the inside of the logarithm is equal to or less than . 

First, let us find the number of zeros of the inside of the logarithm. 
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After counting up the number of zeros for each factor and eliminating the excess cases we 

get  zeros and  intervals. 

In order to find which intervals are negative, we must first realize that at every zero of each 

factor, the sign changes. We also have to be careful, as some zeros are doubled, or even 

tripled, quadrupled, etc. 

The first interval  is obviously positive. This means the next interval  is 

negative. Continuing the pattern and accounting for doubled roots (which do not flip sign), 

we realize that there are  negative intervals from  to . Since the function is symmetric, 

we know that there are also  negative intervals from  to . 

And so, the total number of disjoint open intervals is  

 

Solution 25(1)  

It should first be noted that given any quadrilateral of fixed side lengths, the angles can be 

manipulated so that the quadrilateral becomes cyclic. 

Denote  ,  ,  , and  as the integer side lengths of the quadrilateral. Without loss of 

generality, let . 

Since , the Triangle Inequality implies that . 

 

We will now split into  cases. 

 

Case :  (  side lengths are equal) 

Clearly there is only  way to select the side lengths , and no matter how the 

https://artofproblemsolving.com/wiki/index.php?title=Triangle_Inequality
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sides are rearranged only  unique quadrilateral can be formed. 

Case :  or  (  side lengths are equal) 

If  side lengths are equal, then each of those side lengths can only be integers 

from  to  except for (because that is counted in the first case). Obviously there is still 

only  unique quadrilateral that can be formed from one set of side lengths, resulting in a 

total of  quadrilaterals. 

Case :  (  pairs of side lengths are equal) 

 and  can be any integer from  to  , and likewise  and  can be any integer 

from  to . However, a single set of side lengths can form  different cyclic quadrilaterals 

(a rectangle and a kite), so the total number of quadrilaterals for this case is . 

Case  :  or  or  (  side lengths are 

equal) 

If the  equal side lengths are each , then the other  sides must each be , which we 

have already counted in an earlier case. If the equal side lengths are each  , there 

is  possible set of side lengths. Likewise, for side lengths of  there are  sets. Continuing 

this pattern, we find a total 

of  sets of side 

lengths. (Be V.RY careful when adding up the total for this case!) For each set of side 

lengths, there are  possible quadrilaterals that can be formed, so the total number of 

quadrilaterals for this case is . 

Case :  (no side lengths are equal) Using the same counting principles 

starting from  and eventually reaching , we find that the total number of 

possible side lengths is . There are  ways to arrange the  side lengths, but there is 

only  unique quadrilateral for  rotations, so the number of quadrilaterals for each set of 

side lengths is . The total number of quadrilaterals is . 

 

And so, the total number of quadrilaterals that can be made 

is . 

Solution 25(2) 

As with solution  we would like to note that given any quadrilateral we can change its 

angles to make a cyclic one. 

Let  be the sides of the quadrilateral. 

There are  ways to partition . However, some of these will not be quadrilaterals 

since they would have one side bigger than the sum of the other three. This occurs 

when  . For  ,  . There are  ways to partition  . 
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Since  could be any of the four sides, we have counted  degenerate 

quadrilaterals. Similarly, there are  ,  for other values of  . 

Thus, there 

are 

 no

n-degenerate partitions of  by the hockey stick theorem. However, 

for  or  , each quadrilateral is counted  times,  for 

each rotation. Also, for , each quadrilateral is counted twice. Since there 

is  quadrilateral for which  , and  for which  , there 

are  quads for which  or . 

Thus there are  total quadrilaterals. 

 

2010 AMC 12B Solutions 

Solution 1 

The total number of minutes in here -hour work day is  The total amount 

of time spend in meetings in minutes is  The answer is 

then   or  

 

Solution 2 

We find the area of the big rectangle to be  , and the area of the smaller 

rectangle to be . The answer is then  . 

 

Solution 3 

We find the greatest common factor of  and  to be  . The number of factors 

of  is  which is the answer . 
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Solution 4 

 so the week cannot start with Saturday, Sunday, Tuesday or 

Wednesday as that would result in an unequal number of Mondays and Wednesdays. 

Therefore, Monday, Thursday, and Friday are valid so the answer is . 

 

Solution 5 

We simply plug in the numbers

 
 

Solution 6  

Clearly, the minimum possible value would be . The maximum possible 

value would be . The difference is  . 

 

Solution 7 

Let  be the time it is not raining, and  be the time it is raining, in hours. 

We have the system:  and  

Solving gives  and  

We want  in minutes,  

 

Solution 8 

There are  schools. This means that there are  people. Because no one's score was 

the same as another person's score, that means that there could only have been  median 

score. This implies that  is an odd number.  cannot be less than  , because there 

wouldn't be a th place if there were. cannot be greater than  either, because that 

would tie Andrea and Beth or Andrea's place would be worse than Beth's. Thus, the only 

possible answer is . 

 

Solution 9  

We know that  and . Cubing and squaring the equalities respectively 

gives  . Let  . Now we know  must be a perfect  -th power 

because  , which means that  must be a perfect  -th power. The 

smallest number whose sixth power is a multiple of  is  , because the only prime 
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factors of  are  and  , and  . Therefore our is equal to 

number , with  digits . 

 

Solution 10  

We first sum the first  numbers:  . Then, we know 

that the sum of the series is  . Since the average is  , and there 

are  terms, we also find the sum to equal  . Setting equal 

-  . 

Thus, the answer is . 

 

Solution 11  

View the palindrome as some number with form (decimal 

representation):  . But because the number is a 

palindrome,  . Recombining this yields  . 1001 is 

divisible by 7, which means that as long as , the palindrome will be divisible by 7. 

This yields 9 palindromes out of 90 (  ) possibilities for palindromes. However, 

if , then this gives another case in which the palindrome is divisible by 7. This adds 

another 9 palindromes to the list, bringing our total to  

 

Solution 12(1) 

 

 

 

 

 

 
Solution 12(2) 

Using the fact that  , we see that the equation 

becomes  . 
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Thus,  and , so , or . 

 

Solution 13 

We note that      and     . Therefore, there is no other way to 

satisfy this equation other than making 

both  and , since any other way would cause one 

of these values to become greater than 1, which contradicts our previous statement. From 

this we can easily conclude that  and  and solving this 

system gives us  and  . It is clear that  is 

a  triangle with   . 

 

Solution 14(1)  

We want to try make , , , and  as close as possible so that , the 

maximum of these, if smallest. 

Notice that  . In order to express  as a sum 

of  numbers, we must split up some of these numbers. There are two ways to do this 

(while keeping the sum of two numbers as close as 

possible):  or 

. We see that in both cases, the value of  is , 

so the answer is . 

Solution 14(2)  

First, note that, simply by pigeonhole, at least one of a, b, c, d, e is greater than or equal 

to so none of C, D, or . can be the answer. Thus, the answer is A or B. We 

will show that A is unattainable, leaving us with B as the only possible answer. 

Assume WLOG that  is the largest sum. 

So  meaning  Because we 

let  we must have  and  Adding 

these inequalities gives  But we just showed 

that  which means that  a contradiction because we are told 

that all the variables are positive. 

Therefore, the answer is  

 

Solution 15  

We have either , , or . 

For  , this only occurs at  .  has only one solution, 
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namely,  .  has five solutions between zero and 

nineteen,  , and  .  has nineteen integer 

solutions between zero and nineteen. So for  , we 

have  ordered triples. 

For  , again this only occurs at  .  has nineteen 

solutions,  has five solutions, and  has one solution, so again we 

have  ordered triples. 

For  , this occurs at  and  .  and  both have 

one solution while  has fifteen solutions.  and  both have 

one solution, namely,  and , while  has twenty solutions (  only 

cycles as ). So we have  ordered triples. 

In total we have  ordered triples 

 

Solution 16 

We group this into groups of , because . 

If , we are done. There is a probability of  that that happens. 

Otherwise, we have  , which means that  . So 

either  or

which will lead to the property being true. There 

are a  chance for each bundle of cases to be true. Thus, the total for the cases 

is . But we have to multiply by  because this only happens with a chance. So the total 

is actually . 

The grand total is  
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Solution 17(1)  

The first 4 numbers will form one of 3 tetris "shapes". 

First, let's look at the numbers that form a  block, sometimes called tetris : 

 

 
Second, let's look at the numbers that form a vertical "L", sometimes called tetris : 

 

 

 
Third, let's look at the numbers that form a horizontal "L", sometimes called tetris : 

 

 

 
Now, the numbers 6-9 will form similar shapes (rotated by 180 degrees, and anchored in 

the lower-right corner of the 3x3 grid). 

If you match up one tetris shape from the numbers 1-4 and one tetris shape from the 

numbers 6-9, there is only one place left for the number 5 to be placed. 

So what shapes will physically fit in the 3x3 grid, together? 
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The answer is . 

Solution 17(2) 

This solution is trivial by the hook length theorem. The hooks look like this: 

 

So, the answer is  =  

P.S. The hook length formula is a formula to calculate the number of standard Young 

tableaux of a Young diagram. Numberphile has an easy-to-understand video about it 

here: https://www.youtube.com/watch?v=vgZhr.s4tuk The full proof is quite complicated 

and is not given in the video, although the video hints at possible proofs. 

 

Solution 18(1) 

(Complex Numbers) 

We will let the moves be complex numbers , , and , each of magnitude one. The frog 

starts on the origin. It is relatively easy to show that exactly one element in the set

 has magnitude less than or 

equal to . Hence, the probability is . 

Solution 18(2) 

 (Geometric) 

The first frog hop doesn't matter because no matter where the frog hops is lands on the 

border of the circle you want it to end in. The remaining places that the frog can jump to 

form a disk of radius 2 centered at the spot on which the frog first landed, and every point 

in the disk of radius 2 is equally likely to be reached in two jumps. 

 

No matter where we start, we will have the small circle tangent to a point on the big circle. 

This is just like how  and  are tangent. The area ratio of the two circles is

https://www.youtube.com/watch?v=vgZhrEs4tuk
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Solution 19  

Let  be the quarterly scores for the Raiders. We know that the Raiders and 

Wildcats both scored the same number of points in the first quarter so 

let  be the quarterly scores for the Wildcats. The sum of the 

Raiders scores is  and the sum of the Wildcats scores is . 

Now we can narrow our search for the values of , and . Because points are always 

measured in positive integers, we can conclude that  and  are positive integers. We can 

also conclude that  is a positive integer by writing down the equation: 

 
Now we can start trying out some values of . We try , which gives 

 

 

We need the smallest multiple of  (to satisfy the <100 condition) that is . 

We see that this is , and therefore  and . 

So the Raiders' first two scores were  and  and the Wildcats' first two scores 

were  and . 

 

 

Solution 20  

By the defintion of a geometric sequence, we have  . 

Since , we can rewrite this as . 

The common ratio of the sequence is , so we can write 

 
 

Since  , we 

have 

 , 
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which is  , making our answer . 

 

Solution 21(1)  

There must be some polynomial  such 

that  

Then, plugging in values of  we get 

Thus,  must be a multiple 

of . 

Now we show that there exists  such that  We have

Thus,  for some  From here it is clear 

that  exists, since we can take  

Therefore, our answer is  

Solution 21(2) 

 (Calculus) 

The evenly-spaced data suggests using discrete derivatives to tackle this problem. First, 

note that any polynomial of degree  

 
can also be written as 

. 

Moreover, the coefficients  are integers for  iff the coefficients  are 

integers for  . This latter form is convenient for calculating discrete 

derivatives of . 

The discrete derivative of a function  is the related function  defined as 

. 

With this definition, it's easy to see that for any positive integer  we have 

. 

https://artofproblemsolving.com/wiki/index.php?title=Discrete_derivative&action=edit&redlink=1
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This in turn allows us to use successive discrete derivatives evaluated at  to 

calculate all of the coefficients  using 

, , , , . 

We can also calculate the following table of discrete derivatives based on the data points 

given in the problem statement: 
 

 

 
        

 

        

 

       

 

 

      

  

 

 

 

       

Thus we can read down the column for  to find 

that  for  . Interestingly, even if we choose  to 

have degree greater than  , the  coefficients of lowest order always satisfy these 

conditions. Moreover, it's straightforward to show that the  of degree  with 

satisfying these conditions will fit the data given in the problem statement. Thus, to find 

minimal necessary and sufficient conditions on the value of  , we need only consider 

these  equations. As a result,  with integer coefficients fitting the given data exists 

iff  divides  for . In other words, it's necessary and sufficient that 

, 

, 

, 

, 

, 

, 

, and 

. 

The last condition holds iff  divides evenly into  . Since such  will 
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also satisfy the first  conditions, our answer is . 

 

Solution 22  

Let , , , and . We see that by the Law of Cosines 

on  , we have  . 

Also,  . Now, we know that  . Also, 

because  is a cyclic quadrilateral, we must have 

that  , so  . 

Therefore,  . Now, adding, we 

have . 

We now look at the equation  . Suppose that  . Then, we must have 

either  or  equal . Suppose that . We let  and . 

Now, , so it is  or . 

 

Solution 23 

 . Notice that  has 

roots  , so that the roots of  are the roots 

of . For each individual equation, the sum of the roots will 

be  (symmetry or Vieta's). Thus, we have , or . 

Doing something similar for  gives us  . We now 

have . Since  is monic, the roots 

of  are "farther" from the axis of symmetry than the roots 

of  . Thus, we 

have  , 

or  . Adding these gives 

us  , or  . Plugging this into  , we 

get . The minimum value of  is , and the minimum value of  is . 

Thus, our answer is , or answer . 
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Solution 24（1）  

Because the right side of the inequality is a horizontal line, the left side can be translated 

horizontally by any value and the intervals will remain the same. For simplicity of 

calculation, we will find the intervals where  We shall say 

that  .  has three vertical asymptotes 

at . As the sum of decreasing hyperbolas, the function is decreasing at 

all intervals. Values immediately to the left of each asymptote approach negative infinity, 

and values immediately to the right of each asymptote approach positive infinity. In 

addition, the function has a horizontal asymptote at . The function intersects  at 

some point from  to , and at some point from  to , and at 

some point to the right of . The intervals where the function is greater than  are 

between the points where the function equals  and the vertical asymptotes. 

If , , and  are values of x where , then the sum of the lengths of the intervals 

is . 

 
And now our job is simply to find the sum of the roots of  . 

Using Vieta's formulas, we find this to be  . 

NOTE': For the AMC, one may note that the transformed inequality should not yield 

solutions that involve big numbers like 67 or 134, and immediately choose . 

Solution 24（2） 

As in the first solution, note that the expression can be translated into

without affecting the interval lengths. 

This simplifies into and so . .ach 

interval is  , where  ,  , and  are the roots 

of so the total length is , which is the sum of the 

roots, or . 

 

Solution 25(1)  

https://artofproblemsolving.com/wiki/index.php?title=Vieta%27s_formulas
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Because 67 is the largest prime factor of 2010, it means that in the prime factorization 

of  , there'll be  where  is the desired value we are 

looking for. Thus, to find this answer, we need to look for the number of times  is 

incorporated into the giant product. 

All numbers  , given  such that for any 

integer  between  and  , prime  must be less than  , contributes a 67 to the 

product. Considering  , the possible values of x 

are , since  are primes that are greater than 

67. However,  contributes two s to the product, so we must count it twice. 

Therefore, the answer is . 

Solution 25(2) 

After finding the prime factorization of  , divide  by  and 

add  divided by  in order to find the total number of multiples 

of  between  and .  Since , , and  are prime 

numbers greater than  and less than or equal to  , subtract  from  to get the 

answer . 

 

2011 AMC 12A Solutions 

Solution 1 

The base price of Michelle's cell phone plan is  dollars. If she sent  text messages and 

it costs cents per text, then she must have spent  cents for texting, or  dollars. She 

talked for  hours, but  will give us the amount of time that she has to pay an 

additional amount for.  hours  minutes. Since the price for phone calls 

is  cents per minute, the additional amount Michelle has to pay for phone calls 

is  cents, or  dollars. Adding  dollars  dollars . 

 

Solution 2 

By careful inspection and common sense, the answer is . 

 

Solution 3 

To find how many small bottles we need, we can simply divide  by . This simplifies 
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to  Since the answer must be an integer greater than , we have to round 

up to  bottles, or  

 

Solution 4 

Let us say that there are  fifth graders. According to the given information, there must 

be  fourth graders and  third graders. The average time run by each student is equal 

to the total amount of time run divided by the number of students. This gives 

us  

 

Solution 5 

To simplify the problem, let us say that there were a total of  birds. The number of 

birds that are not swans is . The number of geese is . Therefore the percentage is 

just  

 

Solution 6  

For the points made from two-point shots and from three-point shots to be equal, the 

numbers of made shots are in a  ratio. Therefore, assume they 

made  and  two- and three- point shots, respectively, and thus  free throws. 

The total number of points is  

Set that equal to  , we get  , and therefore the number of free throws they 

made  

 

Solution 7 

The total cost of the pencils can be found 

by  . As the cost 

is  dollars, or  cents, the cost of the pencils must divide the total cost. Scanning 

the answer choices, they all unfortunately divide into , so we have to start from the 

beginning (although this does give us some indication that we are on the right track, 

because MAA doesn't want to make things too easy for us). 

Therefore, since  is the product of three sets of values, we can begin with prime 

factorization, since it gives some insight into the values:  . Since 

neither  nor  are any of these factors, they can be eliminated immediately, 

leaving , , and . 
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Beginning with , we see that the number of pencils purchased by each student must 

be either  or . However, the problem states that the price of each pencil must exceed 

the number of pencils purchased, so we can eliminate this. 

Continuing with , we can conclude that the only case that fulfills the restrictions 

are that there are  students who each purchased  such pencils, so the answer is . 

We can apply the same logic to  as we applied to , if one wants to make doubly 

sure. 

 

Solution 8(1) 

Let  . Then from  , we find that  . 

From  , we then get that  . Continuing this pattern, we 

find  ,  ,  , and finally  . 

So  

 

Solution 8(2) 

Given that the sum of 3 consecutive terms is 30, we 

have  and 

 
It follows that  because . 

Subtracting, we have that . 

 

Solution 9  

There are  total twins and  total triplets. .ach of the twins shakes hands with 

the  twins not in their family and  of the triplets, a total of  people. .ach of the 

triplets shakes hands with the  triplets not in their family and  of the twins, for a total 

of  people. Dividing by two to accommodate the fact that each handshake was counted 

twice, we get a total of  

 

Solution 10  

For the circumference to be greater than the area, we must have  , 

or . Now since  is determined by a sum of two dice, the only possibilities for  are 

thus  and . In order for two dice to sum to , they most both show a value of . The 
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probability of this happening is . In order for two dice to sum to , one must 

show a  and the other must show a . Since this can happen in two ways, the probability 

of this event occurring is  . The sum of these two probabilities now 

gives the final answer:  

 

Solution 11(1)  

 

The requested area is the area of  minus the area shared between circles ,  and . 

Let  be the midpoint of  and  be the other intersection of circles  and . 

Then area shared between  ,  and  is  of the regions between arc  and 

line  , which is (considering the arc on circle  ) a quarter of the 

circle  minus : 

 
 

(We can assume this because  is 90 degrees, since  is a square, due 

the application of the tangent chord theorem at point ) 

So the area of the small region is 

 
The requested area is area of circle  minus 4 of this area: 

. 

Solution 11(2) 
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We can move the area above the part of the circle above the segment  down, and 

similarly for the other side. Then, we have a square, whose diagonal is , so the area is 

then just . 

 

Solution 12(1) 

Since the speed of the river is not specified, the outcome of the problem must be 

independent of this speed. We may thus trivially assume that the river has a speed of . 

In this case, when the powerboat travels from  to , the raft remains at . Thus the 

trip from  to  takes the same time as the trip from  to the raft. Since these times are 

equal and sum to  hours, the trip from  to  must take half this time, or  hours. The 

answer is thus . 

Solution 12(2) 

What's important in this problem is to consider everything in terms of the power boat and 

the raft, since that is how the problem is given to us. Think of the blue arrow as the power 

boat and the red arrow as the raft in the following three diagrams, which represent 

different time intervals of the problem. 

 
Thinking about the distance covered as their distances with respect to each other, they 

are  distance apart in the first diagram when they haven't started to move yet, some 

distance  apart in the second diagram when the power boat reaches  , and 

again  distance apart in the third diagram when they meet. Therefore, with respect to 

each other, the boat and the raft cover a distance of  on the way there, and again cover 

a distance of  on when drawing closer. This makes sense, because from the 1st diagram 

to the second, the raft moves in the same direction as the boat, while from the 2nd to the 

3rd, the boat and raft move in opposite directions. 
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Let  denote the speed of the power boat (only the power boat, not factoring in current) 

and  denote the speed of the raft, which, as given by the problem, is also equal to the 

speed of the current. Thus, from to , the boat travels at a velocity of , and on 

the way back, travels at a velocity of , since the current aids the boat 

on the way there, and goes against the boat on the way back. With respect to the raft then, 

the boat's velocity from  to  becomes  , and on the way back it 

becomes  . Since the boat's velocities with respect to the raft are 

exact opposites,  and , we therefore know that the boat and raft travel apart from 

each other at the same rate that they travel toward each other. 

From this, we have that the boat travels a distance  at rate  with respect to the raft both 

on the way to  and on the way back. Thus, using  , we 

have  , and to see how long it took to travel half the distance, we 

have  

 

Solution 13 

Let  be the incenter. Because  and  is the angle bisector, we have 

 
It then follows due to alternate interior angles and base angles of isosceles triangles 

that . Similarly, . The perimeter of  then becomes

 

 

Solution 14  

If  lies above the parabola, then  must be greater than  . We thus get the 

inequality  . Solving this for  gives us  . Now note 
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that  constantly increases when is positive. Then since this expression is greater 

than  when , we can deduce that  must be less than  in order for the inequality 

to hold, since otherwise  would be greater than  and not a single-digit integer. The only 

possibilities for  are thus , , and . 

For , we get  for our inequality, and thus  can equal any integer from  to . 

For , we get  for our inequality, and thus  can equal any integer from  to . 

For  , we get  for our inequality, and thus  can equal any integer 

from  to . 

Finally, if we total up all the possibilities we see there are  points that satisfy the 

condition, out of  total points. The probability of picking a point that lies 

above the parabola is thus  

 

Solution 15  

Let  be the pyramid with  as the square base. Let  and  be the 

center of square  and the midpoint of side  respectively. Lastly, let the 

hemisphere be tangent to the triangular face  at . 

Notice that  has a right angle at  . Since the hemisphere is tangent to the 

triangular face at ,  is also . Hence  is similar to . 

 

 

 

The length of the square base is thus  

 

Solution 16 

We can do some casework when working our way around the pentagon from  to . At 

each stage, there will be a makeshift diagram. 

1.) For , we can choose any of the 6 colors. 

        A : 6 
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2.) For , we can either have the same color as , or any of the other 5 colors. We do this 

because each vertex of the pentagon is affected by the 2 opposite vertices, and  will be 

affected by both  and . 

      A : 6 

 B:1        B:5 

3.) For  , we cannot have the same color as  . Also, we can have the same color 

as  (  will be affected), or any of the other 4 colors. Because  can't be the same as , 

it can't be the same as  if is the same as , so it can be any of the 5 other colors. 

      A : 6 

 B:1        B:5 

 C:5     C:4   C:1 

4.)  is affected by  and . If they are the same, then  can be any of the other 5 

colors. If they are different, then  can be any of the (6-2)=4 colors. 

      A : 6 

 B:1        B:5 

 C:5     C:4   C:1 

 D:5     D:4   D:4 

5.)  is affected by  and . If they are the same, then  can be any of the other 5 colors. 

If they are different, then  can be any of the (6-2)=4 colors. 

      A : 6 

 B:1        B:5 

 C:5     C:4   C:1 

 D:5     D:4   D:4 

 .:4     .:4   .:5 

6.) Now, we can multiply these three paths and add 

them: 

 
7.) Our answer is ! 

 

Solution 17 

 

The centers of these circles form a 3-4-5 triangle, which has an area equal to 6. 

The areas of the three triangles determined by the center and the two points of tangency 
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of each circle are, by Law of Sines, 

 

 

 
which add up to . The area we're looking for is the large 3-4-5 triangle minus the three 

smaller triangles, or . 

 

Solution 18(1) 

Plugging in some values, we see that the graph of the 

equation  is a square bounded by  and . 

Notice that  means the square of the distance 

from a point to point  minus 9. To maximize that value, we need to choose 

the point in the feasible region farthest from point , which is . .ither one, 

when substituting into the function, yields . 

Solution 18(2) 

Since the equation  is dealing with absolute values, the 

following could be deduced:  ,

 ,  , 

and  . Simplifying would give  ,  ,  , 

and  . In  , it does not matter whether  or  is  or  . To 

maximize  , though,  would have to be -1. Therefore, 

when  and  or , the equation evaluates to  . 

 

Solution 19(1)  

We start with  . After rearranging, we 
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get . 

Since  is a positive integer,  must be in the form of  for some 

positive integer . From this fact, we get . 

If we now check integer values of N that satisfy this condition, starting from , we 

quickly see that the first values that work for  are  and , giving values 

of  and  for  , respectively. Adding up these two values for  , we 

get  

Solution 19(2)  

We examine the value that  takes over various intervals. 

The  means it changes on each multiple of 2, like so: 

2 --> 1 

3 - 4 --> 2 

5 - 8 --> 3 

9 - 16 --> 4 

From this, we see that  is the difference between  and the next power 

of 2 above it. We are looking for  such that this difference is 19. The first two  that 

satisfy this are  and  for a final answer 

of  

 

Solution 20(1)  

From , we know that . 

From the first inequality, we get  . 

Subtracting  from this gives us  , and 

thus . Since  must be an integer, it follows that . 

Similarly, from the second inequality, we get  . Again 

subtracting  from this gives us  , 

or . It follows from this that . 

We now have a system of three equations:  ,  , 

and  . Solving gives us  and from this we find 

that  
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Since  , we find 

that . 

Solution 20(2) 

 is some non-monic quadratic with a root at . Knowing this, we'll forget their 

silly , , and and instead write it as . 

 , so  is a multiple of 6. They say  is between 50 and 60, 

exclusive. Notice that the only multiple of 6 in that range is 54. 

Thus, . 

 , so  is a multiple of 7. They say  is between 70 and 80, 

exclusive. Notice that the only multiple of 7 in that range is 77. 

Thus, . 

Now, we solve a system of equations in two variables. 

 

 

 

Solution 21  

The domain of  is defined when  .
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Applying the domain of  and the fact that square roots must be positive, we 

get . Simplifying, the domain of  becomes . 

Repeat this process for  to get a domain 

of . 

For  , since square roots are positive, we can exclude the negative values of the 

previous domain to arrive at  as the domain of . We now arrive at a 

domain with a single number that defines , however, since we are looking for the largest 

value for  for which the domain of  is nonempty, we must continue until we arrive at 

a domain that is empty. We continue with  to get a domain of . 

Solve for  to get  . Since square roots cannot be negative, this is the last 

nonempty domain. We add to get . 

 

Solution 22  

There must be four rays emanating from  that intersect the four corners of the square 

region. Depending on the location of , the number of rays distributed among these four 

triangular sectors will vary. We start by finding the corner-most point that is  -ray 

partitional (let this point be the bottom-left-most point). 

We first draw the four rays that intersect the vertices. At this point, the triangular sectors 

with bases as the sides of the square that the point is closest to both do not have rays 

dividing their areas. Therefore, their heights are equivalent since their areas are equal. 

The remaining  rays are divided among the other two triangular sectors, each sector 

with  rays, thus dividing these two sectors into  triangles of equal areas. 

Let the distance from this corner point to the closest side be  and the side of the square 

be  . From this, we get the equation  . Solve for  to 

get  . Therefore, point  is  of the side length away from the two sides it is 

closest to. By moving   to the right, we also move one ray from the right sector to 

the left sector, which determines another  -ray partitional point. We can continue 

moving  right and up to derive the set of points that are -ray partitional. 
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In the end, we get a square grid of points each  apart from one another. Since this grid 

ranges from a distance of  from one side to  from the same side, we have 

a  grid, a total of   -ray partitional points. To find the overlap from 

the -ray partitional, we must find the distance from the corner-most -ray partitional 

point to the sides closest to it. Since the -ray partitional points form a  grid, 

each point  apart from each other, we can deduce that the -ray partitional points 

form a  grid, each point  apart from each other. To find the overlap points, we 

must find the common divisors of  and  which are  and . Therefore, the 

overlapping points will form grids with points  ,  ,  , and  away from each other 

respectively. Since the grid with points  away from each other includes the other points, 

we can disregard the other grids. The total overlapping set of points is a  grid, which 

has  points. Subtract  from  to get . 

Solution 23 

By algebraic manipulations, we obtain

 where

In order for , we 

must have , , and . 

 implies  or . 

 implies , , or . 

 implies  or . 

Since  , in order to satisfy all 3 conditions we must have 

either  or . In the first case . 

For the latter case note that  and 

hence,  . On the other hand,  so,

 . Thus  . Hence the maximum value 

for  is  while the minimum is  (which can be achieved for instance 
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when  or  respectively). Therefore the answer 

is . 

 

Solution 24（1）  

Note as above that ABCD must be tangential to obtain the circle with maximal radius. 

Let , , , and  be the points on , , , and  respectively where the 

circle is tangent. Let  and  . Since the quadrilateral is 

cyclic,  and  . Let the circle have 

center  and radius . Note that , , , and  are right angles. 

Hence , , , and . 

Therefore,  and . 

Let  . Then  ,  ,  , 

and  . 

Using  and  we have  , 

and  . By equating the value of  from 

each, . Solving we obtain  so that . 

Solution 24（2） 

To maximize the radius of the circle, we also need to maximize its area. To maximize the 

area of the circle, the quadrilateral must be tangential (have an incircle). In a tangential 

quadrilateral, the sum of opposite sides is equal to the semiperimeter of the 

quadrilateral.  , so this particular quadrilateral has an incircle. By 

definition, given  side lengths, a cyclic quadrilateral has the maximum area of any 

quadrilateral with those side lengths. Therefore, to maximize the area of the quadrilateral 

and thus the incircle, we assume that this quadrilateral is cyclic. 

For cyclic quadrilaterals, Brahmagupta's formula gives the area 

as  where  is the semiperimeter 

and  and  are the side lengths. Breaking it up into  triangles, we see the area of 

a tangential quadrilateral is also equal to  . .quate these two equations. 

Substituting , the semiperimeter, and , the area and solving for ,we get . 

 

Solution 25 

Let , ,  for convenience. 

It's well-known that  ,  , 

and  (verifiable by angle chasing). Then, as  , it follows 

that  and consequently 



 

- 294 - 

 

pentagon  is cyclic. Observe that  is fixed, whence the circumcircle of 

cyclic pentagon  is also fixed. Similarly, as  (both are radii), it 

follows that  and also  is fixed. Since  is 

maximal, it suffices to maximize . 

Verify that  ,  by angle chasing  it follows 

that  sinc

e  by Triangle Angle Sum. 

Similarly,  (isosceles base angles are equal), whence

Since ,  by Inscribed Angles. 

There are two ways to proceed. 

 

Letting  and  be the circumcenter and circumradius, respectively, of cyclic 

pentagon  , the most straightforward is to 

write  , whence

and, using 

the fact that  is fixed, maximize  with Jensen's 

Inequality. 

 

A more elegant way is shown below. 

Lemma:  is maximized only if . 

Proof by contradiction: Suppose  is maximized when . Let  be 

the midpoint of minor arc  be and  the midpoint of minor arc  . 

Then  since the 

altitude from  to  is greater than that from  to    

similarly  . Taking  ,  to be the new 



 

- 295 - 

 

orthocenter, incenter, respectively, this contradicts the maximality of , so our 

claim follows.  

With our lemma(  ) and  from above, along with the fact that 

inscribed angles that intersect the same length chords are equal,

 

 

2011 AMC 12B Solutions 

Solution 1 

Add up the numbers in each fraction to get , which equals . Doing the 

subtraction yields  

 

Solution 2 

Take the average of her current test scores, which is

 
This means that she wants her test average after the sixth test to be  Let  be the score 

that Josanna receives on her sixth test. Thus, our equation is 

 

 

 

 

Solution 3 

The total amount of money that was spent during the trip was  So each person 

should pay  if they were to share the costs equally. Because LeRoy has already 

paid  dollars of his part, he still has to pay  

 

Solution 4 

Taking the prime factorization of  reveals that it is equal to  Therefore, the only 



 

- 296 - 

 

ways to represent  as a product of two positive integers 

is  and  Because neither  nor  is a two-digit number, we know 

that  and  are  and  Because  is a two-digit number, we know that a, with its two 

digits reversed, gives  Therefore,  and  Multiplying our two correct 

values of  and  yields 

 

 

 

Solution 5 

 must be divisible by every positive integer less than  , or  and  . .ach 

number that is divisible by each of these is is a multiple of their least common 

multiple. , so each number divisible by these is a multiple 

of  . The smallest multiple of  is clearly  , so the second smallest multiple 

of  is . Therefore, the sum of the digits of  is  

 

Solution 6  

In order to solve this problem, use of the tangent-tangent intersection theorem (Angle of 

intersection between two tangents dividing a circle into arc length A and arc length B = 

1/2 (Arc A° - Arc B°). 

In order to utilize this theorem, the degree measures of the arcs must be found. First, set 

A (Arc length A) equal to 3d, and B (Arc length B) equal to 2d. 

Setting 3d+2d = 360° will find d = 72°, and so therefore Arc length A in degrees will equal 

216° and arc length B will equal 144°. 

Finally, simply plug the two arc lengths into the tangent-tangent intersection theorem, and 

the answer: 

1/2 (216°-144°) = 1/2 (72°)  

 

Solution 7 

If  and  have a mean of , then  and . To maximize , we 

need to maximize  and minimize . Since they are both two-digit positive integers, the 

maximum of  is which gives .  cannot be decreased because doing so would 

increase , so this gives the maximum value of , which is  

 

Solution 8 

To find Keiko's speed, all we need to find is the difference between the distance around 

the inside edge of the track and the distance around the outside edge of the track, and 

divide it by the difference in time it takes her for each distance. We are given the difference 



 

- 297 - 

 

in time, so all we need to find is the difference between the distances. 

The track is divided into lengths and curves. The lengths of the track will exhibit no 

difference in distance between the inside and outside edges, so we only need to concern 

ourselves with the curves. 

The curves of the track are semicircles, but since there are two of them, we can consider 

both of the at the same time by treating them as a single circle. We need to find the 

difference in the circumferences of the inside and outside edges of the circle. 

The formula for the circumference of a circle is  where  is the radius of 

the circle. 

Let's define the circumference of the inside circle as  and the circumference of the 

outside circle as . 

If the radius of the inside circle ( ) is , then given the thickness of the track is 6 meters, 

the radius of the outside circle ( ) is . 

Using this, the difference in the circumferences is: 

 
 is the difference between the inside and outside lengths of the track. Divided by the 

time differential, we get: 

 

 

Solution 9  

For the product to be greater than zero, we must have either both numbers negative or 

both positive. 

Both numbers are negative with a  chance. 

Both numbers are positive with a  chance. 

Therefore, the total probability is  and we are done.  

 

Solution 10  

Since  ,  hence  . 

Therefore . Therefore  

 

Solution 11  

Since the frog always jumps in length  and lands on a lattice point, the sum of its 

coordinates must change either by  (by jumping parallel to the x- or y-axis), or 

by  or  (based off the 3-4-5 right triangle). 
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Because either , , or  is always the change of the sum of the coordinates, the sum of 

the coordinates will always change from odd to even or vice versa. Thus, it is impossible 

for the frog to go from  to  in an even number of moves. Therefore, the frog 

cannot reach  in two moves. 

However, a path is possible in 3 moves: from  to  to  to . 

Thus, the answer is . 

 

Solution 12 

Let's assume that the side length of the octagon is . The area of the center square is 

just  . The triangles are all  triangles, with a side length ratio 

of . The area of each of the identical triangles is , so 

the total area of all of the triangles is also . Now, we must find the area of all of the 4 

identical rectangles. One of the side lengths is  and the other side length 

is , so the area of all of the rectangles is . The ratio of the area of 

the square to the area of the octagon is . Cancelling  from the fraction, 

the ratio becomes  . Multiplying the numerator and the denominator each 

by  will cancel out the radical, so the fraction is 

now  

Solution 2: There's a similar but simpler way that what the user above has done. You set 

one of the sides to be 2, then the area of the middle square is , the combined area of the 

4 triangles are , the combined areas of the rectangles on the side become 8 

sqrt2, you add all of that up. Which is 8+8 sqrt2, then 4 divide that is going to give you A 

 

Solution 13 

Assume that   results in the greatest 

pairwise difference, and thus it is . This means .  must be in the 

set  . The only way for 3 numbers in the set to add up to 9 is if they 

are  .  , and  then must be the remaining two numbers which 

are  and . The ordering of  must be either  or . 
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Case 

1     

  

Case 

2     

  

The sum of the two w's is   

 

Solution 14(1)  

Name the directrix of the parabola  . Define  to be the distance between a 

point  and a line . 

Now we remember the geometric definition of a parabola: given any line  (called the 

directrix) and any point  (called the focus), the parabola corresponding to the given 

directrix and focus is the locus of the points that are equidistant from  and  . 

Therefore  . Let this distance be  . Now note that  , 

so  . Therefore  . We now use 

thePythagorean Theorem on triangle     . 

Similarly, . We now use the Law of Cosines: 

 

 

This shows that the answer is . 

Solution 14(2)  

WLOG we can assume that the parabola is  . 

Therefore  and . Also  and . 

 and  by the pythagorean theorem. 

Now using the law of cosines on  we have: 

 

 

https://artofproblemsolving.com/wiki/index.php?title=Pythagorean_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Law_of_Cosines
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and  . 

Solution 15  

From repeated application of difference of squares: 

 

 

 
Applying sum of cubes: 

 
 

 

A quick check shows  is prime. Thus, the only factors to be concerned about 

are , since multiplying by  will make any factor too large. 

Multiply  by  or  will give a two digit factor   itself will also work. The next smallest 

factor, , gives a three digit number. Thus, there are  factors which are multiples of . 

Multiply  by  or  will also give a two digit factor, as well as  itself. Higher 

numbers will not work, giving an additional  factors. 

Multiply  by  or  for a two digit factor. There are no mare factors to check, as all 

factors which include  are already counted. Thus, there are an additional  factors. 

Multiply  by  or  for a two digit factor. All higher factors have been counted already, 

so there are more factors. 

Thus, the total number of factors is  

 

Solution 16 

Suppose that  is a point in the rhombus  and let  be the perpendicular 

bisector of . Then  if and only if  is on the same side of  as . The 

line  divides the plane into two half-planes  let  be the half-plane containing . 

Let us define similarly  and  . Then  is equal 

to . The region turns out to be an irregular pentagon. 

We can make it easier to find the area of this region by dividing it into four triangles: 

 Since  and  are 

equilateral,  contains  ,  contains  and  , and  contains  . 

Then  with  and 

https://artofproblemsolving.com/wiki/index.php?title=Perpendicular_bisector
https://artofproblemsolving.com/wiki/index.php?title=Perpendicular_bisector
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 so  . Multiply this by 4 and it turns out that the pentagon has 

area . 

 

Solution 17 

 

 

Proof by induction that : 

For  

Assume  is true for n: 

 
Therefore, if it is true for n, then it is true for n+1  since it is also true for n = 1, it is true for 

all positive integers n. 

 , which is the 2011-digit 

number 8888...8889 

The sum of the digits is 8 times 2010 plus 9, or  

 

Solution 18 

We can use the Pythagorean Theorem to split one of the triangular faces into two 30-60-

90 triangles with side lengths  and . 

Next, take a cross-section of the pyramid, forming a triangle with the top of the triangle 

and the midpoints of two opposite sides of the square base. 

This triangle is isosceles with a base of 1 and two sides of length . 

The height of this triangle will equal the height of the pyramid. To find this height, split the 

triangle into two right triangles, with sides  and . 

The cube, touching all four triangular faces, will form a similar pyramid which sits on top 
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of the cube. If the cube has side length , the pyramid has side length . 

Thus, the height of the cube plus the height of the smaller pyramid equals the height of 

the larger pyramid. 

. 

 

 

side length of cube. 

 

 

Solution 19  

It is very easy to see that the  in the graph does not impact whether it passes through 

lattice. 

We need to make sure that  cannot be in the form of  for , otherwise 

the graph  passes through lattice point at  . We only need to worry 

about  very close to , ,  will be the only case we need to worry about 

and we want the minimum of those, clearly for  , the smallest is  , so 

answer is  

 

Solution 20(1)  

Let us also consider the circumcircle of . 

Note that if we draw the perpendicular bisector of each side, we will have the 

circumcenter of  which is  , Also, 

since  .  is cyclic, 

similarly,  and  are also cyclic. With this, we know that the circumcircles 

of ,  and all intersect at , so  is . 

The question now becomes calculate the sum of distance from each vertices to the 

circumcenter. 
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We can calculate the distances with coordinate geometry. (Note 

that  because  is the circumcenter.) 

Let , , ,  

Then  is on the line  and also the line with slope  and passes 

through . 

 

So  

and  

Solution 20(2) 

 (Algebra) 

Consider an additional circumcircle on . After drawing the diagram, it is noticed 

that each triangle has side values:  ,  ,  . Thus they are congruent, and their 

respective circumcircles are. By inspection, we see that  ,  , and  are the 

circumdiameters, and so they are congruent. Therefore, the solution can be found by 

calculating one of these circumdiameters and multiplying it by a factor of . We can find 

the circumradius quite easily with the formula , 

s.t.  and R is the circumradius. Since : 

 

After a few algebraic manipulations: 

. 

Solution 20(3) 

 (Homothety) 

Let  be the circumcenter of  and  denote the length of the altitude 
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from  Note that a homothety centered at  with ratio  takes the circumcircle 

of  to the circumcircle of  . It also takes the point diametrically 

opposite  on the circumcircle of  to  Therefore,  lies on the circumcircle 

of  Similarly, it lies on the circumcircle of  By Pythagorean 

triples,  Finally, our answer is

 

 

Solution 21  

 for some , . 

 

 

 

 

 

Note that in order for x-y to be integer,  has to be  for some perfect 

square . Since  is at most ,  or  

If , , if , . In AMC, we are done. Otherwise, 

we need to show that  is impossible. 

 ->  , or  or  and  ,  ,  respectively. 

And since  ,  ,  , but there is no integer solution 

for , . 

In addition: Note that  with  may be obtained 

with  and  as . 

 

Solution 22  

Let , , and  

Then ,  and  

Then , ,  

Hence: 
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Note that  and  for , I claim that it is true for all , assume 

for induction that it is true for some , then 

 

 

 
Furthermore, the average for the sides is decreased by a factor of 2 each time. 

So  is a triangle with side length , ,  

and the perimeter of such  is  

 

Now we need to find when  fails the triangle inequality. So we need to find the 

last  such that  

 
 

 

For , perimeter is  

 

Solution 23 

If a point  satisfy the property 

that , then it is in the desirable range 

because  is the shortest path from  to  , 

and  is the shortest path from  to  

 

If  , then  satisfy the property. there 

are  lattice points here. 
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else let  (and for  it is 

symmetrical, , 

 
So for , there are  lattice points, 

for , there are  lattice points, 

etc. 

For , there are  lattice points.  

Hence, there are a total of  lattice points. 

 

Solution 24  

First of all, we need to find all  such that  

 

So  or  

or  

 

 

Now we have a solution at  if we look at them in polar coordinate, further more, the 

8-gon is symmetric (it is an regular octagon) . So we only need to find the side length of 

one and multiply by . 

So answer  distance from  to  

Side length  

Hence, answer is . 

.asier method: Use the law of cosines. We make  the distance. Now, since the angle does 

not change the distance from the origin, we can just use the 

distance.  , which 

simplifies to  , or  , or  . Multiply the 
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answer by 8 to get  

 

Solution 25(1)  

First of all, you have to realize that 

if  

then  

So, we can consider what happen in  and it will repeat. Also since range 

of  is  to , it is always a multiple of . So we can just consider  for . 

 

Let  be the fractional part function 

This is an AMC exam, so use the given choices wisely. With the given choices, and the 

previous explanation, we only need to consider , , , .  

 

For , . 3 of the  that should consider lands in here. 

For , , then we need  

else for , , then we need   

For ,  

So, for the condition to be true,  . ( , no worry for the rounding 

to be ) 

, so this is always true. 

For , , so we want , or  
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For k = 67,  

For k = 69,  

etc. 

 

We can clearly see that for this case,  has the minimum  , which is  . 

Also,  . 

So for AMC purpose, answer is . 

Proof: 

Notice that for these integers : 

 

 

 

 
 

 

 

 
 

 

 

 
 

That the probability is  . .ven 

for , . And . 

Perhaps the probability for a 
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given  is  if  and  if 

. 

So  and . Because   ! 

Now, let's say we are not given any answer, we need to consider . 

I claim that  

 

If  got round down, then  all satisfy the condition along with  

because if  and  , so 

must  

and for , it is the same as . 

, which makes 

. 

 

If  got round up, then  all satisfy the condition along with  

 

because if  and  

Case 1)  

->  
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Case 2) 

 

->  

 

and for , since  is odd,  

->  ->  , and  is prime so  or  , 

which is not in this set 

, which makes 

. 

 

Now the only case without rounding, . It must be true. 

Solution 25(2)  

It suffices to consider  Now for each of 

these  let  If we let  then the 

following graphs result for  and  

 

 

Our probability is the number of  such that  over  Of 

course, this always holds for  If we let  vary, then the graph of  is always very 

similar to what it looks like above (groups of  dots). However, the graph 

of  can vary greatly. In the above diagram,  for all  while it is possible 

for  for all  In order to minimize the number of  which 

satisfy  we either 



 

- 311 - 

 

want  for  or  for This way, we see that at 

least half of the numbers from  to  satisfy the given equation. So, our desired 

probability is at least  As shown by the diagram above, the probability 

is  for Clearly no better solutions can exist when  On the other hand, 

for   and  do not yield better probabilities. Therefore, our answer is  

 

2012 AMC 12A Solutions 

Solution 1 

 
Crawling from  to  takes it a distance of  units. Crawling from  to  takes it a 

distance of units. Add  and  to get  

 

Solution 2(1) 

Cagney can frost one in  seconds, and Lacey can frost one in  seconds. Working 

together, they can frost one in  seconds. In  seconds 

(  minutes), they can frost cupcakes. 

Solution 2(2) 

In  seconds (  minutes), Cagney will frost  cupcakes, and Lacey will 

frost  cupcakes. Therefore, working together they will 

frost  cupcakes. 

Solution 2(3) 

Since Cagney frosts  cupcakes a minute, and Lacey frosts  cupcakes a minute, they 
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together frost  cupcakes a minute. Therefore, in  minutes, they 

frost  

 

Solution 3 

The first box has volume  , and the second has 

volume  . The second has a volume that 

is  times greater, so it holds  grams. 

 

Solution 4(1) 

Assume that there are 5 total marbles in the bag. The actual number does not matter, 

since all we care about is the ratios, and the only operation performed on the marbles in 

the bag is doubling. 

There are 3 blue marbles in the bag and 2 red marbles. If you double the amount of red 

marbles, there will still be 3 blue marbles but now there will be 4 red marbles. Thus, the 

answer is . 

Solution 4(2) 

Let us say that there are  marbles in the bag. Therefore,  are blue, and  are red. 

When the red marbles are doubled, we now have  

 

Solution 5 

So let the number of blueberries be  the number of raspberries be  the number of 

grapes be  and finally the number of cherries be  

Observe that since there are  pieces of fruit,  

Since there are twice as many raspberries as blueberries,  

The fact that there are three times as many grapes as cherries implies,  

Because there are four times as many cherries as raspberries, we deduce the following:

 

Note that we are looking for  So, we try to rewrite all of the other variables in terms 

of  The third equation gives us the value of  in terms of  already. We divide the fourth 

equation by  to get that  Finally, substituting this value of  into the first 

equation provides us with the equation  and substituting yields:

 Multiply this equation by  to get:
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Solution 6  

Let the three numbers be equal to , , and . We can now write three equations: 

 

 

 

Adding these equations together, we get that 

 and 

 
Substituting the original equations into this one, we find 

 

 

 

Therefore, our numbers are 12, 7, and 5. The middle number is  

 

Solution 7(1) 

If we let  be the smallest sector angle and  be the difference between consecutive 

sector angles, then we have the angles  . Use the 

formula for the sum of an arithmetic sequence and set it equal to 360, the number of 

degrees in a circle. 

 

All sector angles are integers so  must be a multiple of 2. Plug in even integers 

for  starting from 2 to minimize  We find this value to be 4 and the minimum value 

of  to be  

Solution 7(2) 

Starting with the smallest term,  where  is the sixth 

term and  is the difference. The sum becomes  since there 

are  degrees in the central angle of the circle. The only condition left is that the 

smallest term in greater than zero. Therefore,  .

 Since  is an integer, it must be  , 

and therefore,  is .  is  
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Solution 8(1) 

The minimum and maximum can be achieved with the 

orders  and . 

 

 

The difference between the two is . 

Solution 8(2) 

The iterative average of any 5 integers  can be thought of as: 

 
.xpanding this, we see that this fraction is equal to: 

 
Plugging in  for , we see that in order to maximize the fraction, 

, 

and in order to minimize the fraction, 

. 

After plugging in these values and finding the positive difference of the two fractions, we 

arrive with , which is our answer of  

 

Solution 9  

.very year we go back is moving one day back, because . .very leap 

year we go back two days, since . A leap year is usually every four 

years, so 200 years would have  =  leap years, but the problem says that 1900 does 

not count as a leap year. 

Therefore there would be 151 regular years and 49 leap years, 

so  =  days back. Since  , four days back from 

Tuesday would be . 

 

Solution 10 (1) 
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 is the side of length  , and  is the median of length  . The altitude 

of  to  is  because the 0.5(altitude)(base)=Area of the triangle.  is  . To 

find  , just use opposite over hypotenuse with the right triangle  . This is 

equal to . 

Solution 10 (2) 

It is a well known fact that a median divides the area of a triangle into two smaller triangles 

of equal area. Therefore, the area of  in the above figure. .xpressing the 

area in terms of , . Solving for  gives . . 

Solution 10 (3) 

The area of a triangle with sides  and angle between 

them  is  Therefore,  as 

two angles along the same line must be supplementary. This simplifies 

to  

  

 

Solution 11  

If  is the probability Mel wins and  is the probability Chelsea 
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wins,  and . From this we get  and . For Alex to win 

three, Mel to win two, and Chelsea to win one, in that order, is  . 

Multiply this by the number of permutations (orders they can win) which is  

 

 

Solution 12(1) 

 

 

The circles have radii of  and . Draw the triangle shown in the figure above and write 

expressions in terms of  (length of the side of the square) for the sides of the triangle. 

Because  is the radius of the larger circle, which is equal to  , we can write the 

Pythagorean Theorem. 

 

Use the quadratic formula. 
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Solution 12(2) 

Using the diagram above, we look at the top-right vertex of the square. Let us call this 

point . Then, we that since the square is symmetrical over the y-axis, that the y value 

is equal to , since we can multiply the x value(which is half of ) by two to get , 

and we add one since the square lies one unit above the origin. Now, all we must do is find 

the intersection of the larger circle,  , and the line  . 

Substituting the second equation into the first, we get: 

 

Using the quadratic formula, we arrive with . However, recall that the 

x value is only one half of the side length. Multiplying this value by , then, and using only 

the positive root(since the top right vertex of the square has a positive x value), we get: 

 

 

Solution 13 

Let Paula work at a rate of , the two helpers work at a combined rate of , and the time 

it takes to eat lunch be , where  and  are in house/hours and L is in hours. Then the 

labor on Monday, Tuesday, and Wednesday can be represented by the three following 

equations: 

 

 

 
With three equations and three variables, we need to find the value of  . Adding the 

second and third equations together gives us  . 

Subtracting the first equation from this new one gives us  , so we 

get . Plugging into the second equation: 

 
We can then subtract this from the third equation: 

Plugging  into our third equation gives:  
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Converting  from hours to minutes gives us  minutes, which is . 

 

Solution 14  

Draw the hexagon between the centers of the circles, and compute its 

area  . Then add the areas of the three sectors outside the 

hexagon ( ) and subtract the areas of the three sectors inside the hexagon but outside 

the figure(  ) to get the area enclosed in the curved figure  , which 

is . 

 

Solution 15  

First, there is only one way for the middle square to be black because it is not affected by 

the rotation. Then we can consider the corners and edges separately. Let's first just 

consider the number of ways we can color the corners. There is  case with all black 

squares. There are four cases with one white square and all  work. There are six cases 

with two white squares, but only the  with the white squares diagonal from each other 

work. There are no cases with three white squares or four white squares. Then the total 

number of ways to color the corners is . In essence, the edges work the 

same way, so there are also  ways to color them. The number of ways to fit the conditions 

over the number of ways to color the squares is 

 

 

Solution 16(1) 

Let  denote the radius of circle  . Note that quadrilateral  is cyclic. By 

Ptolemy's Theorem, we have  and  . Let t be the 

measure of angle  . Since  , the law of cosines on 

triangle  gives us . Again since  is cyclic, the measure 

of angle  . We apply the law of cosines to triangle  so 

that  . 

Since  we obtain  . But

 so that . . 

Solution 16(2) 

Let us call the  the radius of circle  , and  the radius of  . 

Consider  and . Both of these triangles have the same circumcircle ( ). 
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From the .xtended Law of Sines, we see that  . 

Therefore,  . We will now apply the Law of Cosines 

to  and  and get the equations 

, 

, 

respectively. Because  , this is a system of two equations and two 

variables. Solving for  gives . . 

Solution 16(3) 

Let  denote the radius of circle  . Note that quadrilateral  is cyclic. By 

Ptolemy's Theorem, we have  and  . Consider 

isosceles triangle  . Pulling an altitude to  from  , we 

obtain  . Since quadrilateral  is cyclic, we 

have  , so  . Applying the Law of 

Cosines to triangle  , we obtain  . Solving 

gives . . 

-Solution by thecmd999 

Solution 16(4) 

Let  . Consider an inversion about  . 

So,  . 

Using . 

 

Solution 16(5) 



 

- 320 - 

 

 Notice 

that  as they subtend arcs of the same length. Let  be the point of 

intersection of  and  . We now have  and  . 

Furthermore, notice that  is isosceles, thus the altitude 

from  to  bisects  at point  above. By the Pythagorean Theorem,

Thus,  

Solution 16(6) 

Use the diagram above. Notice that  as they subtend arcs of the 

same length. Let  be the point of intersection of  and  . We now 

have  and  . Consider the power of point  with respect to 

Circle  we have  which 

gives  

 

Solution 17 

Of the integers from  to , there are six each of . We can create 

several rules to follow for the elements in subset  . No element can be  if 

there is an element that is  . No element can be  if there is an 



 

- 321 - 

 

element that is  . Thus we can pick 6 elements from 

either  or  and 6 elements from 

either  or  for a total of  elements. 

Considering  , there can be one element that is so because it will only be 

divisible by  if paired with another element that is  . The final answer 

is . 

 

Solution 18(1) 

Inscribe circle  of radius  inside triangle  so that it meets  at ,  at , 

and  at . Note that angle bisectors of triangle  are concurrent at the center 

(also  ) of circle  . Let  ,  and  . Note 

that  ,  and  . Hence  ,  , 

and . Subtracting the last 2 equations we have  and adding this 

to the first equation we have . 

By Heron's formula for the area of a triangle we have that the area of 

triangle  is  . On the other hand the area is given 

by  . Then  so 

that . 

Since the radius of circle  is perpendicular to  at , we have by the pythagorean 

theorem  so that . 

Solution 18(2) 

We can use mass points and Stewart's to solve this problem. Because we are looking at 

the Incenter we then label  with a mass of ,  with , and  with . We also label 

where the angle bisectors intersect the opposite side , , and  correspondingly. It 

follows then that point  has mass 52. Which means that  is split into a  ratio. 

We can then use Stewart's to find  . So we 

have  . Solving we get  . 

Plugging it in we get . Therefore the answer is  

 

Solution 19  

Note that if  is the number of friends each person has, then  can be any integer 

from  to , inclusive. 

Also note that one person can only have at most 5 friends. That's right, 5 friends. 
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Also note that the cases of  and  are the same, since a map showing a 

solution for  can correspond one-to-one with a map of a solution for  by 

simply making every pair of friends non-friends and vice versa. The same can be said of 

configurations with  when compared to configurations of . Thus, we have 

two cases to examine,  and , and we count each of these combinations twice. 

For , if everyone has exactly one friend, that means there must be  pairs of friends, 

with no other interconnections. The first person has  choices for a friend. There 

are  people left. The next person has  choices for a friend. There are two people left, 

and these remaining two must be friends. Thus, there are  configurations with . 

For , there are two possibilities. The group of  can be split into two groups of , 

with each group creating a friendship triangle. The first person has  ways to 

pick two friends from the other five, while the other three are forced together. Thus, there 

are  triangular configurations. 

However, the group can also form a friendship hexagon, with each person sitting on a 

vertex, and each side representing the two friends that person has. The first person may 

be seated anywhere on the hexagon without loss of generality. This person 

has  choices for the two friends on the adjoining vertices. .ach of the three 

remaining people can be seated "across" from one of the original three people, forming a 

different configuration. Thus, there are  hexagonal configurations, and in 

total  configurations for . 

As stated before,  has  configurations, and  has  configurations. This 

gives a total of  configurations, which is option . 

 

Solution 20(1)  

.very term in the expansion of the product is formed by taking one term from each factor 

and multiplying them all together. Therefore, we pick a power of  or a power of  from 

each factor. 

.very number, including , has a unique representation by the sum of powers of two, 

and that representation can be found by converting a number to its binary 

form.  , 

meaning . 

Thus, the  term was made by multiplying  from 

the  factor,  from the  factor, and so on. The only 

numbers not used are , , and . 

Thus, from the  factors,  ,  , and  were chosen as 

opposed to , and . 

https://artofproblemsolving.com/wiki/index.php?title=Without_loss_of_generality
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Thus, the coefficient of the  term is  . So the answer 

is . 

Solution 20(2)  

The degree of  is . We want to find the 

coefficient of , so we need to omit powers of  that add up to . 

Because  is odd, we know that one of these must be . Then, we can test all cases 

(there are very few of them) and we find that only  works. From here, we 

know that the answer is . Therefore, the answer is  

 

Solution 21  

Add the two equations. 

. 

Now, this can be rearranged: 

 
and factored: 

 
, , and  are all integers, so the three terms on the left side of the equation must all be 

perfect squares. Recognize that . 

, since  is the biggest difference. It is impossible to 

determine by inspection whether  or , or whether  or . 

We want to solve for , so take the two cases and solve them each for an expression in 

terms of  . Our two cases are  or  . 

Plug these values into one of the original equations to see if we can get an integer for . 

 , after some algebra, simplifies 

to . is not divisible by , so  is not an integer. 

The other case gives  , which 

simplifies to . Thus,  and the answer is . 

 

Solution 22  
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We need two different kinds of planes that only intersect  at the mentioned segments 

(we call themtraces in this solution). These will be all the possible 's. 

First, there are two kinds of segments joining the midpoints of every pair of edges 

belonging to the same face of  : long traces are those connecting the midpoint of 

opposite sides of the same face of , andshort traces are those connecting the midpoint 

of adjacent sides of the same face of . 

Suppose  contains a short trace  of a face of  . Then it must also contain some 

trace  of an adjacent face of , where  share a common endpoint with . So, there 

are three possibilities for  , each of which determines a plane  containing 

both  and . 

Case 1:  makes an acute angle with  . In this case,  is an equilateral triangle 

made by three short traces. There are  of them, corresponding to the  vertices. 

Case 2:  is a long trace.  is a rectangle. .ach pair of parallel faces 

of  contributes  of these rectangles so there are  such rectangles. 

Case 3:  is the short trace other than the one described in case 1, i.e.  makes an obtuse 

angle with . It is possible to prove that  is a regular hexagon (See note #1 for a 

proof) and there are  of them. 

Case 4:  contains no short traces. This can only make  be a square enclosed by 
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long traces. There are  such squares. 

In total, there are  possible planes in  . So the maximum 

of  is . 

On the other hand, the most economic way to generate these long and short traces is to 

take all the planes in case 3 and case 4. Overall, they intersect at each trace exactly once 

(there is a quick way to prove this. See note #2 below.) and also covered all 

the  traces. So the minimum of  is . The answer to this problem 

is then  ... . 

 

Note 1: Indeed, let  where  , and  be the other endpoint 

of  that is not  . Draw a line through  parallel to  . This line passes through the 

center  of the cube and therefore we see that the reflection of  , denoted 

by , respectively, lie on the same plane containing . Thus  is 

the regular hexagon . To count the number of these hexagons, just notice 

that each short trace uniquely determine a hexagon (by drawing the plane through this 

trace and the center), and that each face has  short traces. Therefore, there are  such 

hexagons. 

Note 2: The quick way to prove the fact that none of the planes described in case 3 and 

case 4 share the same trace is as follows: each of these plane contains the center and 

therefore the intersection of each pair of them is a line through the center, which obviously 

does not contain any traces. 

 

Solution 23(1)  

Solution 23(2) 

 

The unit square's diagonal has a length of . Because  square is 

not parallel to the axis, the two points must be adjacent. 

Now consider the unit square  with vertices  and  . Let us 
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first consider only two vertices,  and . We want to find the area of the region 

within  that the point  will create the translation of  ,  such that it 

covers both  and . By symmetry, there will be three equal regions that cover 

the other pairs of adjacent vertices. 

For  to contain the point ,  must be inside square . Similarly, for  to 

contain the point  ,  must be inside a translated square  with center at  , 

which we will call . Therefore, the area we seek is Area . 

To calculate the area, we notice that Area  Area  by 

symmetry. 

Let  . 

Let  be the midpoint of  , and  along the 

line  . Let  be the intersection of  and  within  , and  be the intersection 

of  and  outside . Therefore, the area we seek is  Area . 

Because  all have  coordinate  , they are collinear. Noting that the side 

length of  and  is  (as shown above), we also see that  , 

so  . If follows 

that  and 

 . Therefore, the area 

is  Area . 

Because there are three other regions in the unit square  that we need to count, the 

total area of  within  such that  contains two adjacent lattice points 

is . 

By periodicity, this probability is the same for all  and . 



 

- 327 - 

 

Therefore, the answer is . 

 

Solution 24 

First, we must understand two important functions:  for 

(decreasing exponential function), and  for  (increasing exponential 

function for positive  ).  is used to establish inequalities when we change 

the exponent and keep the base constant.  is used to establish inequalities when we 

change the base and keep the exponent constant. 

We will now examine the first few terms. 

Comparing  and  , 

. 

Therefore, . 

Comparing  and  , 

. 

Comparing  and  , 

. 

Therefore, . 

Comparing  and  , 

. 

Comparing  and  , 

. 

Therefore, . 

Continuing in this manner, it is easy to see a pattern(see Note 1). 

Therefore, the only  when  is when  . Solving 

gives . 

 

Note 1: We claim that . 

We can use induction to prove this statement. (not necessary for AMC): 

Base Case: We have already shown the base case above, where . 

Inductive Step: 

Rearranging in decreasing order gives
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 .  

 

Solution 25 

Our goal is to determine how many times the graph of  intersects the 

graph of . 

We begin by analyzing the behavior of . It increases linearly with a slope of one, then 

when it reaches the next integer, it repeats itself. We can deduce that the function is like 

a sawtooth wave, with a period of one. We then analyze the 

function . The slope of the teeth is multiplied by 2 to get 2, and the 

function is moved one unit downward. The function can then be described as starting at -

1, moving upward with a slope of 2 to get to 1, and then repeating itself, still with a period 

of 1. The absolute value of the function is then taken. This results in all the negative 

segments becoming flipped in the Y direction. The positive slope starting at -1 of the 

function ranging from  to , where u is any arbitrary integer, is now a negative slope 

starting at positive 1. The function now looks like the letter V repeated within every square 

in the first row. 

It is now that we address the goal of this, which is to determine how many times the 

function intersects the line  . Since there are two line segments per box, the 

function has two chances to intersect the line  for every integer. If the height of the 

function is higher than  for every integer on an interval, then every chance within 

that interval intersects the line. 

Returning to analyzing the function, we note that it is multiplied by  , and then fed 

into . Since is a periodic function, we can model it as multiplying the function's 

frequency by . This gives us chances for every integer, which is then multiplied by 2 

once more to get  chances for every integer. The amplitude of this function is initially 

1, and then it is multiplied by , to give an amplitude of . The function intersects the 

line  for every chance in the interval of , since the function is n units 

high. The function ceases to intersect  when  , since the height of the 

function is lower than . 

The number of times the function intersects  is then therefore equal 

to  . We want this sum to be greater than 2012 which occurs 

when . 

 

2012 AMC 12B Solutions 

Solution 1(1) 

Multiplying  and  by  we get  students and  rabbits. We then 
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subtract:  

Solution 1(2) 

In each class, there are  more students than rabbits. So for all classrooms, the 

difference between students and rabbits is  

 

Solution 2 

If the radius is , then the width is , hence the length is .  

 

Solution 3 

If  is the number of holes that the chipmunk dug, then  , 

so , and . The number of acorns hidden by the chipmunk is equal 

to  

 

Solution 4 

The ratio   can be simplified using conversion factors:can be simplified 

using conversion factors: which means the 

money is greater by  percent. 

 

Solution 5（1） 

So, x+y=26, x could equal 15, and y could equal 11, so no even integers required here. 41-

26=15. a+b=15, a could equal 9 and b could equal 6, so one even integer is required here. 

57-41=16. m+n=16, m could equal 9 and n could equal 7, so no even integers required 

here, meaning only 1 even integer is required  A. 

Solution 5（2） 

Just worded and formatted a little differently than above. 

The first two integers sum up to . Since  is even, in order to minimize the number of 

even integers, we make both of the first two odd. 

The second two integers sum up to . Since  is odd, we must have at 

least one even integer in these next two. 

Finally, , and once again,  is an even number so both of these integers 

can be odd. 

Therefore, we have a total of one even integer and our answer is . 
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Solution 6  

The original expression  now 

becomes  , where  is a positive 

constant, hence the answer is (A). 

 

Solution 7 

We know the repeating section is made of 2 red lights and 3 green lights. The 3rd red light 

would appear in the 2nd section of this pattern, and the 21st red light would appear in the 

11th section. There would then be a total of 44 lights in between the 3rd and 21st red light, 

translating to 45 6-inch gaps. Since it wants the answer in feet, so the answer 

is  

 

Solution 8(1) 

We can count the number of possible foods for each day and then multiply to enumerate 

the number of combinations. 

On Friday, we have one possibility: cake. 

On Saturday, we have three possibilities: pie, ice cream, or pudding. This is the end of the 

week. 

On Thursday, we have three possibilities: pie, ice cream, or pudding. We can't have cake 

because we have to have cake the following day, which is the Friday with the birthday party. 

On Wednesday, we have three possibilities: cake, plus the two things that were not eaten 

on Thursday. 

Similarly, on Tuesday, we have three possibilities: the three things that were not eaten on 

Wednesday. 

Likewise on Monday: three possibilities, the three things that were not eaten on Tuesday. 

On Sunday, it is tempting to think there are four possibilities, but remember that cake must 

be served on Friday. This serves to limit the number of foods we can eat on Sunday, with 

the result being that there are three possibilities: The three things that were not eaten on 

Monday. 

So the number of menus is  The answer is . 

Solution 8(2) 

We can perform casework as an understandable means of getting the answer. We can 

organize our counting based on the food that was served on Wednesday, because whether 

cake is or is not served on Wednesday seems to significantly affect the number of ways 

the chef can make said foods for that week. 

Case 1: Cake is served on Wednesday. Here, we have three choices for food on Thursday 

and Saturday since cake must be served on Friday, and none of these choices are cake, 

which was served Wednesday. Likewise, we have three choices (pie, ice cream, and 

pudding) for the food served on Tuesday and thus three choices for those served on 

Monday and Sunday, with these three choices being whatever was not served on Tuesday 
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and Monday, respectively. Hence, for this case, there 

are  possibilities. 

Case 2: Cake is not served on Wednesday. Obviously, this means that pie, ice cream, and 

pudding are our only choices for Wednesday's food. Since cake must be served on Friday, 

only ice cream, pudding, and cake can be served on Thursday. However, since one of those 

foods was chosen for Wednesday, we only have two possibilities for Thursday's food. Like 

our first case, we have three possibilities for the food served on Tuesday, Monday, and 

Sunday: whatever was not served on Wednesday, Tuesday, and Monday, 

respectively.  possibilities thus exist for this case. 

Adding the number of possibilities together yields that  is the total 

number of menus, making our answer . 

 

Solution 9  

She walks at a rate of  units per second to travel a distance  . As  , we 

find  and , where  is the speed of the escalator. Setting the 

two equations equal to each other, , which means that . 

Now we divide  by  because you add the speed of the escalator but remove the 

walking, leaving the final answer that it takes to ride the escalator alone as  

 

Solution 10  

The first curve is a circle with radius  centered at the origin, and the second curve is an 

ellipse with center  and end points of  and  . Finding points of 

intersection, we get , , and , forming a triangle with height of  and 

base of  So the area of this triangle is  

 

Solution 11  

Change the equation to base 10:

 
.ither  or  , so 

either  or  . The second case 

has no integer roots, and the first can be re-expressed 

as  . Since A must be 

positive,  and  . 

 

Solution 12(1) 
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There are  selections  however, we count these twice, therefore 

. The wording of the question implies D not .. 

MAA decided to accept both D and ., however. 

Solution 12(2) 

Consider the 20 term sequence of 0's and 1's. Keeping all other terms 1, a sequence 

of consecutive 0's can be placed in  locations. That is, there are 20 strings 

with 1 zero, 19 strings with 2 consecutive zeros, 18 strings with 3 consecutive zeros, ..., 1 

string with 20 consecutive zeros. Hence there are  strings 

with consecutive zeros. The same argument shows there are  strings with 

consecutive 1's. This yields  strings in all. However, we have counted twice those 

strings in which all the 1's and all the 0's are consecutive. These are the 

cases , , , ...,  (of which there are 19) as well as 

the cases , , , ...,  (of which there are 19 as well). 

This yields so that the answer is . 

 

Solution 13（1） 

Set the two equations equal to each other: . Now remove 

the x squared and get x's on one side:  . Now 

factor  :  . If a cannot equal  , then there is always a solution, but 

if , a  in  chance, leaving a  out , always having at least one point in 

common. And if , then the only way for that to work, is if , a  in  chance, 

however, this can occur  ways, so a  in  chance of this happening. So adding one sixth 

to , we get the simplified fraction of   answer . 

Solution 13（2） 

Proceed as above to obtain . The probability that the parabolas have 

at least 1 point in common is 1 minus the probability that they do not intersect. The 

equation  has no solution if and only if  and  . The 
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probability that  is  while the probability that  is  . Thus we 

have  for the probability that the parabolas intersect. 

 

Solution 14（1）  

The last number that Bernado says has to be between 950 and 999. Note 

that  contains 4 

doubling actions. Thus, we 

have 

 .  

Thus, . Then, . If , we 

have . Working backwards from 956, 

. 

So the starting number is 16, and our answer is , which is A. 

Solution 14（2） 

Work backwards. The last number Bernardo produces must be in the range . 

That means that before this, Silvia must produce a number in the range . Before 

this, Bernardo must produce a number in the range . Before this, Silvia must 

produce a number in the range . Before this, Bernardo must produce a number 

in the range . Before this, Silvia must produce a number in the range . 

Before this, Bernardo must produce a number in the range . Before this, Silvia 

must produce a number in the range  . Silvia could not have added 50 to any 

number before this to obtain a number in the range , hence the minimum  is 

16 with the sum of digits being . 

 

Solution 15  

If the original radius is , then the circumference is   since arcs are defined by the 

central angles, the smaller arc, a  degree angle, is half the size of the larger sector. so 

the smaller arc is  , and the larger is  . Those two arc lengths become the two 

circumferences of the new cones  so the radius of the smaller cone is  and the larger 

cone is . Using the Pythagorean theorem, the height of the larger cone is  and the 
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smaller cone is , and now for volume just square the radii and multiply by  of the 

height to get the volume of each cone:  and  [both multiplied by 

three as ratio come out the same. now divide the volumes by each other to get the final 

ratio of  

 

Solution 16(1) 

Let the ordered triple  denote that  songs are liked by Amy and Beth,  songs by 

Beth and Jo, and  songs by Jo and Amy. We claim that the only possible triples 

are . 

To show this, observe these are all valid conditions. Second, note that none of  can 

be bigger than 3. Suppose otherwise, that . Without loss of generality, say that Amy 

and Beth like songs 1, 2, and 3. Then because there is at least one song liked by each pair 

of girls, we require either  or  to be at least 1. In fact, we require either  or  to equal 

1, otherwise there will be a song liked by all three. Suppose  . Then we must 

have  since no song is liked by all three girls, a contradiction. 

Case 1:How many ways are there for  to equal ? There are 4 choices for 

which song is liked by Amy and Beth, 3 choices for which song is liked by Beth and Jo, and 

2 choices for which song is liked by Jo and Amy. The fourth song can be liked by only one 

of the girls, or none of the girls, for a total of 4 choices. 

So  in  ways. 

Case 2:To find the number of ways for  , observe there 

are  choices of songs for the first pair of girls. There remain 2 choices of songs 

for the next pair (who only like one song). The last song is given to the last pair of girls. But 

observe that we let any three pairs of the girls like two songs, so we multiply by 3. In this 

case there are  ways for the girls to like the songs. 

That gives a total of  ways for the girls to like the song, so the answer 

is . 

Solution 16(2) 

We begin by noticing that there are four ways to assign a song liked by both Amy and Beth, 

three ways to assign a song liked by both Amy and Jo (because Jo may not like the song 

liked by both Amy and Beth), and two ways to assign a song liked by both Beth and Jo 
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(because both Beth and Jo may not like the song liked by the previous pairs. Additionally, 

there are  ways to assign song preferences for the fourth song. Multiplying, 

we obtain an answer of . However, in doing so, we have committed 

an egregious error. We have in fact over counted the cases in which the fourth song is liked 

by two girls but not the third. 

We proceed again by ignoring the cases in which the fourth song is liked by two girls but 

not the third. There are  of these cases. However, in doing so, we have 

committed yet another egregious error. The cases in which the fourth song is liked by two 

girls but not the third have not been accounted for! 

In performing our past two calculations, we have, however, established that the answer 

has a lower bound of  and an upper bound of . As  is the only answer within 

these bounds, we conclude that the answer must be . 

Solution 16(3) 

 A Different Way of Looking at Solution 1 

Let , and  denote a song that is liked by Amy and Beth (but not Jo), Beth and 

Jo (but not Amy), and Amy and Jo (but not Beth), respectively. Similarly, 

let  and  denote a song that is liked by only Amy, only Beth, only Jo, and none 

of them, respectively. Since we know that there is at least  , and  , they 

must be  songs out of the  that Amy, Beth, and Jo listened to. The fourth song can be of 

any type , and  (there is no  because no song is liked by 

all three, as stated in the problem.) Therefore, we must find the number of ways to 

rearrange , and a song from the set . 

Case 1: Fourth song =  

Note that in Case 1, all four of the choices for the fourth song are different from the first 

three songs. 

Number of ways to rearrange =  rearrangements for each choice  choices = . 

Case 2: Fourth song =  

Note that in Case , all three of the choices for the fourth song repeat somewhere in the 

first three songs. 

Number of ways to rearrange =  rearrangements for each choice  choices = . 

. 

 

Solution 17(1)  
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Let the four points be labeled  ,  ,  , and  , respectively. Let the lines that go 

through each point be labeled  ,  ,  , and  , respectively. Since  and  go 

through  and , respectively, and  and  are opposite sides of the square, 

we can say that  and  are parallel with slope  . Similarly,  and  have 

slope  . Also, note that since square  lies in the first quadrant, 

and  must have a positive slope. Using the point-slope form, we can now find the 

equations of all four 

lines:  ,  ,  , 

. 

 

Since  is a square, it follows that  between points  and  is equal 

to  between points  and  . Our approach will be to find  and  in terms 

of  and equate the two to solve for  .  and  intersect at point  . Setting the 

equations for  and  equal to each other and solving for , we find that they intersect 

at .  and  intersect at point . Intersecting the two equations, the 

-coordinate of point  is found to be  . Subtracting the two, we 

get  . Substituting the  -coordinate for point  found above into the 

equation for  , we find that the  -coordinate of 

point  is  .  and  intersect at point  . Intersecting the two 

equations, the -coordinate of point  is found to be . Subtracting the two, 

we get  . .quating  and  , we get  which gives 

us . Finally, note that the line which goes though the midpoint of  and  with 

slope  and the line which goes through the midpoint of  and with slope  must 

intersect at at the center of the square. The equation of the line going through is 



 

- 337 - 

 

given by  and the equation of the line going 

through  is  . .quating the two, we find that they intersect 

at . Adding the  and -coordinates, we get . Thus, answer choice  is 

correct. 

Solution 17(2) 

Note that the center of the square lies along a line that has an  intercept 

of  , and also along another line with  intercept  . Since 

these 2 lines are parallel to the sides of the square, they are perpendicular (since the sides 

of a square are). Let  be the slope of the first line. Then  is the slope of the second 

line. We may use the point-slope form for the equation of a line to 

write  and  . We easily calculate the 

intersection of these lines using substitution or elimination to 

obtain  as the center or the square. Let  denote the (acute) 

angle formed by  and the axis. Note that . Let  denote the side length 

of the square. Then . On the other hand the acute angle formed by  and 

the  axis is  so that  . Then  . 

Substituting into  we obtain  so that the sum of the 

coordinates is . Hence the answer is . 

Solution 17(3) 

 (Fast) 

Suppose 

 
where . 

Recall that the distance between two parallel 
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lines  and  is  , we 

have distance between  and  equals to  , and the distance 

between  and  equals to . .quating them, we get . 

Then, the center of the square is just the intersection between the following two "mid" 

lines: 

 

The solution is , so we get the answer . . 

 

Solution 18(1) 

Let . Assume that . If , the first number appear after  that 

is greater than must be , otherwise if it is any number  larger than , there 

will be neither  nor  appearing before  . Similarly, one can conclude that 

if  , the first number appear after  that is larger than  must 

be , and so forth. 

On the other hand, if  , the first number appear after  that is less than  must 

be , and then , and so forth. 

To count the number of possibilities when  is given, we set up  spots after , and 

assign  of them to the numbers less than  and the rest to the numbers greater 

than . The number of ways in doing so is  choose . 

Therefore, when summing up the cases from  to , we get 

 

Solution 18(2) 

 (Noticing Stuff) 

If there is only 1 number, the number of ways to order would be 1. If there are 2 numbers, 

the number of ways to order would be 2. If there are 3 numbers, by listing out, the number 

of ways is 4. We can then make a conjecture that the problem is simply powers of 2. 

. 

 

Solution 19  
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Observe the diagram above. .ach dot represents one of the six vertices of the regular 

octahedron. Three dots have been placed exactly x units from the (0,0,0) corner of the 

unit cube. The other three dots have been placed exactly x units from the (1,1,1) corner 

of the unit cube. A red square has been drawn connecting four of the dots to provide 

perspective regarding the shape of the octahedron. Observe that the three dots that are 

near (0,0,0) are each (x)( ) from each other. The same is true for the three dots that are 

near (1,1,1). There is a unique x for which the rectangle drawn in red becomes a square. 

This will occur when the distance from (x,0,0) to (1,1-x, 1) is (x)( ). 

 

Using the distance formula we find the distance between the two points to 

be:  =  . .quating this to (x)(  ) and 

squaring both sides, we have the equation: 

 -  =  

 

 = . 

Since the length of each side is (x)( ), we have a final result of . Thus, Answer 

choice A is correct. 

 

Solution 20  

Name the trapezoid  , where  is parallel to  ,  , 

and  . Draw a line through  parallel to  , crossing the side  at  . 

Then  ,  . One needs to guarantee 

https://artofproblemsolving.com/wiki/index.php?title=File:2012_AMC-12B-19.jpg


 

- 340 - 

 

that , so there are only three possible trapezoids: 

 
 

In the first case, by Law of 

Cosines,  , 

so  . Therefore the area of this 

trapezoid is . 

In the second case,  , 

so  . Therefore the area of this 

trapezoid is . 

In the third case,  , therefore the area of this trapezoid 

is . 

So  , which rounds 

down to . 

 

Solution 21  

.xtend  and  so that they meet at  . Then  , 

so  and therefore  is parallel to . Also, since  is parallel and 

equal to , we get , hence  is congruent to . 

We now get . 

Let , , and . 

Drop a perpendicular line from  to the line of  that meets line  at  , and a 

perpendicular line from  to the line of  that meets  at  , then  is 

congruent to  since  is complementary to . Then we have the 

following equations: 

 

The sum of these two yields that 
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So, we can now use the law of cosines in : 

 

Therefore  

 

Solution 22(1)  

 
There is  way to get to any of the red arrows. From the first (top) red arrow, there 

are  ways to get to each of the first and the second (top 2) blue arrows  from the second 

(bottom) red arrow, there are ways to get to each of the first and the second blue arrows. 

So there are in total  ways to get to each of the blue arrows. 

From each of the first and second blue arrows, there are respectively  ways to get to each 

of the first and the second green arrows  from each of the third and the fourth blue arrows, 

there are respectively  ways to get to each of the first and the second green arrows. 

Therefore there are in total  ways to get to each of the 

green arrows. 

Finally, from each of the first and second green arrows, there are respectively  ways to 

get to the first orange arrow  from each of the third and the fourth green arrows, there 

are  ways to get to the first orange arrow. Therefore there 

are  ways to get to each of the orange arrows, 
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hence  ways to get to the point .  

Solution 22(2)  

(using the answer choices) 

 
For every blue arrow, there are  ways to reach it without using the reverse arrow 

since the bug can choose any of  red arrows to pass through and  black arrows to pass 

through. If the bug passes through the white arrow, the red arrow that the bug travels 

through must be the closest to the first black arrow. Otherwise, the bug will have to travel 

through both red segments, which is impossible because now there is no path to take after 

the bug emerges from the reverse arrow. Similarly, with the blue segments, the second 

black arrow taken must be the one that is closest to the blue arrow that was taken. Also, 

it is trivial that the two black arrows taken must be different. Therefore, if the reverse 

arrow is taken, the blue arrow taken determines the entire path and there is  path for 

every arrow. Since the bug cannot return once it takes a blue arrow, the answer must be 

divisible by .  is the only answer that is. 

 

Solution 23(1)  

Since  is a root of , and  has integer coefficients,  must be algebraic. Since  is 

algebraic and lies on the unit circle,  must be a root of unity (Comment: this is not true. 

See this link: [1]). Since  has degree 4, it seems reasonable (and we will assume this only 

temporarily) that  must be a 2nd, 3rd, or 4th root of unity. These are among the 

set . Since complex roots of polynomials come in conjugate 

pairs, we have that  has one (or more) of the following factors: , , , 

or  . If  then    a contradiction 

since  are non-negative. On the other hand, suppose  . 

Then  . This 

implies  while  correspondingly. After listing 

http://math.stackexchange.com/questions/4323/are-all-algebraic-integers-with-absolute-value-1-roots-of-unity
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cases, the only such valid  are  ,  ,  ,  , 

and . 

Now suppose  . 

Then  whereupon  and  . But 

then  and  . This gives only the cases  equals  , 

which we have already counted in a previous case. 

Suppose . Then  so that  and . This 

only gives rise to  equal  which we have previously counted. 

Finally suppose  divides  . Using polynomial division ((or that  to 

make the same deductions) we ultimately obtain that . This can only happen 

if  is . 

Hence we've the polynomials

However, by inspection  has roots on the unit circle, 

because  which brings the sum to 92 

(choice B). Note that this polynomial has a 5th root of unity as a root. We will show that 

we were \textit{almost} correct in our initial assumption  that is that  is at most a 5th 

root of unity, and that the last polynomial we obtained is the last polynomial with the 

given properties. Suppose that  in an th root of unity where , and  is not a 3rd 

or 4th root of unity. (Note that 1st and 2nd roots of unity are themselves 4th roots of 

unity). If  is prime, then \textit{every}  th root of unity except 1 must satisfy our 

polynomial, but since  and the degree of our polynomial is 4, this is impossible. 

Suppose  is composite. If it has a prime factor greater than 5 then again every th root 

of unity must satisfy our polynomial and we arrive at the same contradiction. Therefore 

suppose  is divisible only by 2,3,or 5. Since by hypothesis  is not a 2nd or 3rd root of 

unity,  must be a 5th root of unity. Since 5 is prime, every 5th root of unity except 1 must 

satisfy our polynomial. That is, the other 4 complex 5th roots of unity must 

satisfy . But  has exactly all 5th roots of unity excluding 1, 

and  . Thus this must divide  which 

implies . This completes the proof. 

Solution 23(2) 

First, assume that  , so  or  .  does not work because  . 

Assume that  . Then  , we 

have  , so  . Also,  has to be true 

since  . Now  gives  , therefore the only 

possible choices for  are  . In these 
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cases,  . The sum of  over these cases 

is . 

Second, assume that , so  for some real , . By 

conjugate roots theorem we have that  , 

therefore  is a factor of , and we may 

assume that 

 
for some real . .xpanding this polynomial and comparing the coefficients, we have the 

following equations: 

 

From the first and the third we may deduce that  and that , 

if  (we will consider  by the end). Let  . 

From the second equation, we know that  is non-negative. 

Consider the following cases: 

Case 1: . Then , , so , . However, this has 

already been found (i.e. the form of ). 

Case 2:  . Then since  , we have  . However,  , 

therefore . This is true only when . Also, we get  again. In this 

case,  , so  ,  ,  .  has a 

root . . 

Last case:  . We have  and that  has a 

root . . 

Therefore the desired sum is . 

 

Solution 24  

First of all, notice that for any odd prime , the largest prime that divides  is no 

larger than , therefore eventually the factorization of  does not contain any 
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prime larger than . Also, note that , when  it 

stays the same but when  it grows indefinitely. Therefore any number  that is 

divisible by  or any number  such that  is divisible by  makes the 

sequence  unbounded. There are  multiples 

of  within .  also works: . 

Now let's look at the other cases. Any first power of prime in a prime factorization will not 

contribute the unboundedness because . At least a square of 

prime is to contribute. So we test primes that are less than : 

 works, therefore any number  that are divisible by  works: 

there are  of them. 

 could also work if  satisfies , but . 

 does not work. 

 works. There are no other multiples of  within . 

 could also work if , but  already. 

For number that are only divisible by , they don't work because none 

of these primes are such that  could be a multiple of  nor a multiple of . 

In conclusion, there are  number of 's ... . 

 

Solution 25 

Consider reflections. For any right triangle  with the right labeling described in the 

problem, any reflection  labeled that way will give 

us  . First we consider the reflection about the 

line . Only those triangles  that have one vertex at  do not reflect to a 

traingle  . Within those triangles, consider a reflection about the line  . 

Then only those triangles  that have one vertex on the line  do not reflect to a 

triangle  . So we only need to look at right triangles that have 

vertices . There are three cases: 

Case 1: . Then  is impossible. 

Case 2:  . Then we look for  such that  and 
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that  . They 

are:  ,  and 

 . The product of their values 

of  is . 

Case 3: . Then  is impossible. 

Therefore  is the answer. 

 

2013 AMC 12A Solutions 

Solution 1 

We are given that the area of  is , and that . 

The area of a triangle: 

 
Using  as the height of , 

 
and solving for b, 

, which is  

 

Solution 2 

To score twice as many runs as their opponent, the softball team must have scored an 

even number. 

Therefore we can deduce that when they scored an odd number of runs, they lost by one, 

and when they scored an even number of runs, they won by twice as much. 

Therefore, the total runs by the opponent 

is , which is  

 

Solution 3 

We are given that  of the flowers are pink, so we know  of the flowers are red. 
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Since  of the pink flowers are roses,  of the pink flowers are carnations. 

We are given that  of the red flowers are carnations. 

The number of carnations are 

, which is  

 

Solution 4 

 
We can factor a  out of the numerator and denominator to obtain 

 

The  cancels, so we get 

, which is  

 

Solution 5 

Add up the amounts that Tom, Dorothy, and Sammy paid to get $ , and divide by 3 to 

get $ , the amount that each should have paid. 

Tom, having paid $ , owes Sammy $ , and Dorothy, having paid $ , owes Sammy 

$ . 

Thus, , which is  

 

Solution 6(1)  

Let the number of 3-point shots attempted be  . Since she attempted 30 shots, the 

number of 2-point shots attempted must be . 

Since she was successful on  , or  , of her 3-pointers, and  , or  , of her 2-

pointers, then her score must be 
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, which is  

Solution 6(2) 

Since the problem doesn't specify the number of 3-point shots she attempted, it can be 

assumed that number doesn't matter, so let it be . Then, she must have made  2-point 

shots. So, her score must be: 

,which is . 

 

Solution 7 

,  

 

 

 

 

Therefore, the answer is  

 

Solution 8(1) 

 

Since , we may assume that  and/or, equivalently, . 

Cross multiply in either equation, giving us . 

Solution 8(2) 

 

 

 

 

Since  
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Solution 9  

Note that because  and  are parallel to the sides of  , the internal 

triangles  and  are similar to , and are therefore also isosceles 

triangles. 

It follows that . Thus, . 

Since opposite sides of parallelograms are equal, the perimeter 

is . 

 

Solution 10 (1) 

Note that . 

Dividing by 3 gives , and dividing by 9 gives . 

 
 

The answer must be at least  , but cannot be  since no  other 

than  satisfies the conditions, so the answer is . 

Solution 10 (2) 

Let us begin by working with the condition  . 

Let . So, . In order for this fraction  to 

be in the form  ,  must be a multiple of  . Hence the possibilities 

of  are  . Checking each of 

these, 

 

and  . So the only values of  that have distinct  and  are  and  . 

So,  

 

Solution 11  

Let , and . We want to find , which is nothing but . 
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Based on the fact that , , and  have the same perimeters, we can 

say the following: 

 
Simplifying, we can find that 

 
Since , . 

After substitution, we find that , and  = . 

Again substituting, we find  = . 

Therefore,  = , which is  

 

Solution 12 

Because the angles are in an arithmetic progression, and the angles add up to , the 

second largest angle in the triangle must be . Also, the side opposite of that angle must 

be the second longest because of the angle-side relationship. Any of the three sides, , , 

or , could be the second longest side of the triangle. 

The law of cosines can be applied to solve for  in all three cases. 

When the second longest side is  , we get that  , 

therefore  . By using the quadratic formula,  , 

therefore . 

When the second longest side is  , we get that  , 

therefore . 

When the second longest side is  , we get that  , 

therefore  . Using the quadratic formula,  . 

However,  is not real, therefore the second longest side cannot equal . 

Adding the two other possibilities gets  , with  , 

and . , which is answer choice . 
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Solution 13 

If you have graph paper, use Pick's Theorem to quickly and efficiently find the area of the 

quadrilateral. If not, just find the area by other methods. 

Pick's Theorem states that 

 =    - , where  is the number of lattice points in the interior of the polygon, 

and  is the number of lattice points on the boundary of the polygon. 

In this case, 

 =    -  =  

so 

 =  

The bottom half of the quadrilateral makes a triangle with base  and half the total area, 

so we can deduce that the height of the triangle must be  in order for its area to 

be . This height is the y coordinate of our desired intersection point. 

 

Note that segment CD lies on the line . Substituting in  for y, we can 

find that the x coordinate of our intersection point is . 

Therefore the point of intersection is (  ,  ), and our desired result 

is , which is . 

 

Solution 14(1)  

Since the sequence is arithmetic, 

 +  = , where  is the common difference. 

 

Therefore, 

 =  -  = , and 

 = ( ) =  
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Now that we found , we just add it to the first term to find : 

 +  =  

 =  =  =  = , which is  

Solution 14(2) 

As the sequence  ,  ,  ,  ,  is an arithmetic 

progression, the sequence  must be a geometric progression. 

If we factor the two known terms we get  and  , thus the 

quotient is obviously  and therefore . 

 

Solution 15(1)  

There are two possibilities regarding the parents. 

1) Both are in the same store. In this case, we can treat them both as a single bunny, and 

they can go in any of the 4 stores. The 3 baby bunnies can go in any of the remaining 3 

stores. There are combinations. 

 

2) The two are in different stores. In this case, one can go in any of the 4 stores, and the 

other can go in any of the 3 remaining stores. The 3 baby bunnies can each go in any of 

the remaining 2 stores. There are  combinations. 

Adding up, we get  combinations. 

Solution 15(2)  

We tackle the problem by sorting it by how many stores are involved in the transaction. 

1) 2 stores are involved. There are  ways to choose which of the stores are 

involved and 2 ways to choose which store recieves the parents.  total 

arrangements. 

 

2) 3 stores are involved. There are  ways to choose which of the stores are 

involved. We then break the problem down to into two subsections - when the parents 

and grouped together or sold separately. 

 

Separately: All children must be in one store. There are  ways to arrange this.  ways in 

total. 

Together: Both parents are in one store and the 3 children are split between the other two. 

There are  ways to split the children and  ways to choose to which store each group 
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will be sold. . 

 total arrangements. 

 

3) All 4 stores are involved. We break down the problem as previously shown. 

 

Separately: All children must be split between two stores. There are  ways to 

arrange this. We can then arrange which group is sold to which store 

in  ways. . 

Together: Both parents are in one store and the 3 children are each in another store. There 

are ways to arrange this. 

 total arrangements. 

 

Final Answer: . 

 

Solution 16(1) 

Let pile  have  rocks, and so on. 

The total weight of  and  can be expressed as . 

To get the total weight of  and , we add the weight of  and subtract the weight of  

 

Therefore, the mean of  and  is  , which is simplified 

to . 

We now need to eliminate  in the numerator. Since we know 

that , we have  

Substituting, 

 

, so the maximum value occurs when . Since  must cancel to give 
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an integer, and the only fraction that satisfies both conditions is  

Plugging in, we get 

 
Solution 16(2) 

Suppose there are  rocks in the three piles, and that the mean of pile C is , and 

that the mean of the combination of  and  is . We are going to maximize , subject 

to the following conditions: 

 
which can be rearranged as: 

 
Let us test  is possible. If so, it is already the answer. If not, there will be some 

contradiction. So the third equation becomes 

 

So  , 

, , therefore, 

 , which gives us a consistent 

solution. Therefore  is the answer. 

(Note: To further illustrate the idea, let us look at  and see what happens. We then 

get , which is a contradiction!) 

Solution 16(3) 

Obtain the 3 equations as in solution 2. 

 

Our goal is to try to isolate  into an inequality. The first equation gives , which 

we plug into the second equation to get 

 
To eliminate , subtract equation 3 from equation 2: 

 

In order for the coefficients to be positive,  

Thus, the greatest integer value is , choice . 
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Solution 17 

The first pirate takes  of the  coins, leaving . 

The second pirate takes  of the remaining coins, leaving . 

Note that 

 
 

 

All the 2s and 3s cancel out of , leaving 

 

in the numerator. 

 

We know there were just enough coins to cancel out the denominator in the fraction. So, 

at minimum,  is the denominator, leaving  coins for the twelfth pirate. 

 

Solution 18(1) 

Set up an isosceles triangle between the center of the 8th sphere and two opposite ends 

of the hexagon. Then set up another triangle between the point of tangency of the 7th 

and 8th spheres, and the points of tangency between the 7th sphere and 2 of the original 

spheres on opposite sides of the hexagon. .xpress each side length of the triangles in 

terms of r (the radius of sphere 8) and h (the height of the first triangle). You can then use 

Pythagorean Theorem to set up two equations for the two triangles, and find the values 

of h and r. 

 

 

 

Solution 18(2) 

We have a regular hexagon with side lengths 2 and six spheres on each vertex with radius 

1 that are internally tangent, therefore drawing radii going through all of them would 

create this regular hexagon. 

There is a larger sphere which the 6 spheres are internally tangent to, with center in the 

center of the hexagon. To find the radius of the larger sphere we must first, either by prior 

knowledge or by deducing from the angle sum that the hexagon can be split into 6 

equilateral triangles from it's vertices, that the radius is  

The 8th sphere is now, when thinking about it in 3D, sitting on top of the 6 spheres, which 

is the only possibility for it to tangent all the 6 small spheres externally and the larger 

sphere internally. The ring of the 6 small spheres is symmetrical and the 8th sphere will be 

resting with it's center aligned with the diameter of the large sphere. 
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We can therefore now create a triangle with the horizontal component 2, as it is from the 

vertex of the hexagon to the center of the hexagon. The vertical component is from the 

center of the large sphere to the center of the 8th sphere. This length equals 3, the radius 

of the large sphere, take away the radius of the 8th sphere, we can call it r, since the radius 

of the large sphere will include the diameter of the 8th sphere if we subtract radius we 

will reach the center. The last component is the hypotenuse of the right angled triangle. 

This consists of the radius of the small sphere - 1 - and the radius of the 8th sphere - r -. 

We therefore now have a right angled triangle which when applied Pythagoras 

states  .xpanding brackets gives 

us  here we can cancel out  Isolating the 

r's  and then finally we have the answer:  

 

Solution 19(1)  

Let  . Let the circle intersect  at  and the diameter 

including  intersect the circle again at . Use power of a point on point C to the circle 

centered at A. 

So   

. 

Obviously  so we have three solution pairs 

for  . By the Triangle 

Inequality, only yields a possible length of . 

Therefore, the answer is D) 61. 

Solution 19(2) 

Let  ,  , and  meet the circle at  and  , with  on  . 

Then  . Using the Power of a Point, we get 

that  . We know that  , and 

that  by the triangle inequality on  . Thus, we get 

that  

Solution 19(3) 

Let  represent  , and let  represent  . Since the circle goes 

through  and , . Then by Stewart's Theorem, 

 

 

 
(Since  cannot be equal to , dividing both sides of the equation by  is allowed.) 
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The prime factors of  are , , and . Obviously, . In addition, by the 

Triangle Inequality, , so . Therefore,  must equal , 

and  must equal  

 

Solution 20  

Imagine 19 numbers are just 19 persons sitting evenly around a circle   each of them is 

facing to the center. 

One may check that  if and only if  is one of the 9 persons on the left of  , 

and  if and only if  is one of the 9 persons on the right of  . Therefore, "

 and  and  " implies that  cuts the circumference of  into 

three arcs, each of which has no more than  numbers sitting on it (inclusive). 

We count the complement: where the cut generated by  has ON. arc that has 

more than persons sitting on. Note that there can only be one such arc because there 

are only  persons in total. 

Suppose the number of persons on the longest arc is  . Then two places 

of  are just chosen from the two end-points of the arc, and there 

are  possible places for the third person. Once the three places of  are 

chosen, there are three possible ways to put  into them clockwise. Also, note that 

for any  , there are  ways to choose an arc of length  . Therefore the total 

number of ways (of the complement) is 

 

So the answer is 

 

NOT.: this multiple choice problem can be done even faster -- after we realized the fact 

that each choice of the three places of  corresponds to  possible ways to put them 

in, and that each arc of length  has  equitable positions, it is evident that the 

answer should be divisible by , which can only be  from the five choices. 

 

Solution 21(1)  

Let  and  , and from the problem 

description,  

We can reason out an approximation, by ignoring the : 

 

And a better approximation, by plugging in our first approximation for  in our 
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original definition for : 

 
And an even better approximation: 

 

Continuing this pattern, obviously, will eventually terminate at , in other words 

our original definition of . 

However, at  , going further than  will not distinguish between our 

answer choices.  is nearly indistinguishable from . 

So we take  and plug in. 

 

Since  , we know  . This gives us our 

answer range: 

 

 
Solution 21(2) 

Suppose  . Then  . So if  , 

then  . 

So  . Repeating, we then 

get . This is clearly absurd (the RHS continues to 

grow more than exponentially for each iteration). So,  is not greater than  . 

So . But this leaves only one answer, so we are done. 

 

Solution 22(1)  

Working backwards, we can multiply 5-digit palindromes  by , giving a 6-

digit palindrome: 

 
Note that if  or  , then the symmetry will be broken by 

carried 1s 

Simply count the combinations of  for 

which  and  

 implies  possible  (0 through 8), for each of which there 
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are  possible C, respectively. There are  valid palindromes 

when  

 implies  possible  (0 through 7), for each of which there 

are  possible C, respectively. There are  valid palindromes 

when  

Following this pattern, the total is 

 

6-digit palindromes are of the form , and the first digit cannot be a zero, so 

there are  combinations of  

So, the probability is  

Solution 22(2)  

Let the palindrome be the form in the previous solution which is . It doesn't 

matter what  is because it only affects the middle digit. There are  ways to 

pick  and , and the only answer choice with denominator a factor of  is . 

 

Solution 23  

We first note that diagonal  is of length . It must be that  divides the 

diagonal into two segments in the ratio  to . It is not difficult to visualize that when 

the square is rotated, the initial and final squares overlap in a rectangular region of 

dimensions  by  . The area of the overall region (of the initial and final 

squares) is therefore twice the area of the original square minus the overlap, 

or . 

 

The area also includes  circular segments. Two are quarter-circles centered at  of 

radii  (the segment bounded by  and  ) and  (that bounded 

by  and ). Assuming  is the bottom-left vertex and  is the bottom-right one, 

it is clear that the third segment is formed as  swings out to the right of the original 

square [recall that the square is rotated counterclockwise], while the fourth is formed 

when  overshoots the final square's left edge. To find these areas, consider the 

perpendicular from  to  . Call the point of intersection  . From the previous 

paragraph, it is clear that  and  . This means  , 

and  swings back inside edge  at a point unit above  (since it left the edge  unit 

below). The triangle of the circular sector is therefore an equilateral triangle of side 
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length , and so the angle of the segment is . Imagining the process in reverse, it is 

clear that the situation is the same with point . 

 

The area of the segments can be found by subtracting the area of the triangle from that 

of the sector  it follows that the two quarter-segments have 

areas  and  . 

The other two segments both have area . 

 

The total area is therefore

 
 

Since  ,  , and  , the answer 

is . 

 

Solution 24 

Suppose  is the answer. We calculate . 

Assume that the circumradius of the 12-gon is  , and the 6 different lengths 

are , , , , in increasing order. Then 

. 

So , 

, 

, 

, 

, 

. 

 

Now, Consider the following inequalities: 

- : Since  

- . 
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-  is greater than  but less than . 

-  is greater than  but equal to . 

-  is greater than . 

- . Then obviously any two segments with at least one them longer 

than  have a sum greater than . 

Therefore, all triples (in increasing order) that can't be the side lengths of a triangle are 

the following. Note that x-y-z means : 

1-1-3, 1-1-4, 1-1-5, 1-1-6, 

1-2-4, 1-2-5, 1-2-6, 

1-3-5, 1-3-6, 

2-2-6 

Note that there are  segments of each length of  ,  ,  ,  , respectively, 

and  segments of length . There are  segments in total. 

In the above list there are  triples of the type a-a-b without 6,  triples of a-a-6 where a 

is not 6,  triples of a-b-c without 6, and  triples of a-b-6 where a, b are not 6. So, 

 

 

So . 

 

Solution 25 

Suppose  . We look for  with  such 

that  are integers where . 

First, use the quadratic formula: 

 

Generally, consider the imaginary part of a radical of a complex number:  , 

where . 

. 

Now let , then , , . 

Note that  if and only if . The latter is true only when we 
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take the positive sign, and that , 

or , , or . 

In other words, when  , the equation  has unique 

solution  in the region    and when  there is no solution. 

Therefore the number of desired solution  is the same as the number of ordered 

pairs  such that integers , and that . 

When , there is no restriction on  so there are  pairs  

when  , there 

are pairs. 

So there are  in total. 

 

2013 AMC 12B Solutions 

Solution 1 

Let  be the low temperature. The high temperature is . The average 

is . Solving for , we get  

 

Solution 2 

Since each step is  feet, his garden is  by  feet. Thus, the area 

of  square feet. Since he is expecting  of a pound per square foot, the 

total amount of potatoes expected is  

 

Solution 3 

Note that  is equal to the number of integers between  and  , inclusive. 

Thus,  

 

Solution 4 

Let both Ray and Tom drive 40 miles. Ray's car would require  gallon of gas and 



 

- 363 - 

 

Tom's car would require  gallons of gas. They would have driven a total 

of  miles, on  gallons of gas, for a combined rate 

of   

 

Solution 5 

The sum of the ages of the fifth graders is  , while the sum of the ages of the 

parents is  . Therefore, the total sum of all their ages must be  , and 

given  people in total, their average age 

is . 

 

Solution 6  

If we complete the square after bringing the  and  terms to the other side, we 

get . Squares of real numbers are nonnegative, so we need 

both  and  to be  which only happens when  and  . 

Therefore,  

 

Solution 7 

We notice that the number of numbers said is incremented by one each time  that is, Jo 

says one number, then Blair says two numbers, then Jo says three numbers, etc. Thus, 

after nine "turns,"  numbers have been 

said. In the tenth turn, the eighth number will be the 53rd number said, as . 

Since we're starting from 1 each time, the 53rd number said will be . 

 

Solution 8 

Line  has the equation  when rearranged. Substituting  for  ,we 

find that line  will meet this line at point , which is point B. We call  the base 

and the altitude from A to the line connecting B and C, , the height. The altitude 

has length  , and the area of  . Since  ,  . 

Because  has positive slope, it will meet  to the right of , and the point  to the right 

of  is  .  passes through  and  , and thus has 
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slope  . 

 

Solution 9  

Looking at the prime numbers under 12, we see that there 

are  factors of 

2,  factors of 3, and  factors of 5. All greater 

primes are represented once or not at all in , so they cannot be part of the square. 

Since we are looking for a perfect square, the exponents on its prime factors must be even, 

so we can only use  of the  factors of  . The prime factorization of the square is 

therefore  . To find the square root of this, we halve the exponents, 

leaving . The sum of the exponents is  

 

Solution 10 (1) 

We can approach this problem by assuming he goes to the red booth first. You start 

with  and and at the end of the first booth, you will have  and  and . 

We now move to the blue booth, and working through each booth until we have none left, 

we will end up with: ,  and . So, the answer is  

Solution 10 (2) 

Let  denote the number of visits to the first booth and  denote the number of visits to 

the second booth. Then we can describe the quantities of his red and blue coins as follows:

 There are no legal exchanges 

when he has fewer than  red coins and fewer than  blue coins, namely when he 

has  red coin and  blue coins. We can then create a system of equations:

 Solving yields  and  . Since he 

gains one silver coin per visit to each booth, he 

has  silver coins in total. 

 

Solution 11  

Let A and B begin at (0,0,0). In 6 steps, A will have done his route twice, ending up at (2,2,2), 

and B will have done his route three times, ending at (-3,-3,0). Their distance 

is  We now move forward one step at a 

time until they are ten feet away: 7 steps: A moves north to (2,3,2), B moves south to (-3,-
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4,0), distance of  8 steps: A moves east to 

(3,3,2), B moves west to (-4,-4,0), distance 

of  

Thus they reach 10 feet away when A is moving east and B is moving west, between moves 

7 and 8. Thus the answer is  

 

Solution 12 

Note that cities  and  can be removed when counting paths because if a path goes in 

to  or , there is only one possible path to take out of cities  or . So the diagram is 

as follows:  

Now we proceed with casework. Remember that there are two ways to travel 

from  to ,  to ,  to  and  to .: 

Case 1  : From  , if the path returns to  , then the next path must go 

to . There are  possibilities of the path . If the 

path goes to  from , then the path must continue with either  or . 

There are  possibilities. So, this case gives  different 

possibilities. 

Case 2  : The path must continue with  . There 

are  possibilities for this case. 

Putting the two cases together gives  

 

Solution 13 

Since the angles of Quadrilateral  form an arithmetic sequence, we can assign 

each angle with the value , , , and . Also, since these angles form 

an arithmetic progression, we can reason out 

that . 
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For the sake of simplicity, lets rename the angles of each similar triangle. Lets call 

Angle  and Angle  Angle  . Also we rename Angle  and 

Angle  Angle . Finally we rename Angles  and  Angle . 

Now we can rename the four angles of Quadrilateral  as Angle , Angle , 

Angle , and Angle . 

As for the similar triangles, whose Angles are equivalent, we can name them , , 

and . Therefore  and . Because these 

3 angles are each equal to one of the angles we named Angles 1, 2, and 3, we know that 

one of these three angles is equal to 60 degrees. 

Now we we use trial and error to find out which of these 3 angles has a value of 60. If we 

substitute 60 degrees into Angle 1. This would cause the angle values of ABCD to be Angle 

2, 60+Angle 2, Angle 3, and 60 + Angle 3. Since these four angles add up to 360, then Angle 

2 + Angle 3 = 120. If we list them in increasing value, we get Angle 2, Angle 3, 60 + Angle 

2, 60+Angle 3. Note that this is the only sequence that works because the common 

difference between each term cannot equal or exceed 45. So, this would give us the four 

angles 45, 75, 105, and 135. In this case, Angle 1, 2, and 3, the angles of both similar 

triangles, also form an arithmetic sequence with 45, 60, and 75, and the largest two angles 

of the quadrilateral add up to 240 which is an answer choice. 

If we apply the same reasoning to Angles 2 and 3, we would get the sum of the highest 

two angles as 220, which works but is lower than 240. Therefore,  is the 

correct answer. 

 

Solution 14  

Let the first two terms of the first sequence be  and  and the first two of the second 

sequence be  and  . Computing the seventh term, we see 

that . Note that this means that  and  must have the same 

value modulo 8. To minimize, let one of them be 0  WLOG assume that . Thus, the 

smallest possible value of  is    and since the sequences are non-decreasing we 

get . To minimize, let . Thus, . 

 

Solution 15  

The prime factorization of  is . To have a factor of  in the numerator 

and to minimize   must equal . Now we notice that there can be no prime  which 

is not a factor of  such that  because this prime will not be canceled 

out in the denominator, and will lead to an extra factor in the numerator. The 

highest  less than  is , so there must be a factor of  in the denominator. It follows 

that  (to minimize  as well), so the answer is  . One 

possible way to express  with  is  
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Solution 16 

The five pointed star can be thought of as five triangles sitting on the five sides of the 

pentagon. Because the pentagon is equiangular, each of its angles has 

measure , and so the base angles of the aforementioned triangles 

(i.e., the angles adjacent to the pentagon) have measure . The base 

angles are equal, so the triangles must be isosceles. 

Let one of the sides of the pentagon have length  (and the others ). Then, 

by trigonometry, the non-base sides of the triangle sitting on that side of the pentagon 

each has length , and so the two sides together have length . To 

find the perimeter of the star, we sum up the lengths of the non-base sides for each of the 

five triangles to 

get  (because the 

perimeter of the pentagon is ). The perimeter of the star is constant, so the difference 

between the maximum and minimum perimeters is . 

 

Solution 17(1)  

 . Now, by Cauchy-Schwarz, we have that  . 

Therefore, we have that . We then find the roots of  that satisfy 

equality and find the difference of the roots. This gives the answer, . 

Solution 17(2) 

This is similar to the first solution but is far more intuitive. From the given, we have

 This immediately suggests use of the Cauchy-

Schwarz inequality. By Cauchy, we have  Substitution of the 

above results and some algebra yields  This quadratic inequality is 

easily solved, and it is seen that equality holds for  and . 

The difference between these two values is . 

Solution 17(3) 
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 (no Cauchy-Schwarz) 

From the first equation, we know that . We substitute this into the second 

equation to find that  This simplifies 

to  , which we can write as the 

quadratic  . We wish to find real values 

for  and  that satisfy this equation. Therefore, the discriminant is nonnegative. Hence,

 or  . This factors 

as . Therefore, , and by symmetry this must be 

true for  and  as well. 

Now  and  satisfy both equations, so we see that  must be 

the minimum possible value of . Also,  and  satisfy both equations, 

so we see that  is the maximum possible value of . The difference between these 

is , or . 

 

Solution 18 

We spit into 2 cases: 2013 coins, and 2014 coins. 

 Notice that when there are  coins left, whoever moves first loses, as they 

must leave an amount of coins the other person can take. If Jenna goes first, she can 

take  coins. Then, whenever Barbara takes coins, Jenna will take the amount that makes 

the total coins taken in that round . (For instance, if Barbara takes  coins, Jenna will 

take  ). .ventually, since  it will be Barbara's move with  coins 

remaining, so she will lose. If Barbara goes first, on each round, Jenna will take the amount 

of coins that makes the total coins taken on that round . Since , it 

will be Barbara's move with  coins remaining, so she will have two take  coins, allowing 

Jenna to take the last coin. Therefore, Jenna will win with  coins. 

 If Jenna moves first, she will take  coin, leaving  coins, and she wins 

as shown above. If Barbara moves first, she can take  coins, leaving . After every 

move by Jenna, Barbara will then take the number of coins that makes the total taken in 

that round  . Since  , it will be Jenna's turn with  coins left, so 

Barbara will win. In this case, whoever moves first wins. 
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Based on this, the answer is  

 

Solution 19(1)  

Since  , quadrilateral  is cyclic. It follows 

that  . In addition, since  , 

triangles  and  are similar. It follows 

that  . By Ptolemy, we 

have  . Cancelling  , the rest is easy. We 

obtain  

Solution 19(2)  

Using the similar triangles in triangle  gives  and  . 

Quadrilateral  is cyclic, implying that  = 180°. 

Therefore,  , and triangles  and  are similar. Solving the 

resulting proportion gives  . 

Therefore,  

Solution 19(3)  

If we draw a diagram as given, but then add  as an altitude to use the Pythagorean 

theorem, we end up with similar triangles  and  . 

Thus,  is  and  is . Using Pythagorean theorem, we now get 

 

and  can be found out noting that  is just 48/5 through area times height (12(9) = 

15 * , similar triangles gives A. = ), and that  is just . 

From there,  is  

Now, , and squaring and adding both sides and subtracting a 169 

from both sides gives: 

, so 

x = . 

https://artofproblemsolving.com/wiki/index.php?title=Ptolemy%27s_Theorem
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Thus, the answer is  

 

Solution 20  

Let  be  (not respectively). Then we have four 

points , and a pair of lines each connecting two points 

must be parallel (as we are dealing with a trapezoid). WLOG, take the line connecting the 

first two points and the line connecting the last two points to be parallel, so 

that , or . 

Now, we must find how to match up  to  so that the above 

equation has a solution. On the interval  , we 

have  , 

and  so the sum of the largest and the smallest is 

equal to the sum of the other two, namely, . 

Now, we perform some algebraic manipulation to find : 

 

Solve the quadratic to find  , so 

that . 

 

Solution 21  

Being on two parabolae means having the same distance from the common focus and 

both directrices. In particular, you have to be on an angle bisector of the directrices, and 

clearly on the same "side" of the directrices as the focus. So it's easy to see there are at 

most two solutions per pair of parabolae. Convexity and continuity imply exactly two 

solutions unless the directrices are parallel and on the same side of the focus. 

So out of  possible intersection points, only  fail to exist. This 

leaves  solutions. 

 

Solution 22  
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Rearranging logs, the original equation becomes

 

By Vieta's Theorem, the sum of the possible values 

of  is . But the sum of the 

possible values of  is the logarithm of the product of the possible values of . Thus 

the product of the possible values of  is equal to . 

It remains to minimize the integer value of  . Since  , we can check 

that  and  work. Thus the answer is . 

 

Solution 23(1)  

First, we can examine the units digits of the number base 5 and base 6 and eliminate some 

possibilities. 

Say that  

also that  

Substituting these equations into the question and setting the units digits of 2N and S 

equal to each other, it can be seen that  , and  , (otherwise  and  always 

have different parities) 

so , , ,  

Therefore,  can be written as  and  can be written as  

Keep in mind that  can be one of five choices:  or ,   Also, we have already 

found which digits of  will add up into the units digits of . 

Now, examine the tens digit,  by using  and  to find the tens digit 

(units digits can be disregarded because  will always work) Then we 

take   and  to find the last two digits in the 

base  and  representation.

Both of those must add up to  

( ) 

Now, since  will always work if  works, then we can treat  as a units 

digit instead of a tens digit in the respective bases and decrease the mods so that  is now 

the units digit.
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Say that  (m is between 0-6, n is 0-4 because of constraints on x) Then 

 
and this simplifies to 

 
From inspection, when 

 

 

 

 

 

This gives you  choices for , and  choices for , so the answer is  

Solution 23(2) 

Notice that there are exactly  possible values of . This 

means, in , every possible combination of  digits will happen exactly 

once. We know that  works 

because . 

We know for sure that the units digit will add perfectly every  added or subtracted, 

because . So we only have to care about cases of  every  subtracted. 

In each case, subtracts /adds ,  subtracts  and  adds  for the 's digit. 

 

 

 

As we can see, there are  cases, including the original, that work. These are highlighted 

in . So, thus, there are  possibilities for each case, and . 

 

Solution 24（1）  

Let  and  . From the conditions, let's deduct some convenient 

conditions that seem sufficient to solve the problem. 

 

 is the midpoint of side . 

This implies that  . Given that angle  is  degrees and 

angle  is degrees, we can use the area formula to get 

 

So,  .....(1) 

 

 is angle bisector. 

In the triangle , one has , therefore .....(2) 
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Furthermore, triangle  is similar to triangle , so , 

therefore ....(3) 

By (2) and (3) and the subtraction law of ratios, we get 

 

Therefore , or . So . 

Finally, using the law of cosine for triangle , we get 

 

 

Solution 24（2） 

 (Analytic) 

 

 

Let us dilate triangle  so that the sides of equilateral triangle  are all equal 

to  The purpose of this is to ease the calculations we make in the problem. Given this, 

we aim to find the length of segment  so that we can un-dilate triangle  by 

dividing each of its sides by . Doing so will make it so that , as desired, and 

doing so will allow us to get the length of , whose square is our final answer. 

Let  the foot of the altitude from  to  On the coordinate plane, 

position  at  , and make  lie on the x-axis. Since points  ,  , and  , are 

https://artofproblemsolving.com/wiki/index.php?title=File:2013_AMC_12B_24.jpg
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collinear,  must also lie on the x-axis. Additionally, since  ,  , 

meaning that we can position point  at  . Now, notice that line  has the 

equation  and that line  has the 

equation  because angles  and  are both . We can 

then position  at point  and  at point  . Quickly note that, 

because  is an angle bisector,  must pass through the point . 

We proceed to construct a system of equations. First observe that the 

midpoint  of  must lie on  , with the equation  . The 

coordinates of  are , and we can plug in these coordinates 

into the equation of line  , yielding that

For our second equation, notice that line  has equation  . 

Midpoint  must also lie on this line, and we can substitute coordinates again to get

 

Setting both equations equal to each other and multiplying both sides by , we 

have that  , which in turn 

simplifies into  when dividing the entire equation by  Using the 

quadratic formula, we have that  Here, we discard 

the positive root since  must lie to the left of the y-axis. Then, the coordinates of 

are  , and the coordinates of  are  Seeing that 

segment  has half the length of side  , we have that the length of  is
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Now, we divide each side length of  by  , and from this,  will 

equal  

Solution 24（3） 

By some angle-chasing, we find that  . From here, construct a 

point  on  such that  . Now, let  , which means 

that  and  , and 

let  . Note that we want to compute  . 

Because , we have: 

 

However, we have more similar triangles. In fact, going back to our original pair of similar 

triangles -  and  - gives us more similarity ratios: 

 

Since we constructed point  such that  is parallel to  , we now examine 

trapezoid  . From the variables that we already set up, we know 

that  , and  . Let  denote the 

foot of the perpendicular from  to base  and define similarly. 

Because  is a  triangle,  and  . 

Thus,  and  . By the Pythagorean Theorem 

on , 

. 

 

Solution 25(1)  

If we factor into irreducible polynomials (in ), each factor  has exponent  in the 

factorization and degree at most  (since the  with  come in conjugate pairs 

with product  ). Clearly we want the product of constant terms of these 

polynomials to equal    for  , let  be the number of permitted  with 
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constant term  . It's easy to compute  ,  ,  ,  ,

, , and obviously  for negative . 

Note that by the distinctness condition, the only constant terms  that can be repeated 

are those with  and  , i.e.  and  . Also, the  s don't affect the 

product, so we can simply count the number of polynomials with no constant terms 

of  and multiply by  at the end. 

We do casework on the (unique) even constant term  in our 

product. For convenience, let  be the number of ways to get a product 

of  without using  (so only using  ) and recall    then our 

final answer will be . It's easy to 

compute  ,  ,

 ,  , 

, , so we 

get  

Solution 25(2) 

Disregard sign  we can tack on  if the product ends up being negative. 

 (2) (1 is not included) 

 (4) 

 (6) 

 (6) 

 (7) 

 (8) 

Our answer is  
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Solution 1 
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We have Making the denominators equal gives

Finally, simplifying gives  

 

Solution 2 

Suppose  is the price of an adult ticket. The price of a child ticket would be . 

 
Plug in for 8 adult tickets and 6 child tickets. 

 

 

Solution 3(1) 

Attack this problem with very simple casework. The only possible locations for the yellow 

house  is the rd house and the last house. 

Case 1:  is the rd house. 

The only possible arrangement is  

Case 2:  is the last house. 

There are two possible ways: 

 and 

 so our answer is  

Solution 3(2) 

There are 24 possible arrangements of the houses. The number of ways with the blue 

house next to the yellow house is , as we can consider the arrangements of 

O, (RB), and Y. Thus there are  arrangements with the blue and yellow houses 

non-adjacent. 

.xactly half of these have the orange house before the red house by symmetry, and exactly 

half of those have the blue house before the yellow house (also by symmetry), so our 

answer is . 

 

Solution 4(1) 
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We need to multiply  by  for the new cows and  for the new time, so the answer 

is , or . 

Solution 4(2) 

We plug in , , , , and . Hence the question becomes "2 

cows give 3 gallons of milk in 4 days. How many gallons of milk do 5 cows give in 6 days?" 

If 2 cows give 3 gallons of milk in 4 days, then 2 cows give  gallons of milk in 1 day, so 1 

cow gives  gallons in 1 day. This means that 5 cows give  gallons of milk in 1 day. 

Finally, we see that 5 cows give  gallons of milk in 6 days. Substituting our values 

for the variables, this becomes , which is . 

Solution 4(3) 

We see that the the number of cows is inversely proportional to the number of days and 

directly proportional to the gallons of milk. So our constant is . 

Let  be the answer to the question. We 

have  

Solution 4(4) 

The problem specifics "rate," so it would be wise to first find the rate at which cows 

produce milk. We can find the rate of work/production by finding the gallons produced by 

a single cow in a single day. To do this, we divide the amount produced by the number of 

cows and number of days  

Now that we have the gallons produced by a single cow in a single day, we simply multiply 

that rate by the number of cows and the number of days  

 

Solution 5 

Without loss of generality, let there be  students(the least whole number possible) who 

took the test. We have  students score  points,  students score  points,  students 
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score  points and students score  points. 

The median can be obtained by eliminating members from each group. The median 

is  points. 

The mean is equal to the total number of points divided by the number of people, which 

gives  

Thus, the difference between the median and the mean is equal to  

 

Solution 6(1)  

Let the two digits be  and  . Then,  , 

or  . This yields  and  because  . 

Then,  

Solution 6(2) 

 (Meta) 

We start like above. Let the two digits be  and  . 

Therefore,  . Since we are looking 

for  and we know that  must be a multiple of , 

the only answer choice that works is  

 

Solution 7 

The terms are , , and , which are equivalent to , , and . So the next 

term will be , so the answer is . 

 

Solution 8(1) 

Let the listed price be  . Since all the answer choices are above  , we can 

assume . Thus the discounts after the coupons are used will be as follows: 

Coupon 1:  

Coupon 2:  

Coupon 3:  

 

For coupon  to give a greater price reduction than the other coupons, we must 

have  and 

. 

From the first inequality, the listed price must be greater than  , so answer 

choices  and  are eliminated. 

From the second inequality, the listed price must be less than  , so answer 
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choices  and are eliminated. 

The only answer choice that remains is . 

Solution 8(2) 

 (Using The Answers) 

For coupon  to be the most effective, we want 10% of the price to be greater than 20. 

This clearly occurs if the value is over 200. For coupon 1 to be more effective than coupon 

3, we want to minimize the value over 200, so  is the smallest number 

over 200. 

 

Solution 9(1)  

Let  . Our list is  with an average of  . Our next set 

starting with  is . Our average is . 

Therefore, we notice that  which means that the answer is . 

Solution 9(2)  

We are given that  

We are asked to find the average of the 5 consecutive integers starting from  in terms 

of . By substitution, this is  

Thus, the answer is  

 

Solution 10 (1) 

Reflect each of the triangles over its respective side. Then since the areas of the triangles 

total to the area of the equilateral triangle, it can be seen that the triangles fill up the 

equilateral one and the vertices of these triangles concur at the circumcenter of the 

equilateral triangle. Hence the desired answer is just its circumradius, or . 

(Solution by djmathman) 

Solution 10 (2) 

Since the total area of each congruent isosceles triangle is the same, the area of each 

is  the total area of the equilateral triangle of side length 1, or  x . Likewise, the area 

https://artofproblemsolving.com/wiki/index.php?title=Congruent_(geometry)
https://artofproblemsolving.com/wiki/index.php?title=Area_of_an_equilateral_triangle
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of each can be defined as  with base  equaling 1, meaning that  =  x  , 

or  = . A side length of the isosceles triangle is the hypotenuse with legs  and . 

Using the Pythagorean Theorem, the side length is , or . 

 

Solution 11(1)  

Note that he drives at  miles per hour after the first hour and continues doing so until 

he arrives. 

Let  be the distance still needed to travel after the first  hour. We have 

that  , where the  comes from  hour late decreased to  hours 

early. 

Simplifying gives , or . 

Now, we must add an extra  miles traveled in the first hour, giving a total 

of  miles. 

Solution 11(2) 

Instead of spending time thinking about how one can set up an equation to solve the 

problem, one can simply start checking the answer choices. Quickly checking, we know 

that neither choice  or choice  work, but  does. We can verify as follows. 

After  hour at  , David has  miles left. This then takes him  hours 

at  . But  . Since  is  hours less 

than , our answer is . 

 

Solution 12(1) 

Let the radius of the larger and smaller circles be  and  , respectively. Also, let their 

centers be  and , respectively. Then the ratio we need to find is Draw the 

radii from the centers of the circles to  and  . We can easily conclude that 

the  belongs to the larger circle, and the  degree arc belongs to the smaller circle. 

Therefore,  and  . Note that  is 

equilateral, so when chord AB is drawn, it has length . Now, applying the Law of Cosines 

on  :
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Solution 12(2) 

Again, let the radius of the larger and smaller circles be  and , respectively, and let the 

centers of these circles be  and  , respectively. Let  bisect segment  . Note 

that  and  are right triangles, 

with  and  . We 

have  and  and . Since the ratio of the area 

of the larger circle to that of the smaller circle is simply , 

we just need to find  and . We know , and we can use the angle 

sum formula or half angle formula to compute . Plugging this into 

the previous expression, we get:

 (Solution by 

kevin38017) 

Solution 12(3) 

Let the radius of the smaller and larger circle be  and , respectively. We see that half 

the length of the chord is equal to  , which is also equal to  . Recall 

that  and  . From this, we get  , 

or  , which is equivalent 

to . 

(Solution by soy_un_chemisto) 

Solution 12(4) 

As in the previous solutions let the radius of the smaller and larger circles be  and , 

respectively. Also, let their centers be  and , respectively. Now draw two congruent 

chords from points  and  to the end of the smaller circle, creating an isosceles triangle. 

Label that point  . Recalling the Inscribed Angle Theorem, we then see 



 

- 383 - 

 

that . Based on this information, we 

can conclude that triangles  and  are congruent via ASA Congruence. 

 

Next draw the height of  from  to . Note we've just created a right triangle 

with hypotenuse , base , and height  Thus using the Pythagorean Theorem 

we can express  in terms of 

 
We can now determine the ratio between the larger and smaller circles:

 

 

Solution 13(1) 

We can discern three cases. 

Case 1: .ach room houses one guest. In this case, we have  guests to choose for the first 

room,  for the second, ..., for a total of  assignments. 

Case 2: Three rooms house one guest  one houses two. We have  ways to choose the 

three rooms with  guest, and  to choose the remaining one with  . There 

are  ways to place guests in the first three rooms, with the last two residing in the 

two-person room, for a total of  ways. 

Case 3: Two rooms house two guests  one houses one. We have  to choose the two 

rooms with two people, and  to choose one remaining room for one person. Then 

there are  choices for the lonely person, and  for the two in the first two-person 

room. The last two will stay in the other two-room, so there 

are  ways. 
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In total, there are  assignments, or . 

Solution 13(2) 

We can work in reverse by first determining the number of combinations in which there 

are more than friends in at least one room. There are three cases: 

Case 1: Three friends are in one room. Since there are  possible rooms in which this can 

occur, we are choosing three friends from the five, and the other two friends can each be 

in any of the four remaining rooms, there are  possibilities. 

Case 2: Four friends are in one room. Again, there are  possible rooms, we are choosing 

four of the five friends, and the other one can be in any of the other four rooms, so there 

are possibilities. 

Case 3: Five friends are in one room. There are  possible rooms in which this can occur, 

so there are possibilities. 

Since there are  possible combinations of the friends, the number fitting the 

given criteria is . 

 

Solution 14(1)  

We have  , so  . Since  is 

geometric,  . 

Since  , we can't have  and thus  . Then our arithmetic 

progression is  . Since  ,  . The smallest possible value 

of  is , or . 

(Solution by AwesomeToad) 

Solution 14(2) 

Taking the definition of an arithmetic progression, there must be a common difference 

between the terms, giving us  . From this, we can obtain the 

expression . Again, by taking the definition of a geometric progression, we 

can obtain the expression,  and , where r serves as a value for the ratio 

between two terms in the progression. By substituting  and  in the arithmetic 

progression expression with the obtained values from the geometric progression, we 

obtain the equation,  which can be simplified 

to  giving us  of  . Thus, from the geometric 

progression,  ,  and  . Looking at the initial conditions 

of  we can see that the lowest integer value that would satisfy the above 
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expressions is if , thus making  or  

 

Solution 15(1)  

For each digit  there are  (ways of choosing  and  ) 

palindromes. So the s contribute  to the sum. For 

each digit  there are  (since  ) palindromes. So the  s 

contribute  to the sum. Similarly, for 

each  there are  palindromes, so 

the  contributes  to the sum. 

It just so happens that

so the sum of the digits of the sum is . 

Solution 15(2) 

Notice that  In fact, ordering the palindromes in ascending 

order, we find that the sum of the nth palindrome and the nth to last palindrome 

is  We have  palindromes, or  pairs of palindromes summing 

to  Performing the multiplication gives , so the sum . 

Solution 15(3) 

As shown above, there are a total of  five-digit palindromes. We can calculate their 

sum by finding the expected value of a randomly selected palindrome satisfying the 

conditions given, then multiplying it by  to get our sum. The expected value for the 

ten-thousands and the units digit is , and the expected value 

for the thousands, hundreds, and tens digit is . Therefore 

our expected value 

is  . Since 

the question asks for the sum of the digits of the resulting sum, we do not need to keep 

the trailing zeros of either  or  . Thus we only need to 

calculate , and the desired sum is . 

 

Solution 16 

We can list the first few numbers in the form  
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By now it's clear that the numbers will be in the form ,  s, and . We want to 

make the numbers sum to 1000, so  . Solving, we 

get , meaning the answer is  

 

Solution 17(1)  

Let  be the point in the same plane as the centers of the top spheres equidistant from 

said centers. Let  be the analogous point for the bottom spheres, and let  be the 

midpoint of  and the center of the large sphere. Let  and  be the points at which 

line  intersects the top of the box and the bottom, respectively. 

Let  be the center of any of the top spheres (you choose!). We have , 

and  , so  . 

Similarly,  .  and  are clearly equal to the radius of the small 

spheres, . Thus the total height is , or . 

 

Solution 18(1) 

For simplicity, let , and . 

The domain of  is  , so  . 

Thus,  . Since  we 

have  . Since  , we 

have  . Finally, 

since , . 

The length of the  interval is  and the answer is . 

Solution 18(2) 
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The domain of  is the range of the inverse function . 

Now  can be seen to be strictly decreasing, since  is decreasing, 

so  is decreasing, so  is increasing, so  is increasing, 

therefore  is decreasing. 

Therefore, the range of  is the open interval . 

We find:  

Similarly,  Hence the range 

of  (which is then the domain of  ) is  and the answer 



 

- 388 - 

 

is . 

 

Solution 19  

Factor the quadratic into where  is our integer solution. 

Then,  which takes rational values 

between  and  when  , excluding  . This leads to an answer 

of . 

Solution 20  

Let  be the reflection of  across , and let  be the reflection of  across . 

Then it is well-known that the quantity  is minimized when it is equal 

to . (Proving this is a simple application of the triangle inequality  for an example of 

a simpler case, see Heron's Shortest Path Problem.) As  lies on both  and , we 

have  . Furthermore,  by the 

nature of the reflection, so . 

Therefore by the Law of Cosines

 

 

Solution 21  

Let  for some integer  . Then we can 

rewrite  as  . In order for this to be less than or equal to  , we 

need  . Combining this with 

the fact that  gives that , and so the length 

of the interval is . We want the sum of all possible intervals such that 

the inequality holds true  since all of these intervals must be disjoint, we can sum 

from  to  to get that the desired sum is
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Solution 22  

Between any two consecutive powers of  there are either  or  powers 

of  (because  ). Consider the 

intervals . We want the number of intervals with 

powers of . 

From the given that , we know that these  intervals together 

have powers of . Let  of them have  powers of  and  of them have  powers 

of  . Thus we have the system  from which we 

get , so the answer is . 

 

Solution 23(1)  

The fraction  can be written as  . similarly the fraction  can be written 

as  which is equivalent to and we can see that 

for each  there are   combinations so the above sum is 

equivalent to:  we note that the sequence starts repeating at  yet 

consider

so the decimal will go from 1 to 99 skipping the number 98 and we can easily compute the 

sum of the digits from 0 to 99 to be subtracting the sum of the digits 

of 98 which is 17 we get  

Solution 23(2) 

 
So, the answer 

is 
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or . 

There are two things to notice here. First,  has a very simple and unique decimal 

expansion, as shown. Second, for  to itself produce a repeating decimal,  has to 

evenly divide a sufficiently extended number of the form . This number will 

have  ones (197 digits in total), as to be divisible by  and  . The enormity of this 

number forces us to look for a pattern, and so we divide out as shown. Indeed, upon 

division (seeing how the remainders always end in "501" or "601" or, at last, "9801"), we 

find the repeating part  . If we 

wanted to further check our pattern, we could count the total number of digits in our 

quotient (not counting the first three): 195. Since  , multiplying by it will 

produce either  or  extra digits, so our quotient passes the test. 

Solution 23(3) 

Simpler version of the above solution 

     

 

Note that the 1 has to be carried when you get to 100 so the 99 becomes 00 and the 1 

gets carried again to 98 which becomes 99. So, the answer 

is 

 

or . 

 

Solution 24（1）  

1. Draw the graph of  by dividing the domain into three parts. 

2. Look at the recursive rule. Take absolute of the previous function and down by 1 to get 

the next function. 

3. Count the x intercepts of the each function and find the pattern. 

The pattern turns out to be  solutions,for x interval:[1,99], the function gain only 

one extra solution after  because there is no summit on the graph any more, and 

the answer is thus . (Revised by Flamedragon & Jason,C) 

Solution 24（2） 
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First, notice that the recursion and the definition of  require that for all  such 

that , if , then  is even. Now, we can do case work 

on  to find which values of  (such that  ) make  even. The 

answer comes out to be all the even values of  in the range , in the 

domain  . So, the answer is  or . 

 

Solution 25(1)  

The parabola is symmetric through  , and the common distance is  , so the 

directrix is the line through  and , which is the line Using 

the point-line distance formula, the parabola is the locus

which rearranges to . 

Let  ,  . Put  to obtain

and accordingly we find by solving the system 

that  and . 

One can show that the values of  that make  an integer pair are precisely odd 

integers  . For  this is  , so  values 

work and the answer is . 

(Solution by v_.nhance) 

Solution 25(2) 

Consider the rotation of axes such that the axes are the lines passing through the origin 

with slope  and  for x-axis and y-axis, respectively, and let the point on the rotated 

axis be  . We can check that  and  by the 
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distance from a point to line formula  where the equation of the line 

is  and  is the point. We have the focus 

as  and  and  as points on the parabola(on the rotated axes). 

Therefore, the directrix is , and it doesn't matter which one(due to the absolute 

value) so WLOG we choose . The vertex is the midpoint between the focus and 

the foot of the altitude from focus to directrix, so the vertex is . Therefore, the 

equation is , and from the equations above we have , 

so  . One can check with  and  that the only 

time  and  can both be integers is when  and  are both integer multiples of  . 

Therefore, the only time is when  is an odd multiple of 5(otherwise  is not a multiple 

of , and this is obviously sufficient because  is also a multiple of . The values that 

satisfy thus are  , and there are  such 

numbers. 
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Solution 1 

She has  pennies and  nickels, where  . If she had  nickels 

then  , so  and  . So she has 6 nickels and 7 pennies, 

which clearly have a value of cents. 

 

Solution 2 

If every balloon costs  dollars, then Orvin has  dollars. For every balloon he buys 

for  dollars, he can buy another for  dollars. This means it costs him  dollars to buy 
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a bundle of  balloons. With  dollars, he can buy  sets of two balloons, so 

the total number of balloons he can buy is  

 

Solution 3 

If the first and last legs of his trip account for  and  of his trip, then the middle leg 

accounts for ths of his trip. This is equal to  miles. Letting the length 

of the entire trip equal , we have  

 

Solution 4 

Let  stand for the cost of a muffin, and let  stand for the value of a banana. We we 

need to find , the ratio of the price of the muffins to that of the bananas. We have

 

 

Solution 5 

Let the height of the panes equal , and let the width of the panes equal . Now notice 

that the total width of the borders equals , and the total height of the borders is . We 

have Now, the total side length of the window equals

 

 

Solution 6  

Let the size of .d's drink equal  ounces, and let the size of Ann's drink equal  ounces. 

After both consume  of their drinks, .d and Ann have  and  ounces of their drinks 

remaining. Ann gives away  ounces to .d. 

In the end, .d drank everything in his original lemonade plus what Ann gave him, and Ann 

drank everything in her original lemonade minus what she gave .d. Thus we have
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The total amount the two of them drank is simply

 
 

Solution 7(1) 

We know that  or else  will be negative, resulting in a negative fraction. 

We also know that  or else the fraction's denominator will exceed its numerator 

making the fraction unable to equal a positive integer value. Substituting all 

values  from  to  gives us integer values for  . 

Counting them up, we have  possible values for . 

Solution 7(2) 

Let  , where  . Solving for  , we find that  . 

Because  and  are relatively prime,  . Our answer is the number of 

proper divisors of , which is . 

 

Solution 8 

From the first column, we see  because it yields a single digit answer. From 

the fourth column, we see that  equals  and therefore  . We know 

that . Therefore, the number of values  can take is equal to the number 

of possible sums less than  that can be formed by adding two distinct natural numbers. 

Letting  , and letting  , we have

 

 

Solution 9  

Note that by the pythagorean theorem, . Also note that  is a right angle 

because  is a right triangle. The area of the quadrilateral is the sum of the areas 

of  and which is equal to  

 

Solution 10 (1) 

We know that the number of miles she drove is divisible by , so  and  must either be 

the equal or differ by  . We can quickly conclude that the former is impossible, 

so  and  must be  apart. Because we know that  and  and  , 

we find that the only possible values for  and  are  and  , respectively. 

Because  ,  . Therefore, we have
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Solution 10 (2) 

Let the number of hours Danica drove be  . Then we know 

that  =  . Simplifying, we 

have  , or  . Thus, k is divisible by  . 

Because  ,  must be  , and therefore  . 

Because  and  ,  ,  and  , and our answer 

is , or . 

 

Solution 11  

We start off with the fact that the median is  , so we must 

have , listed in ascending order. Note that the integers do not 

have to be distinct. 

Since the mode is  , we have to have at least  occurrences of  in the list. If there 

are  occurrences of  in the list, we will have . In this case, 

since  is the unique mode, the rest of the integers have to be distinct. So we 

minimize  in order to maximize  . If we let the list 

be  , 

then . 

Next, consider the case where there are  occurrences of  in the list. Now, we can have 

two occurrences of another integer in the list. We try . 

Following the same process as above, we 

get  . As 

this is the highest choice in the list, we know this is our answer. Therefore, the answer 

is  

 

Solution 12 

Define  to be the set of all integral triples  such that , , 

and . Now we enumerate the elements of : 
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It should be clear that  is simply  minus the larger "duplicates" (e.g.  is a 

larger duplicate of ). Since  is  and the number of higher duplicates is , 

the answer is  or . 

 

Solution 13 

Notice that  . Using the triangle inequality, we find

 In order for us the find the lowest possible 

value for , we try to create two degenerate triangles where the sum of the smallest two 

sides equals the largest side. Thus we get and Substituting, we get

 Solving for  using 

the quadratic equation, we get  

 

Solution 14  

Let the side lengths of the rectangular box be  and . From the information we get 

 

 
The sum of all the lengths of the box's interior diagonals is 

 

Squaring the first expression, we get: 

 

 

Hence  
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Solution 15  

Let's write out the sum. Our sum is equal to

Raising  to the power of this quantity eliminates 

the natural logarithm, which leaves us with  This 

product has  powers of  in the  factor,  powers of  in the  factor, 

and  powers of in the  factor. This adds up to  powers of two which 

divide into our quantity, so our answer is  

 

Solution 16 

Let  . Plugging in  for  , we find  , and 

plugging in  and for , we obtain the following equations:

Adding these two equations together, we get If we 

plug in  and  in for  , we find that

Multiplying the third equation by  and adding  gives us our desired result, so

 

 

Solution 17(1)  

Let . .quating them: 

 

 
For there to be no solutions, the discriminant must be less than zero: 

 
. 

So  for  where  and  are the roots of  and 

their sum by Vieta's formulas is . 

Solution 17(2) 

The line will begin to intercept the parabola when its slope equals that of the parabola at 

the point of tangency. Taking the derivative of the equation of the parabola, we get that 

the slope equals . Using the slope formula, we find that the slope of the tangent line to 

the parabola also equals  . Setting these two equal to each other, we get

 Solving for  , we get
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The sum of the two possible values for  where the line is tangent to the parabola is , 

and the sum of the slopes of these two tangent lines is equal to , or . 

 

Solution 18(1) 

We see that there are  total ways to arrange the numbers. However, we can always 

rotate these numbers so that, for example, the number  is always at the top of the circle. 

Thus, there are only  ways under rotation, which is not difficult to list out. We 

systematically list out all  cases. 

Now, we must examine if they satisfy the conditions. We can see that by choosing one 

number at a time, we can always obtain subsets with sums  and . By choosing 

the full circle, we can obtain . By choosing everything except for  and , we 

can obtain subsets with sums of and . 

This means that we now only need to check for  and . However, once we have 

found a set summing to , we can choose everything else and obtain a set summing to , 

and similarly for  and . Thus, we only need to check each case for whether or not we 

can obtain  or . 

We find that there are only  arrangements that satisfy these conditions. However, each 

of these is a reflection of another. We divide by  for these reflections to obtain a final 

answer of . 

Solution 18(2) 

Like Solution 1, we note that the numbers from , and  are always going to be 

able to be made. Also, by selecting all numbers but one of , we can obtain the 

numbers from  and  will always be made from all the numbers. So 

we must check only  through . But if one circle can make a 6, we can select all of the 

other numbers and get a 9. Similarly, we can do the same for 7 and 8. So we must check 

only for 6 and 7. 

We can make  by having , or , or . We can start with the group of three. To 

seperate  from eachother, they must be grouped two together and one seperate, 

like this. 

 



 

- 399 - 

 

Now, we note that  is next to both blank spots, so we can't have a number from one of 

the pairs. So since we can't have  , because it is part of the  pair, and we can't 

have  there, because it's part of the  pair, we must have  inserted into the  spot. 

We can insert  and  in  and  interchangably, since reflections are considered the 

same. 

 

We have  and  left to insert. We can't place the  next to the  or the  next to the , 

so we must place  next to the  and  next to the . 

 

This is the only solution to make  "bad." 

Next we move on to , which can be made by , or , or . We do this the same 

way as before. We start with the three group. Since we can't have 4 or 2 in the top slot, 

we must have one there, and 4 and 2 are next to eachother on the bottom. When we 

have  and  left to insert, we place them such that we don't have the two pairs adjacent. 
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This is the only solution to make  "bad." 

We've covered all needed cases, and the two examples we found are distinct, therefore 

the answer is . 

 

Solution 19  

First, we draw the vertical cross-section passing through the middle of the frustum. let the 

top base equal 2 and the bottom base to be equal to 2r

 

then using the Pythagorean theorem we have:  which is 

equivalent to:  subtracting  from 

both sides  solving for s we get:  next we can find the area of the 

frustum and of the sphere and we know  so we can solve 

for  using  we get:
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 using  we get

 so we have:  dividing 

by  we get  which is equivalent to

 so  

 

Solution 20  

The domain of the LHS implies that  Begin from the left hand side

Hence, we have integers from 41 to 49 and 51 to 59. There are  integers. 

 

Solution 21(1)  

Draw the altitude from  to  and call the foot . Then . Consider . It is 

the hypotenuse of both right triangles  and  , and we 

know  , so we must have  by Hypotenuse-Leg 

congruence. From this congruence we have . 

Notice that all four triangles in this picture are similar. Also, we have . 

So set  and  . 

Now  . This 

means , so  is the midpoint of . So , 

along with all other similar triangles in the picture, is a 30-60-90 triangle, and we 

have  and subsequently  . This 

means  , which 

gives , so the answer is . 

Solution 21(2)  

Let  . Let  . 

Because  and 
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 , 

 are all similar. Using proportions and the 

pythagorean theorem, we find

Because we know that  , we can set up a 

systems of equations  Solving for  in 

the second equation, we get Plugging this into the first equation, we 

get

Plugging into the previous equation with  , we get

 

Solution 21(3)  

Let  ,  , and  . Then  and 

because  and  ,  . 

Furthermore, the area of the four triangles and the two rectangles sums to 1: 

 

 

 

 
 

 

 

 

 
By the Pythagorean theorem:  
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Then by the rational root theorem, this has roots , , and . The first and 

last roots are extraneous because they imply  and  , respectively, 

thus . 

Solution 21(4)  

Let  =  and  = . It is shown that all four triangles in the picture are similar. 

From the square side lengths: 

 

 

Solving for  we get: 

 

 

 

 

 

 

 

 

Solution 21(5)  

Note that  is a diagonal of , so it must be equal in length to . Therefore, 

quadrilateral  has  , and  , so it must be either an 

isosceles trapezoid or a parallelogram. But due to the slope of  and , we see that 

it must be a parallelogram. Therefore,  . But by the symmetry in 

rectangle , we see that . Therefore, . We also 

know that , hence . 

As  and , and as  is right, we know that  must be a 30-
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60-90 triangle. Therefore,  and  . But by 

similarity,  is also a 30-60-90 triangle, hence  . 

But  , hence  . As  , this implies 

that . Thus the answer is . 

 

Solution 22  

A long, but straightforward bash: 

Define  to be the probability that the frog survives starting from pad N. 

 

Then note that by symmetry,  , since the probabilities of the frog moving 

subsequently in either direction from pad 5 are equal. 

 

We therefore seek to rewrite  in terms of , using the fact that 

 

 
 

as said in the problem. 

 

Hence  

 

 
 

Returning to our original equation: 
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Returning to our original equation: 

 

 

 

 
 

 

 

Cleaing up the coefficients, we have: 

 

 
 

 

 

Hence,  

 

 
 

 

 

Or set  :
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Since , . 

 

Solution 23  

Note that  . We have for 

 Therefore

 This is simply an alternating 

series of triangular numbers that goes like this:  After 

finding the first few sums of the series, it becomes apparent that

and

Obviously,  falls in the second category, so our desired value is

 

 

Solution 24  

Let  denote the length of a diagonal opposite adjacent sides of length  and ,  for 

sides  and , and  for sides  and . Using Ptolemy's Theorem on the five possible 

quadrilaterals in the configuration, we obtain: 
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Using equations  and , we obtain: 

 
and 

 

Plugging into equation , we find that: 

 

Or similarly into equation  to check: 

 
 , being a length, must be positive, implying that  . In fact, this is reasonable, 

since  in the pentagon with apparently obtuse angles. Plugging this back 

into equations  and  we find that  and . 

We desire  , so it 

follows that the answer is  

 

Solution 25 

Rewrite  as  . Now let  , and 

let  . We have  Notice that 

either  and  or  and  . For the first case,  only 
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when  and  is an integer.  when  is an even multiple of , and 

since ,  only when  is an odd divisor of . This gives us 

these possible values for  :  For the case 

where , , so , where m is odd.  must also be an 

odd multiple of  in order for  to equal , so  must be odd. We can quickly see 

that dividing an even number by an odd number will never yield an odd number, so there 

are no possible values for  , and therefore no cases where  and  . 

Therefore, the sum of all our possible values for  is

 

2015 AMC 12A Solutions 

Solution 1 

 

 

Solution 2 

Letting  be the third side, then by the triangle inequality, , 

or . Therefore the perimeter must be greater than 40 but less than 70. 72 is 

not in this range, so  is our answer. 

 

Solution 3(1) 

If the average of the first  peoples' scores was , then the sum of all of their tests 

is  . When Payton's score was added, the sum of all of the scores 

became . So, Payton's score must be  

Solution 3(2) 

The average of a set of numbers is the value we get if we evenly distribute the total across 

all entries. So assume that the first  students each scored  . If Payton also scored 

an , the average would still be . In order to increase the overall average to , we 

need to add one more point to all of the scores, including Payton's. This means we need 

to add a total of  more points, so Payton needs  

 

Solution 4 
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Let  be the bigger number and  be the smaller. 

. 

Solving gives , so the answer is . 

 

Solution 5 

To maximize our estimate, we want to maximize  and minimize , because both terms 

are positive values. Therefore we round  down. To maximize  , round  up 

and  down.  

 

Solution 6  

This problem can be converted to a system of equations. Let  be Pete's current age 

and  be Claire's current age. 

The first statement can be written as . The second statement can be 

written as  

To solve the system of equations: 

 

 

 

 

 
Let  be the number of years until Pete is twice as old as Claire. 

 
 

 

 

Solution 7 

Let the radius of the first cylinder be  and the radius of the second cylinder be . Also, 

let the height of the first cylinder be  and the height of the second cylinder be . We 

are told Substituting the first equation into the second and 

dividing both sides by  , we get

Therefore, Solution 8 
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Solution 9(1)  

If Cheryl gets two marbles of the same color, then Claudia and Carol must take all four 

marbles of the two other colors. The probability of this happening, given that Cheryl has 

two marbles of a certian color is . Since there are three different 

colors, our final probability is . 

Solution 9(2) 

The order of the girls' drawing the balls really does not matter. Thus, we can let Cheryl 

draw first, so after she draws one ball, the other must be of the same color. Thus, the 

answer is . 

Solution 9(3) 

The total number of ways they can draw is   . Let Cheryl draw first and 

since there are three colors, there are  ways she can get 2 marbles of the same color. 

The other two pick two each, which leads to  and  , 

respectively.  

 

Solution 10  

Use SFFT to get  . The terms  and  must be 

factors of , which include . Because ,  is equal to  or . 

But if , then  and so . 

 

Solution 11  

Isabella can get  lines if the circles are concentric,  if internally tangent,  if 

overlapping,  if externally tangent, and  if non-overlapping and not externally tangent. 

There are  values of . 

 

Solution 12 

https://artofproblemsolving.com/wiki/index.php?title=SFFT
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Clearly, the parabolas must intersect the x-axis at the same two points. Their distance 

multiplied by  (the distance between the y-intercepts), all divided by 2 is equal 

to 12, the area of the kite (half the product of the diagonals). That distance is thus 4, and 

so the x-intercepts are  Then  , 

and  Then . 

 

Solution 13 

We can eliminate answer choices  and  because there are an even number of 

scores, so if one is false, the other must be false too. Answer choice  must be true 

since every team plays every other team, so it is impossible for two teams to lose every 

game. Answer choice  must be true since each game gives out a total of two points, 

and there are  games, for a total of  points. Answer choice  is 

false (and thus our answer). If everyone draws each of their 11 games, then every team 

will tie for first place with 11 points each. 

 

Solution 14  

We use the change of base formula to show that Thus, our 

equation becomes  which becomes after combining:

Hence , and the answer is  

 

Solution 15(1)  

We can rewrite the fraction as . Since the last digit of the 

numerator is odd, a  is added to the right if the numerator is divided by , and this will 

continuously happen because  , itself, is odd. Indeed, this happens twenty-two times 

since we divide by  twenty-two times, so we will need  more digits. Hence, the answer 

is  

Solution 15(2) 

Multiply the numerator and denominator of the fraction by  (which is the same as 
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multiplying by 1) to give  . Now, instead of thinking about this as a 

fraction, think of it as the division calculation  . The dividend 

is a huge number, but we know it doesn't have any digits to the right of the decimal point. 

Also, the dividend is not a multiple of 10 (it's not a multiple of 2), so these 26 divisions by 

10 will each shift the entire dividend one digit to the right of the decimal point. 

Thus,  is the minimum number of digits to the right of the decimal point needed. 

 

Solution 16(1)    

Let the midpoint of  be  . We have  , and so by the Pythagorean 

Theorem  and  . Because the altitude from  of 

tetrahedron  passes touches plane  on  , it is also an altitude of 

triangle . The area  of triangle  is, by Heron's Formula, given by 

Substituting  and performing huge (but manageable) 

computations yield  , so  . Thus, if  is the length of the altitude 

from  of the tetrahedron,  . Our answer is thus

and so our answer is  

Solution 16(2) 

Drop altitudes of triangle  and triangle  down from  and , respectively. 

Both will hit the same point  let this point be  . Because both triangle  and 

triangle  are 3-4-5 triangles,  . 

Because  , it follows that 

the  is a right triangle, meaning that  , and it follows that 

planes  and  are perpendicular to each other. Now, we can treat  as 

the base of the tetrahedron and  as the height. Thus, the desired volume is

which is answer  
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Solution 17(1)  

We will count how many valid standing arrangements there are (counting rotations as 

distinct), and divide by  at the end. We casework on how many people are 

standing. 

Case   people are standing. This yields  arrangement. 

Case   person is standing. This yields  arrangements. 

Case   people are standing. This yields  arrangements, because the 

two people cannot be next to each other. 

Case   people are standing. Then the people must be arranged in stand-sit-stand-sit-

stand-sit-stand-sit fashion, yielding  possible arrangements. 

More difficult is: 

Case   people are standing. First, choose the location of the first person standing 

(  choices). Next, choose  of the remaining people in the remaining  legal seats to stand, 

amounting to  arrangements considering that these two people cannot stand next to 

each other. However, we have to divide by because there are  ways to choose the first 

person given any three. This yields arrangements for Case  

Alternate Case  Use complementary counting. Total number of ways to choose 3 people 

from 8 which is . Sub-case  three people are next to each other which is . 

Sub-case  two people are next to each other and the third person is not  . 

This yields  

Summing gives  and so our probability is . 

Solution 17(2) 

We will count how many valid standing arrangements there are counting rotations as 

distinct and divide by  at the end. Line up all  people linearly. In order for no two 

people standing to be adjacent, we will place a sitting person to the right of each standing 

person. In effect, each standing person requires  spaces and the standing people are 

separated by sitting people. We just need to determine the number of combinations of 

pairs and singles and the problem becomes very similar to pirates and gold aka stars and 

bars aka ball and urn. 
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If there are  standing, there are  ways to place them. For  there 

are  ways. etc. Summing, we 

get ways. 

Now we consider that the far right person can be standing as well, so we 

have  ways 

Together we have , and so our probability is . 

Solution 17(3) 

We will count how many valid standing arrangements there are (counting rotations as 

distinct), and divide by  at the end. If we suppose for the moment that the 

people are in a line, and decide from left to right whether they sit or stand. If the leftmost 

person sits, we have the same number of arrangements as if there were only  people. If 

they stand, we count the arrangements with  instead because the person second from 

the left must sit. We notice that this is the Fibonacci sequence, where with  person there 

are two ways and with  people there are three ways. Carrying out the Fibonacci recursion 

until we get to  people, we find there are  standing arrangements. Some of these were 

illegal however, since both the first and last people stood. In these cases, both the leftmost 

and rightmost two people are fixed, leaving us to subtract the number of ways 

for  people to stand in a line, which is  from our sequence. Therefore our probability 

is  

 

Solution 18(1) 

The problem asks us to find the sum of every integer value of  such that the roots 

of  are both integers. 

The quadratic formula gives the roots of the quadratic equation:  

As long as the numerator is an even integer, the roots are both integers. But first of all, the 

radical term in the numerator needs to be an integer  that is, the 

discriminant  equals , for some nonnegative integer . 
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From this last equation, we are given a hint of the Pythagorean theorem. 

Thus,  must be a Pythagorean triple unless . 

In the case  , the equation simplifies to  . From this equation, we 

have  . For both  and  ,  yields two integers, so 

these values satisfy the constraints from the original problem statement. (Note: the two 

zero roots count as "two integers.") 

If  is a positive integer, then only one Pythagorean triple could match the 

triple  because the only Pythagorean triple with a  as one of the values 

is the classic  triple. Here,  and  . Hence,  . 

Again,  yields two integers for both  and , so these two 

values also satisfy the original constraints. 

There are a total of four possible values for :  and . Hence, the sum of all of 

the possible values of  is . 

Solution 18(2) 

Let  and  be the roots of  

By Vieta's Formulas,  and  

Substituting gets us  

 
Using Simon's Favorite Factoring Trick: 

 

 

 

 

This means that the values for  are  giving 

us  values of and . Adding these up gets . 

Solution 18(3) 

The quadratic formula gives . For  to be an integer, it is necessary 

(and sufficient!) that  to be a perfect square. So we have   this 
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is a quadratic in itself and the quadratic formula gives  

We want  to be a perfect square. From smartly trying small values of  , we 

find  as solutions, which correspond to  . These are the 

only ones  if we want to make sure then we must hand check up to  . Indeed, 

for  we have that the differences between consecutive squares are greater 

than  so we can't have  be a perfect square. So summing our values for we 

find 16 (C) as the answer. 

 

Solution 19(1)  

Let  and  be positive integers. Drop a perpendicular 

from  to  to show that, using the Pythagorean Theorem, that

 Simplifying yields  , so  . 

Thus,  is one more than a perfect square. 

The perimeter  must be less than 2015. 

Simple calculations demonstrate that  is valid, 

but  is not. On the lower side,  does not work 

(because  ), but  does work. Hence, there are 31 valid  (all  such 

that  for ), and so our answer is  

Solution 19(2) 

If  , then  . 

Thus,  and thus  . 

Since  must be an integer, we note that  is a perfect square and by simple 

computations it is seen that  works but  doesn't. 

Therefore  to  work, giving an answer of . 

 

Solution 20(1)  

The area of  is  and the perimeter is 18. 

The area of  is  and the perimeter is . 

Thus , so . 
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Thus  , 

so . 

We square and divide 36 from both sides to obtain  , 

so  . This factors as  . Because 

clearly  but , we have  The answer is . 

Solution 20(2)  

Triangle  , being isosceles, has an area of  and a perimeter 

of  . Triangle  similarly has an area 

of  and . 

Now we apply our computational fortitude. 

 Plug in  to obtain

 Plug in  to obtain

 We know 

that  is a valid solution by  . Factoring out  , we obtain

 Utilizing the quadratic formula gives

We clearly must pick the positive solution. Note that , and 

so , which clearly gives an answer of , as desired. 

Solution 20(3)  

Triangle T has perimeter  so . 

Using Heron's, we get . 
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We know that  from above so we plug that in, and we also know that 

then . 

 

 
We plug in 3 for  in the LHS, and we get 54 which is too low. We plug in 4 for  in the LHS, 

and we get 80 which is too high. We now know that b is some number between 3 and 4. 

If , then we would round up to 4, but if , then we would round down to 

3. So let us plug in 3.5 for b. 

We get 67.375 which is too high, so we know that . 

The answer is .  

 

Solution 21  

We can graph the ellipse by seeing that the center is  and finding the ellipse's 

intercepts. The points where the ellipse intersects the coordinate axes 

are , and . Recall that the two foci lie on the major axis of 

the ellipse and are a distance of  away from the center of the ellipse, 

where , with  being half the length of the major (longer) axis and  being 

half the minor (shorter) axis of the ellipse. We have 

that  . Hence, the coordinates of both 

of our foci are  and . In order for a circle to pass through both of 

these foci, we must have that the center of this circle lies on the y-axis. 

The minimum possible value of  belongs to the circle whose diameter's endpoints are the 

foci of this ellipse, so  . The value for  is achieved when the circle passes 

through the foci and only three points on the ellipse, which is possible when the circle 

touches  or  . Which point we use does not change what value of  is 

attained, so we use . Here, we must find the point  such that the distance 

from  to both foci and  is the same. Now, we have the two following 

equations.  Substituting for  , we 

have that  

Solving the above simply yields that , so our answer is . 
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Solution 22  

One method of approach is to find a recurrence for . 

Let us define  as the number of sequences of length  ending with an  , 

and  as the number of sequences of length  ending in  . Note 

that  and , so . 

For a sequence of length  ending in  , it must be a string of  s appended onto a 

sequence ending in  of length  . So we have the recurrence:

 

We can thus begin calculating values of . We see that the sequence goes (starting 

from ):  

A problem arises though: the values of  increase at an exponential rate. Notice 

however, that we need only find  . In fact, we can use the fact 

that  to only need to find . Going one step further, we 

need only find  and  to find . 

Here are the values of , starting with :  

Since the period is  and , . 

Similarly, here are the values of  , starting with  :

 

Since the period is  and , . 

Knowing that  and  , we see 

that , and . Hence, the answer is . 

 

Solution 23  

Divide the boundary of the square into halves, thereby forming 8 segments. Without loss 

of generality, let the first point  be in the bottom-left segment. Then, it is easy to see 

that any point in the 5 segments not bordering the bottom-left segment will be distance 

at least  apart from . Now, consider choosing the second point on the bottom-right 
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segment. The probability for it to be distance at least 0.5 apart 

from  is  because of linearity of the given probability. (Alternatively, one 

can set up a coordinate system and use geometric probability.) 

If the second point  is on the left-bottom segment, then if  is distance  away from 

the left-bottom vertex, then  must be at least  away from that same 

vertex. Thus, using an averaging argument we find that the probability in this case is

 

(Alternatively, one can equate the problem to finding all 

valid  with  such that , i.e. (x, y) is outside the unit 

circle with radius 0.5.) 

Thus, averaging the probabilities gives  

Our answer is . 

 

Solution 24（1）  

Let  and . Consider the binomial expansion of the expression:

 
We notice that the only terms with  are the second and the fourth terms. Thus for the 

expression to be a real number, either  or  must be  , or the second 

term and the fourth term cancel each other out (because in the fourth term, you 

have ). 

 .ither  or  is . 

The two  satisfying this are  and  , and the two  satisfying this are  and  . 

Because  and  can both be expressed as fractions with a denominator less than or equal 

to , there are a total of  possible values for  and : 

 

Calculating the total number of sets of  results in  sets. Calculating 
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the total number of invalid sets (sets where  doesn't equal  or  and  doesn't 

equal  or ), resulting in . 

Thus the number of valid sets is . 

: The two terms cancel. 

We then have: 

 
So: 

 

which means for a given value of  or , there are  valid values(one in 

each quadrant). 

When either  or  are equal to  , however, there are only two 

corresponding values. We don't count the sets where 

either  or  equals  , for we would get repeated sets. We also exclude 

values where the denominator is an odd number, for we cannot find any corresponding 

values(for example, if  is  , then  must be  , which we don't have). Thus the total 

number of sets for this case is . 

Thus, our final answer is , which is . 

 

Solution 25(1)  

Let us start with the two circles in  and the circle in . Let the larger circle in  be 

named circle with radius  and the smaller be named circle  with radius . Also let 

the single circle in  be named circle  with radius  . Draw radii  ,  , 

and  perpendicular to the x-axis. Drop altitudes  and  from the center of  to these 

radii  and  , respectively, and drop altitude  from the center of  to radius 

perpendicular to the x-axis. Connect the centers of circles , , and  with their radii, and 

utilize the Pythagorean Theorem. We attain the following equations.

 

We see that  ,  , and  . Since  , we have 

that  . Divide this equation by  , and this equation 

becomes the well-known relation of Descartes's Circle Theorem  We 
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can apply this relationship recursively with the circles in layers . 

Here, let  denote the sum of the reciprocals of the square roots of all circles in 

layer  . The notation in the problem asks us to find the sum of the reciprocals of the 

square roots of the radii in each circle in this collection, which is . We already 

have that  . 

Then,  . 

Additionally,  , 

and  . Now, we notice 

that 

because  , which is a 

power of  Hence, our desired sum 

is  . This simplifies 

to . 

Note that the circles in this question are known as Ford circles. 

Solution 25(2) 

Let the two circles from  be of radius  and  , with  . Let the circle of 

radius  be circle  and the circle of radius  be circle . Now, let the circle of  have 

radius  . Let this circle be circle  . Draw the radii of the three circles down to the 

common tangential line and connect the radii. Draw two lines parallel to the common 

tangential line of the two layers intersecting the center point of circle  and the center 

point of circle . Now, we have  right triangles with a line of common length (The two 

parallel lines). Using the pythagorean theorem, we get the 

formula 

 

Now we solve for  . Square both sides, use the 

identity  and 

simplify: 
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Now, let's change this into a function to clean things 

up:  Let's begin to rewrite the sum we 

want to find in terms of the radii of the circles, call 

this  : 

 Using 

this, we can find the sum of some 

layers:  ,  ,  and  :  This is 

interesting, we have that the sum of Layer 0 and Layer 1 is equal to twice of Layer 0. If we 

continue and find the sum of layers 0, 1 and 2, we see it is equal to . This is getting 

very interesting, there must be some pattern. First of all, we should observe that 

finding  of a circle is equivalent to adding up those of the 2 larger circles to construct 

the smaller one. Second, upon further observation, we can draw out the layers. When 

we're finding the next layer, we can split the current layers across the center, so that each 

half includes the center circle . Now, if we were to find , we notice we are doubling 

the current sum and including the center circle twice. So, the recursive sum would 

be  . So, applying this new formula, we 

get 
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Solution 1 

 

 

Solution 2 
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The first two tasks took  minutes. Thus, each task 

takes  minutes. So the third task finishes 

at  minutes . 

 

Solution 3 

Let  be the number written two times, and  the number written three times. 

Then  . Plugging in  = 28 doesn't yield an integer for  , so it must be 

that , and we get . Solving for , we obtain . 

 

Solution 4 

Let  denote any of the 6 racers not named. Then the correct order following all the logic 

looks like: 

 

Clearly the 8th place runner is . 

 

Solution 5（1） 

The ratio of the Shark's victories to games played is . For  to be at its smallest, the 

Sharks must win all the subsequent games because . Then we can write the 

equation 

 

Cross-multiplying yields , and we find that . 

 

Solution 6  

There are a total of  products, and a product is odd if and 

only if both its factors are odd. There are  odd numbers between  and  , 

namely  hence the number of odd products is . Therefore 

the answer is . 

 

Solution 7 

From consideration of a smaller regular polygon with an odd number of sides (e.g. a 

pentagon), we see that the lines of symmetry go through a vertex of the polygon and bisect 

the opposite side. Hence , the number of sides / vertices. The smallest angle for 

a rotational symmetry transforms one side into an adjacent side, 
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hence , the number of degrees between adjacent sides. Therefore 

the answer is . 

 

Solution 8 

 

 

Solution 9(1)  

If Larry wins, he either wins on the first move, or the third move, or the fifth move, etc. 

Let  represent "player wins", and  represent "player loses". Then the events 

corresponding to Larry winning are  

Thus the probability of Larry winning is 

 

This is a geometric series with ratio  , hence the answer 

is . 

Solution 9(2) 

Break the problem up into two separate cases: (a) Larry wins on the first throw or (b) Larry 

wins after the first throw. 

a: The probability that Larry wins on the first throw is . 

b: The probability that Larry wins after the first throw is half the probability that Julius 

wins because it only occurs half the time. This probability is , where  is the 

probability that Larry wins. 

Therefore,  . This equation can be solved for  to find that the 

probability that Larry wins is . 

 

Solution 10 (1) 

Since we want non-congruent triangles that are neither isosceles nor equilateral, we can 

just list side lengths  with  . Furthermore, "positive area" tells us 
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that  and the perimeter constraints means . 

There are no triangles when  because then  must be less than  , implying 

that , contrary to . 

When  , similar to above,  must be less than  , so this leaves the only 

possibility  . This gives 3 triangles  within our 

perimeter constraint. 

When  ,  can be  or  , which gives 

triangles . Note that  is a right triangle, so we get 

rid of it and we get only 2 triangles. 

All in all, this gives us  triangles. 

 

Solution 11  

Clearly the line and the coordinate axes form a right triangle. Since the x-intercept and y-

intercept are 5 and 12 respectively, 5 and 12 are two sides of the triangle that are not the 

hypotenuse, and are thus two of the three heights. In order to find the third height, we 

can use different equations of the area of the triangle. Using the lengths we know, the 

area of the triangle is . We can use the hypotenuse as another base to 

find the third height. Using the distance formula, the length of the hypotenuse 

is . Then , and so . Therefore the sum of 

all the heights is . 

 

Solution 12(1) 

The left-hand side of the equation can be factored 

as  , from which it follows that 

the roots of the equation are  , and  . The sum of the roots is 

therefore  , and the maximum is achieved by choosing  , 

and . Therefore the answer is  

Solution 12(2) 

.xpand the polynomial. We 

get  

Now, consider a general quadratic equation  The two solutions to 
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this are The sum of these roots is  

Therefore, reconsidering the polynomial of the problem, the sum of the roots is

 Now, to maximize this, it is clear that  Also, we must 

have  (or vice versa). The reason  have to equal these values instead of 

larger values is because each of  is distinct. 

 

Solution 13 

 and  are both subtended by segment  , 

hence  . By considering  , it follows 

that  . Hence  is isosceles, 

and  

 

Solution 14  

The area of the circle is , and the area of the triangle is . 

The difference between the area of the region that lies inside the circle but outside the 

triangle and the area of the region that lies inside the triangle but outside the circle is the 

same as the difference between the area of the circle and the area of the triangle (because 

from both pieces we are subtracting the area of the two shapes' intersection), so the 

answer is . 

 

Solution 15(1)  

The probability that Rachelle gets a C in .nglish is . 

The probability that she gets a C in History is . 

We see that the sum of Rachelle's "point" scores must be at least 14 since . 

We know that in Mathematics and Science we have a total point score of 8 (since she will 

get As in both), so we only need a sum of 6 in .nglish and History. This can be achieved by 

getting two As, one A and one B, one A and one C, or two Bs. We evaluate these cases. 

The probability that she gets two As is . 

The probability that she gets one A and one B 
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is . 

The probability that she gets one A and one C 

is . 

The probability that she gets two Bs is . 

Adding these, we get . 

Solution 15(2) 

We can break it up into three mutually exclusive cases: A in english, at least a C in history  

B in english and at least a B in history  C in english and an A in history. This gives 

 

 

Solution 16(1) 

The distance from a corner to the center is 6, and from the corner to the top of the pyramid 

is 8, so the height is . 

The area of the hexagon is 

 

Thus, The volume of the pyramid is 

 

 

Solution 17(1)  

When tossed  times, the probability of getting exactly 2 heads and the rest tails is 

 

Similarly, the probability of getting exactly 3 heads is 

 

Now set the two probabilities equal to each other and solve for : 
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Note: the original problem did not specify , so  was a solution, but this was 

fixed in the Wiki problem text so that the answer would make sense.  

 

Solution 18(1) 

This problem becomes simple once we recognize that the domain of the function 

is . By evaluating  to be , we can see that  is 

incorrect. .valuating  to be , we see that both  and  are incorrect. Since our 

domain consists of composite numbers, which, by definition, are a product of at least two 

positive primes, the minimum value of  is  , so  is incorrect. That leaves us 

with . 

Solution 18(2) 

Think backwards. The range is the same as the numbers  that can be expressed as the 

sum of two or more prime positive integers. 

The lowest number we can get is . For any number greater than 4, we 

can get to it by adding some amount of 2's and then possibly a 3 if that number is odd. For 

example, 23 can be obtained by adding 2 ten times and adding a 3  this corresponds to 

the argument  . Thus our answer 

is . 

 

Solution 19(1)  

First, we should find the center and radius of this circle. We can find the center by drawing 

the perpendicular bisectors of  and  and finding their intersection point. This 

point happens to be the midpoint of , the hypotenuse. Let this point be . To find 

the radius, determine  , where  ,  , 

and . Thus, the radius . 

Next we let  and  . Consider the right triangle  first. Using the 
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pythagorean theorem, we find that . Next, we let  to be the 

midpoint of , and we consider right triangle . By the pythagorean theorem, 

we have that . .xpanding this equation, we get that 

 

This means that  is a 45-45-90 triangle, so  . Thus the 

perimeter is  which is answer . image 

needed 

Solution 19(2) 

The center of the circle on which , , , and  lie must be equidistant from each of 

these four points. Draw the perpendicular bisectors of  and of . Note that the 

perpendicular bisector of  is parallel to  and passes through the midpoint 

of . Therefore, the triangle that is formed by , the midpoint of , and the point 

at which this perpendicular bisector intersects  must be similar to , and the 

ratio of a side of the smaller triangle to a side of  is 1:2. Consequently, the 

perpendicular bisector of  passes through the midpoint of . The perpendicular 

bisector of  must include the midpoint of  as well. Since all points on a 

perpendicular bisector of any two points  and  are equidistant from  and , the 

center of the circle must be the midpoint of . 

Now the distance between the midpoint of  and , which is equal to the radius of 

this circle, is  . Let  . Then the distance between the 

midpoint of  and  , also equal to the radius of the circle, is given 

by  (the ratio of the similar triangles is involved 

here). Squaring these two expressions for the radius and equating the results, we have 

 
Since  cannot be equal to 12, the length of the hypotenuse of the right triangle, we can 

divide by , and arrive at . The length of other leg of the triangle 

must be  . Thus, the perimeter of the triangle 
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is . 

Solution 19(3) 

In order to solve this problem, we can search for similar triangles. Begin by drawing 

triangle  and squares  and  . Draw segments  and  . 

Because we are given points  ,  ,  , and  lie on a circle, we can conclude 

that  forms a cyclic quadrilateral. Take  and extend it through a 

point  on . Now, we must do some angle chasing to prove that  is similar 

to . 

Let  denote the measure of  . Following this,  measures  . By 

our construction,  is a straight line, and we know  is a right angle. 

Therefore,  measures  . Also,  is a right angle and thus,  is a 

right angle. Sum  and  to find  , which measures  . We 

also know that  measures . Therefore, . 

Let  denote the measure of  . It follows that  measures  . 

Because  is a cyclic quadrilateral,  . 

Therefore,  must measure  , and  must measure  . 

Therefore, . 

 and  , so  ! 

Let  . By Pythagorean theorem,  . Now we 

have  ,  ,  , 

and . We can set up an equation: 

 

Solving for , we find that  or , which we omit. The perimeter of the 

triangle is . Plugging in , we get . 

 

Solution 20  

Simply draw a table of values of  for the first few values of : 
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It is now clear that for ,  for all values . 

Thus, . 

 

Solution 21(1)  

We can translate this wordy problem into this simple equation: 

 

We will proceed to solve this equation via casework. 

Case 1:  

Our equation becomes  , where  Using the fact 

that  is an integer, we quickly find that  and  yield  and  , 

respectively. 

 

Case 2:  

Our equation becomes  , where  Using the 

fact that  is an integer, we quickly find that  yields . 

Summing up we get . The sum of the digits is . 

Solution 21(2) 

It can easily be seen that the problem can be expressed by the equation:

 

However, because the ceiling function is difficult to work with, we can rewrite the previous 

equation as: 

 Where  and  Multiplying both 

sides by ten and simplifying, we get:

 
Because s must be an integer, we need to find the values of  and  such 

that . We solve using casework. 

Case 1:  

If  , we have  . We can easily see that  or  , which 

when plugged into our original equation lead to  and  respectively. 
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Case 2:  

If , we have , which can be rewritten as . 

We can again easily see that  is the only solution, which when plugged into our 

original equation lead to . 

Adding these together we get . The sum of the digits is . 

 

Solution 22(1)  

Consider shifting every person over three seats (left or right) after each person has gotten 

up and sat back down again. Now, instead of each person being seated not in the same 

chair and not in an adjacent chair, each person will be seated either in the same chair or 

in an adjacent chair. The problem now becomes the number of ways in which six people 

can sit down in a chair that is either the same chair or an adjacent chair in a circle. 

Consider the similar problem of  people sitting in a chair that is either the same chair or 

an adjacent chair in a row. Call the number of possibilities for this . Then if the leftmost 

person stays put, the problem is reduced to a row of  chairs, and if the leftmost 

person shifts one seat to the right, the new person sitting in the leftmost seat must be the 

person originally second from the left, reducing the problem to a row of  chairs. 

Thus,  for  . Clearly  and  , 

so , , and . 

Now consider the six people in a circle and focus on one person. If that person stays put, 

the problem is reduced to a row of five chairs, for which there are  possibilities. If 

that person moves one seat to the left, then the person who replaces him in his original 

seat will either be the person originally to the right of him, which will force everyone to 

simply shift over one seat to the left, or the person originally to the left of him, which 

reduces the problem to a row of four chairs, for which there are  possibilities, 

giving  possibilities in all. By symmetry, if that person moves one seat to the 

right, there are another  possibilities, so we have a total 

of  possibilities. 

Solution 22(2) 

Label the people sitting at the table  and assume that they are initially 

seated in the order  . The possible new positions 

for  and  are respectively (a dash indicates a non-allowed position): 

 
The permutations we are looking for should use one letter from each column, and there 

should not be any repeated letters: 
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There are  such permutations. 

Solution 22(3) 

We can represent each rearrangement as a permutation of the six 

elements  in cycle notation. Note that any such permutation cannot 

have a 1-cycle, so the only possible types of permutations are 2,2,2-cycles, 4,2-cycles, 3,3-

cycles, and 6-cycles. We deal with each case separately. 

For 2,2,2-cycles, suppose that one of the 2-cycles switches the people across from each 

other, i.e. , , or . WLOG, we may assume it to be . Then we could either 

have both of the other 2-cycles be across from each other, giving the 

permutation , or else neither of the other 2-cycles are across from each 

other, in which case the only possible permutation is  . This can happen 

for  and  as well. So since the first permutation is not counted twice, we find a 

total of  permutations that are 2,2,2-cycles where at least one of the 2-cycles 

switches people diametrically opposite from each other. Otherwise, since the elements in 

a 2-cycle cannot differ by 1, 3, or 5 mod 6, they must differ by 2 or 4 mod 6, i.e. they must 

be of the same parity. But since we have three odd and three even elements, this is 

impossible. Hence there are exactly 4 such permutations that are 2,2,2-cycles. 

For 4,2-cycles, we assume for the moment that 1 is part of the 2-cycle. Then the 2-cycle 

can be , , or . The first two are essentially the same by symmetry, and we 
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must arrange the elements 2, 4, 5, 6 into a 4-cycle. However, 5 must have two neighbors 

that are not next to it, which is impossible, hence the first two cases yield no permutations. 

If the 2-cycle is , then we must arrange the elements 2, 3, 5, 6 into a 4-cycle. Then 2 

must have the neighbors 5 and 6. We find that the 4-cycles  and  satisfy 

the desired properties, yielding the permutations  and  . This 

can be done for the 2-cycles  and  as well, so we find a total of 6 such 

permutations that are 4,2-cycles. 

For 3,3-cycles, note that if 1 neighbors 4, then the third element in the cycle will neighbor 

one of 1 and 4, so this is impossible. Therefore, the 3-cycle containing 1 must consist of 

the elements 1, 3, and 5. Therefore, we obtain the four 3,3-

cycles , , , and . 

For 6-cycles, note that the neighbors of 1 can be 3 and 4, 3 and 5, or 4 and 5. In the first 

case, we may assume that it looks like  -- the form  is also possible, 

but equivalent to this case. Then we must place the elements 2, 5, and 6. Note that 5 and 

6 cannot go together, so 2 must go in between them. Also, 5 cannot neighbor 4, so we are 

left with one possibility, namely , which has an analogous possibility . 

In the second case, we assume that it looks like . Clearly, the 2 must go next to 

the 5, and the 6 must go last (to neighbor the 3), so the only possibility here is , 

with the analogous possibility . In the final case, we may assume that it looks 

like . Then the 2 and 3 cannot go together, so the 6 must go in between them. 

Therefore, the only possibility is , with the analogous possibility . We 

have covered all possibilities for 6-cycles, and we have found 6 of them. 

Therefore, there are  such permutations. 

 

Solution 23(1)  

The surface area is , and the volume is , so equating the two yields 

 

Divide both sides by  to obtain  
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First consider the bound of the variable  . Since  we 

have , or . 

Also note that  , hence  . Thus,  , 

so . 

So we have  or . 

Before the casework, let's consider the possible range for  if  . 

From  , we have  . From  , we have  . 

Thus . 

When  , we get  , so  . We find the 

solutions , , , , , for a 

total of  solutions. 

When  , we get  , so  . We find the 

solutions , , , for a total of  solutions. 

When  , we get  , so  . The only solution in this case 

is . 

When ,  is forced to be , and thus . 

Thus, there are  solutions. 

 

Solution 24  

First, note that  lies on the radical axis of any of the pairs of circles. Suppose 

that  and  are the centers of two circles  and  that intersect exactly 

at  and  , with  and  lying on the same side of  , and  . 

Let , , and suppose that the radius of circle  is and the radius of 
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circle  is . 

Then the power of point  with respect to  is 

 
and the power of point  with respect to  is 

 

Also, note that . 

Subtract the above two equations to find 

that  or  . As  , we find 

that  . Plug this into an earlier equation to find 

that . This is a quadratic equation with solutions , 

and as  is a length, it is positive, hence , and . This is the only 

possibility if the two centers lie on the same same of their radical axis. 

On the other hand, if they lie on opposite sides, then it is clear that there is only one 

possibility, and then it is clear that . Therefore, we obtain 

exactly four possible centers, and the sum of the desired lengths 

is . 

 

Solution 25 

Let , a  counterclockwise rotation centered at the origin. Notice that  on 

the complex plane is: 

 
We need to find the magnitude of  on the complex plane. This is an 

arithmetic/geometric series. 

 

We want to find . First, note that  because . Therefore 

 

Hence, since , we have  
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Now we just have to find . This can just be computed directly: 

 

 

 

Therefore 

 

Thus the answer is  

 

2016 AMC 12A Solutions 

Solution 1(1) 

Factoring out  from the numerator and cancelling out  from the numerator and the 

denominator, we have

 
Solution 1(2) 

We can use subtraction of fractions to get

 
Solution 1(3) 

Factoring out  gives . 

Solution 2(1) 

We can rewrite  as  :

Since the bases are equal, we can set the exponents equal, 

giving us . Solving the equation gives us  

Solution 2(2) 
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We can rewrite this expression as  , which can be 

simplified to  , and that can be further simplified 

to  . This leads to  . Solving this linear equation 

yields  

 

Solution 3 

The value, by definition, is  

 

Solution 4 

Since  is the mean,  

Therefore, , so  

 

Solution 5 

In this case, a counterexample is a number that would prove Goldbach's conjecture false. 

The conjecture asserts what can be done with even integers greater than 2. Therefore the 

solution is

 

 

Solution 6  

We are trying to find the value of  such that
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 Noticing 

that  we have  so our answer is  

Notice that we were attempting to 

solve  . 

Approximating , we were looking for a square that is close to, but less 

than,  . Since  , we see that  is a likely candidate. 

Multiplying  confirms that our assumption is correct. 

 

Solution 7(1) 

The equation  tells 

us  or  .  generates two 

lines  and  .  is another straight line. The only 

intersection of  and  is  , which is not on  . 

Therefore, the graph is three lines that do not have a common intersection, 

or  

Solution 7(2) 

If  , then dividing both sides of the equation by  gives 

us  . Rearranging and factoring, we get  . 

If , then the equation is satisfied. Thus either , , 

or . These equations can be rearranged into the lines , , 

and  , respectively. Since these three lines are distinct, the answer 

is . 

Solution 7(3) 

Subtract  on both sides of the equation to 

get  . Factoring  gives 

us  , so either

 ,  , or  . Continue on with the second half of 
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solution 2. 

 

Solution 8(1) 

 

The bases of these triangles are all , and their heights are , , , and . Thus, their 

areas are , , , and , which add to the area of the shaded region, which is . 

Solution 8(2) 

Find the area of the unshaded area by calculating the area of the triangles and rectangles 

outside of the shaded region. We can do this by splitting up the unshaded areas into 

various triangles and rectangles as shown. 

 

Notice that the two added lines bisect each of the  sides of the large rectangle. 

Subtracting the unshaded area from the total area gives us , so the 

correct answer is . 

Solution 8(3) 

Notice that we can graph this on the coordinate plane. 

The top-left shaded figure has coordinates of . 

Notice that we can apply the shoelace method to find the area of this polygon. 
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We find that the area of the polygon is . 

However, notice that the two shaded regions are two congruent polygons. 

Hence, the total area is  or . 

 

Solution 9  

Let  be the side length of the small squares. 

The diagonal of the big square can be written in two ways:  and . 

Solving for , we get , so our answer is  

 

Solution 10 (1) 

Bash: we see that the following configuration works. 

Bea - Ada - Ceci - Dee - .die 

After moving, it becomes 

Ada - Ceci - Bea - .die - Dee. 

Thus, Ada was in seat . 

Solution 10 (2) 

Process of elimination of possible configurations. 

Let's say that Ada= , Bea= , Ceci= , Dee= , and .die= . Since  moved more to the 

right than  did left, this implies that  was in a L.FT end seat originally:

 
This is affirmed because  , which there is no new seats uncovered. 

So  are restricted to the same  seats. Thus, it must 

be , and more specifically:  

So , Ada, was originally in seat . 

Solution 10 (3) 

The seats are numbered 1 through 5, so let each letter ( ) correspond to a 

number. Let a move to the left be subtraction and a move to the right be addition. 

We know that . After everyone 

moves around, however, our equation looks 

like  because  and  switched 

seats,  moved two to the right, and  moved 1 to the left. 

For this equation to be true,  has to be -1, meaning  moves 1 left from her original seat. 

Since  is now sitting in a corner seat, the only possible option for the original placement 
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of  is in seat number . 

 

Solution 11(1)  

Let  be the number of students that can only sing,  can only dance, and  can only act. 

Let  be the number of students that can sing and dance,  can sing and act, and  can 

dance and act. 

From the information given in the 

problem,  and . 

Adding these equations together, we get . 

Since there are a total of  students, . 

Subtracting these equations, we get . 

Our answer is  

Solution 11(2) 

An easier way to solve the problem: Since  students cannot sing, there 

are  students who can. 

Similarly  students cannot dance, there are  students who can. 

And  students cannot act, there are  students who can. 

Therefore, there are  students in all ignoring the overlaps 

between  of  talent categories. There are no students who have all  talents, nor those 

who have none , so only  or talents are viable. 

Thus, there are  students who have  of  talents. 

 

Solution 12(1) 

Applying the angle bisector theorem to  with  being bisected by , 

we have 

 
Thus, we have 

 
and cross multiplying and dividing by  gives us 

 

 

Since  , we can substitute  into the former 

equation. Therefore, we get , so . 

 

Apply the angle bisector theorem again to  with  being bisected. This 

gives us 
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and since  and , we have 

 
Cross multiplying and dividing by  gives us 

 
and dividing by  gives us 

 
Therefore, 

 
Solution 12(2) 

By the angle bisector theorem,  

 so  

Similarly, . 

Now, we use mass points. Assign point  a mass of . 

 , so  

Similarly,  will have a mass of  

 

So  

Solution 12(3) 

Denote  as the area of triangle ABC and let  be the inradius. Also, as above, 

use the angle bisector theorem to find that . There are two ways to continue 

from here: 

 Note that  is the incenter. 

Then,  

 Apply the angle bisector theorem on  to 



 

- 445 - 

 

get  

 

Solution 13(1) 

Let . Then, consider  blocks of  green balls in a line, along with the red ball. 

Shuffling the line is equivalent to choosing one of the  positions between the green 

balls to insert the red ball. Less than  of the green balls will be on the same side of the 

red ball if the red ball is inserted in the middle block of  balls, and there 

are  positions where this happens. Thus, , so 

 

Multiplying both sides of the inequality by , we have 

 
and by the distributive property, 

 

Subtracting  on both sides of the inequality gives us 

 
Therefore,  , so the least possible value of  is  . The sum of the 

digits of  is . 

Solution 13(2) 

Let   ,   1 ( ) 

 

Let   ,    

 

Let   ,    

 

Notice that the fraction can be written as    



 

- 446 - 

 

Now it's quite simple to write the inequality as      

We can subtract  on both sides to obtain    

Dividing both sides by , we derive   . (Switch the inequality sign when 

dividing by ) 

We then cross multiply to get  

Finally we get  

To achieve  

So the sum of the digits of  =  

Solution 13(3) 

We are trying to find the number of places to put the red ball, such that  of the green 

balls or more are on one side of it. Notice that we can put the ball in a number of spaces 

describable with  : Trying a few values, we see that the ball "works" in 

places  to  and spaces  to . This is a total of  spaces, 

over a total possible  places to put the ball. So: 

 And we know that the next value is what we are 

looking for, so , and the sum of it's digits is . 

 

Solution 14(1)  

First of all, the adjacent faces have the same sum  , 

because  ,  , so now consider 

the  (the two sides which are parallel but not in same face of the cube)  

they must have the same sum value too. Now think about the extreme condition 1 and 8 , 

if they are not sharing the same side, which means they would become end points 

of  , we should have  , but no solution for  , 

contradiction. 

Now we know  and  must share the same side, which sum is  , 

the  also must have sum of , same thing for the other two parallel sides. 
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Now we have  parallel sides . thinking about  end points 

number need to have sum of  . It is easy to notice 

only  vs  would work. 

So if we fix one direction  or  all other  parallel sides must lay in one 

particular direction.  or  

Now, the problem is same as the problem to arrange  points in a  square. which 

is =  

Solution 14(2) 

Again, all faces sum to  If  are the vertices next to one, then the remaining 

vertices are  Now it 

remains to test possibilities. Note that we must have  Without loss of 

generality, let  

 Does not work.  Works.  Does not 

work.  Works.  Does not work.  Works. 

So our answer is  

Solution 14(3) 

We know the sum of each face is  If we look at an edge of the cube whose numbers 

sum to , it must be possible to achieve the sum  in two distinct ways, looking at 

the two faces which contain the edge. If  and  were on the same face, it is possible to 

achieve the desired sum only with the numbers and  since the values must be distinct. 

Similarly, if  and  were on the same face, the only way to get the sum is with  and . 

This means that  and  are not on the same edge as  , or in other words they are 

diagonally across from it on the same face, or on the other end of the cube. 

Now we look at three cases, each yielding two solutions which are reflections of each 

other: 

1)  and  are diagonally opposite  on the same face. 2)  is diagonally across the cube 

from , while is diagonally across from  on the same face. 3)  is diagonally across the 

cube from , while  is diagonally across from  on the same face. 

This means the answer is  

 

Solution 15(1)  
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 Notice that we can 

find  in two different 

ways:  and  , 

so   

 . 

Additionally,  . 

Therefore,  . 

Similarly,  . We can calculate  easily 

because . .  

Plugging into first equation, the two sums of 

areas, .  

. 

Solution 15(2) 

Use the Shoelace Theorem. 

Let the center of the first circle of radius 1 be at (0, 1). 

Draw the trapezoid  and using the Pythagorean Theorem, we get 

that  so the center of the second circle of radius 2 is at . 

Draw the trapezoid  and using the Pythagorean Theorem, we get 

that  so the center of the third circle of radius 3 is at . 
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Now, we may use the Shoelace Theorem! 

 

 

 

 

 . 

 

Solution 16(1) 

Setting the first two equations equal to each other, . 

Solving this, we get  and . 

Similarly with the last two equations, we get  and . 

Now, by setting the first and third equations equal to each other, we get . 

Pairing the first and fourth or second and third equations won't work because 

then . 

Pairing the second and fourth equations will yield  , but since you can't divide 

by , it doesn't work. 

After trying all pairs, we have a total of  solutions  

 

Solution 16(2) 

Note that . 

Then  

 

 

Therefore, the system of equations can be simplified to: 
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where . Note that all values of  correspond to exactly one positive  value, 

so all intersections will correspond to exactly one  intersection in the positive-

x area. 

Graphing this system of easy-to-graph functions will generate a total 

of  solutions  

 

Solution 17  

The center of an equilateral triangle is its centroid, where the three medians meet. 

The distance along the median from the centroid to the base is one third the length of the 

median. 

Let the side length of the square be  . The height of  is  so the distance 

from  to the midpoint of  is  

 (from above)  (side length of the square). 

Since  is the diagonal of square ,  

 

Solution 18(1) 

Since the prime factorization of  is  , we have that the number is equal 

to . This has  factors when . This needs a multiple of 

11 factors, which we can achieve by setting  , so we 

have  has  factors. To achieve the desired  factors, we need the number 

of factors to also be divisible by , so we can set , so  has 

factors. Therefore, . In order to find the number of factors of , we raise 

this to the fourth power and multiply it by , and find the factors of that number. We 

have , and this has  factors. 

Solution 18(2) 

 clearly has at least three distinct prime factors, namely 2, 5, and 11. 

The number of factors of  is  when the  's are 

distinct primes. This tells us that none of these factors can be 1. The number of factors is 

given as 110. The only way to write 110 as a product of at least three factors without s 
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is . 

We conclude that  has only the three prime factors 2, 5, and 11 and that the 

multiplicities are 1, 4, and 10 in some order. I.e., there are six different possible values 

of  all of the form . 

 thus has prime factorization  and a factor count 

of  

 

Solution 19(1)  

For  to  heads, we are guaranteed to hit  heads, so the sum here 

is . 

For  heads, you have to hit the  heads at the start so there's only one way, . 

For  heads, we either start off with  heads, which gives us  ways to arrange 

the other flips, or we start off with five heads and one tail, which has  ways minus 

the  overlapping cases,  and . Total ways: . 

Then we sum to get . There are a total of  possible sequences of  coin flips, 

so the probability is . Summing, we get . 

Solution 19(2) 

Reaching 4 will require either 4, 6, or 8 flips. Therefore we can split into 3 cases: 

(Case 1): The first four flips are heads. Then, the last four flips can be anything 

so  possibilities work. 

(Case 2): It takes 6 flips to reach 4. There must be one tail in the first four flips so we don't 

repeat case 1. The tail can be in one of 4 positions. The next two flips must be heads. The 

last two flips can be anything so  flips work. . 

(Case 3): It takes 8 flips to reach 4. We can split this case into 2 sub-cases. There can either 

be 1 or 2 tails in the first 4 flips. 

(1 tail in first four flips). In this case, the first tail can be in 4 positions. The second tail can 

be in either the 5th or 6th position so we don't repeat case 2. Thus, there 

are  possibilities. 

(2 tails in first four flips). In this case, the tails can be in  positions. 

Adding these cases up and taking the total out 

of  yields  . This means the answer 

is . 
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Solution 19(3)  

Draw a triangle of dots as seen in the video. Now, we'll do something different than he did. 

Draw a dotted line between dots that correspond to 3 on the number line and dots that 

correspond to 4 on the number line. This is the threshold that must be passed to have a 

successful sequence. We consider the three entry points to the immediate right of this 

line. Doing a tiny bit of fun bashing as we slide down this triangle, we find there is 1 way 

to cross the line for the first time through the uppermost entry point, 4 ways to cross the 

line for the first time through the middle entry point, and 14 ways to cross the line for the 

first time through the lowermost entry point. 

Superimpose Pascal's triangle over the dots. Notice that the number of ways to get to a 

dot is equal to its corresponding number on Pascal's triangle. Rows on Pascal's triangle 

sum to powers of 2. There are  ways to get to the 4th row (remember that when 

working with Pascal's triangle, we start counting with a 0th row), and we found that 1 of 

them makes us cross the threshold for the first time. There are  ways to get to 

the 6th row, and we found that 4 of them make us cross the threshold for the first time. 

There are  ways to get to the 8th row, and we found that 14 of them make us 

cross the threshold for the first time. 

Adding up these probabilities  and summing  and  ,

we get our answer. 

 

Solution 20(1)  

We see that  , and think of division. Testing, we see that the first 

condition  is satisfied, because  . Therefore, 

division is the operation  . Solving the equation,

 so the answer 

is  

Solution 20(2) 

We can manipulate the given identities to arrive at a conclusion about the binary 

operator  . Substituting  into the second identity yields

Hence,  or, dividing both sides of the equation by   

Hence, the given equation becomes . Solving yields  so 
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the answer is  

Solution 20(3) 

One way to eliminate the  in this equation is to make  so that . 

In this case, we can make . 

 

By multiplying both sides by , we get: 

 
Because  

 

Therefore, , so the answer is  

 

Solution 21(1) 

To save us from getting big numbers with lots of zeros behind them, let's divide all side 

lengths by for now, then multiply it back at the end of our solution. 
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Construct quadrilateral  on the circle with  being the missing side (Notice 

that since the side length is less than the radius, it will be very small on the top of the 

circle). Now, draw the radii from center  to  and  . Let the intersection 

of  and  be point  . Notice that  and  are perpendicular 

because  is a kite. 

We set lengths  equal to  . By the Pythagorean Theorem,

 

We solve for  :

 

By Ptolemy's Theorem,

 

Substituting values,  

Finally, we multiply back the  that we divided by at the beginning of the problem to 

get . 

Solution 21(2) 

 (Basic Algebra) 



 

- 455 - 

 

 

Let quadrilateral  be inscribed in circle  , where  is the side of unknown 

length. Draw the radii from center  to all four vertices of the quadrilateral, and draw the 

altitude of  such that it passes through side  at the point  and meets 

side  at the point . 

By the Pythagorean Theorem, the length of  is

 

Note 

that  Let 

the length of  be  and the length of  be   then we have that 

 



 

- 456 - 

 

Furthermore,  

Substituting this value of  into the previous equation and evaluating for  , we get:

 
The roots of this quadratic are found by using the quadratic formula:

 
If the length of  is , then quadrilateral  would be a square and thus, the 

radius of the circle would be

Which is a contradiction. Therefore, our answer is  
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Solution 21(3) 

 (Trigonometry Bash) 

 

Construct quadrilateral  on the circle with  being the missing side (Notice 

that since the side length is less than the radius, it will be very small on the top of the 

circle). Now, draw the radii from center  to  and  . Apply law of cosines 

on    let  . We get the following equation:

 Substituting the values in, we 

get Canceling out, we get

Because , , and  are congruent, . To 

find the remaining side ( ), we simply have to apply the law of cosines to  . 

Now, to find  , we can derive a formula that only uses  :

Plugging in , we get . Now, 

applying law of cosines on triangle  , we get
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Solution 21(4) 

 (Easier trig) 

 

Construct quadrilateral  on the circle  with  being the missing side. Then, 

drop perpendiculars from  and  to (extended) line  , and let these points 

be  and , respectively. Also, let . From Law of Cosines on , we 

have  . Now, since  is isosceles with  , we have 

that  . By SSS congruence, we have 

that  , so we have that  , 

so  . Thus, we have  , so  . 

Similarly, , and . 

Solution 21(5) 

 (Just Geometry) 
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Label AD intercept OB at . and OC at F. 

 

 

 
 

From there, , thus: 

 

 because they are both radii of  . Since  , we have 

that . Similarly, . 

 and  , 

so  

Solution 21(6) 

 (Ptolemy's Theorem) 



 

- 460 - 

 

 
Let  . Let  be the center of the circle. Then  is twice the altitude 

of  . Since  is isosceles we can compute its area to be  , 

hence . 

Now by Ptolemy's Theorem we 

have  This gives us:  

Solution 21(7) 

 (Trigonometry) 

Since all three sides equal , they subtend three equal angles from the center. The right 

triangle between the center of the circle, a vertex, and the midpoint between two vertices 

has side lengths  by the Pythagorean Theorem. Thus, the sine of 

half of the subtended angle is . Similarly, the cosine is . 

Since there are three sides, and since ,we seek to find . 

First,  and 

 by Pythagorean.
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Solution 21(8) 

 (Area By Brahmagupta's Formula) 

For simplicity, scale everything down by a factor of 100. Let the inscribed trapezoid 

be  , where  and  is the missing side length. 

Let . If  and  are the midpoints of  and , respectively, the height 

of the trapezoid is  . By the pythagorean 

theorem,  and 

 . Thus the height of the trapezoid 

is  , so the area 

is  . By Brahmagupta's 

formula, the area is . Setting these two equal, we 

get  . Dividing 

both sides by  and then squaring, we 

get . .xpanding the right hand 

side and canceling the  terms gives us  . 

Rearranging and dividing by two, we get  . Squaring both 

sides, we get  . Rearranging, we 

get  . Dividing by 4 we get  . Factoring we 

get,  , and since  cannot be negative, we get  . 

Since , . Scaling up by 100, we get . 

Solution 21(9) 

 (Cheap Solution - For when you are running out of time.) 

WLOG, let  , and let ABCD be inscribed in a clrcle with 

radius  . We draw perpendiculars from  and  to  , and label the 

intersections  and  , respectively. We can see that  (because BCF. is a 

rectangle), and since  is clearly greater than 200, and and since , which is part of 

segment  , is an integer, than we conclude that  is also an integer or of the 

form . There is no reason for  to be of the form  because 
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it seems too arbitrary. The only other integer choice is . 

Solution 21(10) 

 (Measuring) 

A quick aside -- this problem takes about 90 seconds to solve with an accurate compass 

and a good ruler. Draw the diagram, to scale, and measure the last side. It becomes very 

clear that the answer is .  

 

Solution 22(1)  

We prime factorize  and  . The prime factorizations 

are  ,  and  , respectively. 

Let  ,  and  . We know that

and  since  isn't a multiple of 5. 

Since  we know that  . We also know that 

since  that  . So now some equations have become useless to 

us...let's take them out.  are the only two important 

ones left. We do casework on each now. 

If  then  or  . Similarly 

if  then  . Thus our 

answer is . 

Solution 22(2) 

It is well known that if the  and  can be written as , then the 

highest power of all prime numbers  must divide into either  and/or . Or 

else a lower  is the . 

Start from  :  so  or  or both. 

But  because  and . So . 

 can be  in both cases of  but 

NOT  because  and . 

So there are six sets of  and we will list all possible values of  based on those. 
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 because  must source all powers 

of . . because of  restrictions. 

By different sourcing of powers of  and , 

 
 is "enabled" by  sourcing the power of  .  is uncovered 

by  sourcing all powers of  . And  is uncovered by  and  both at full 

power capacity. 

Counting the cases,  

Solution 22(3) 

 (Less Casework!) 

As said in previous solutions, start by factoring  and  . The prime 

factorizations are as follows:  

To organize  and their respective LCMs in a simpler way, we can draw a 

triangle as follows such that  are the vertices and the LCMs are on the edges.

 
Now we can split this triangle into three separate ones for each of the three different 

prime factors .  

Analyzing for powers of , is is quite obvious that  must have  as one of it's factors, 

since neither  can have a power of  exceeding  . Turning towards the 

vertices , we know at least one of them must have  as its factors. Therefore, we 

have  ways for the powers of  for  since the only ones that satisfy the previous 

conditions are for ordered pairs . 

Now we can move on to powers of  .

Using the same logic as we did for powers of , is becomes quite easy to note that  must 

have  as one of it's factors. Moving onto , we can use the same logic to find the 

only ordered pairs that will work are . 

The final and last case is the powers of  .

This is actually quite a simple case, since 

we know  must have  as part of its factorization while  cannot have a factor 

of  in their prime factorization. 

Multiplying all the possible arrangements for prime factors  , we get the 

answer:  
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Solution 23(1)   Super WLOG 

WLOG assume  is the largest. Scale the triangle to  or  Then the 

solution is  (Insert graph with square of side length 1 and the 

line  that cuts it in half) 

Solution 23(2)   Conditional Probability 

WLOG, let the largest of the three numbers drawn be . Then the other two numbers 

are drawn uniformly and independently from the interval . The probability that their 

sum is greater than  is  

Solution 23(3)  Calculus 

When , consider two cases: 

1) , then  

2) , then  

 is the same. Thus the answer is . 

Solution 23(4)  Geometry 

The probability of this occurring is the volume of the corresponding region within 

a  cube, where each point  corresponds to a choice of values for each 

of  and . The region where, WLOG, side  is too long, , is a pyramid with 

a base of area  and height  , so its volume is  . Accounting for the 

corresponding cases in  and  multiplies our answer by , so we have excluded a total 

volume of  from the space of possible probabilities. Subtracting this from  leaves us 

with a final answer of . 

Solution 23(5)  More Calculus 

The probability of this occurring is the volume of the corresponding region within 

a  cube, where each point  corresponds to a choice of values for each 

of  and . We take a horizontal cross section of the cube, essentially picking a value 
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for z. The area where the triangle inequality will not hold is when , which has 

area  or when  or  , which have an area 

of  Integrating this expression from 0 to 1 in the 

form 

 

Solution 23(6)  Geometry in 2-D 

WLOG assume that  is the largest number and hence the largest side. Then . 

We can set up a square that is  by  in the  plane. We are wanting all the points within 

this square that satisfy . This happens to be a line dividing the square into 2 

equal regions. Thus the answer is . 

 

[][] diagram for this problem goes here (z by z square) 

Solution 23(7)  More WLOG, Complementary Probability 

The triangle inequality simplifies to considering only one 

case:  . Consider 

the complement (the same statement, except with a less than or equal to). Assume 

(WLOG)  is the largest, so on average  (now equal to becomes a degenerate 

case with probability , so we no longer need to consider it). We now want , 

so imagine choosing  at once rather than independently. But we know that  is 

between  and . The complement is thus: . But keep in mind that 

we choose each  and  randomly and independently, so if there are  ways to 

choose together, there are  ways to choose them separately, and therefore the 

complement actually doubles to match each case (a good example of this is to restrict b 

and c to integers such that if , then we only count this once, but in reality: we 

have two cases  , and    similar reasoning also generalizes to non-integral 

values). The complement is then actually  . Therefore, our desired 

probability is given by  

Solution 24（1） 

The acceleration must be zero at the -intercept  this intercept must be an inflection point 

for the minimum  value. Derive  so that the 



 

- 466 - 

 

acceleration  : 

 for the inflection 

point/root. Furthermore, the slope of the function must be zero - maximum - at the 

intercept, thus having a triple root at  (if the slope is greater than zero, there will 

be two complex roots and we do not want that). 

The function with the minimum : 

 Since this is equal to the original 

equation , 

 

The actual function:  

 triple root. "Complete the cube." 

Solution 24（2） 

Note that since both  and  are positive, all 3 roots of the polynomial are positive as well. 

 

Let the roots of the polynomial be . By Vieta's  and . 

 

Since  are positive we can apply AM-GM to get . 

Cubing both sides and then dividing by  (since  is positive we can divide by  and not 

change the sign of the inequality) yields . 

 

Thus, the smallest possible value of  is  which is achieved when all the roots are 

equal to . For this value of , we can use Vieta's to get . 

Solution 24（3） 

All three roots are identical. Therefore, comparing coefficients, the root of this cubic 

function is . Using Vieta's, the coefficient we desire is the sum of the pairwise products 

of the roots. Because our root is unique, the answer is simply . 

  

Solution 25 

Consider . The numbers left on the blackboard will show the hundreds place at the 
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end. In order for the hundreds place to differ by 2, the difference between two perfect 

squares needs to be at least . Calculus  and a bit of thinking says this 

first happens at  . The perfect squares from here 

go:  . Note that the ones and tens also make the perfect 

squares, . After the ones and tens make , the hundreds place will go up 

by , thus reaching our goal. Since , the last perfect square to be written will 

be  . The missing number is one less than the number of 

hundreds  of , or . 

Now consider f(4). Instead of the difference between two squares needing to be , the 

difference must now be  . This first happens at  . After this point, 

similarly,  more numbers are needed to make the  th's place go up 

by . This will take place at . Removing the last 

four digits (the zeros) and subtracting one yields  for the skipped value. 

In general, each new value of  will add two digits to the " " and one digit to the 

" ". This means that the last number Bernardo writes for  is , 

the last for  will be  , and so on until  . 

Removing the last  digits as Silvia does will be the same as removing  trailing zeroes 

on the number to be squared. This means that the last number on the board 

for  is  ,  is  , and so on. So the first missing number 

is  The squaring will make a "  " with two more digits 

than the last number, a " " with one more digit, and a " ". The missing number is one 

less than that, so the "1" will be subtracted from  . In other 

words, . 

Therefore: 

 

And so on. The sum  is: 

 +  , 
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with  repetitions each of "  " and "  ". There is no carrying in this addition. 

Therefore each  adds  to the sum of the digits. 

Since , , and , or . 

 

2016 AMC 12B Solutions 

Solution 1 

We find that  is the same as , since a number to the power of  is just the reciprocal 

of that number. We then get the equation to be 

 

We can then simplify the equation to get  

 

Solution 2 

Since the harmonic mean is  times their product divided by their sum, we get the 

equation 

 
which is then 

 

which is finally closest to . 

 

Solution 3 

First of all, lets plug in all of the 's into the equation. 

    

Then we simplify to get 

    

which simplifies into 

    

and finally we get  
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Solution 4 

We set up equations to find each angle. The larger angle will be represented as  and the 

larger angle will we represented as , in degrees. This implies that 

 
and 

 
since the larger the original angle, the smaller the complement. 

We then find that  and , and their sum is  

 

Solution 5 

To find what day of the week it is in  days, we have to divide  by  to see the 

remainder, and then add the remainder to the current day. We get that  has a 

remainder of 2, so we increase the current day by  to get  

 

Solution 6  

Plotting points  and  on the graph shows that they are at  and  , 

which is isosceles. By setting up the triangle area formula you 

get:  Making x=4, and the length of  is  , so the 

answer is . 

 

Solution 7 

Following the pattern, you are crossing out... 

Time 1: .very non-multiple of  

Time 2: .very non-multiple of  

Time 3: .very non-multiple of  

Following this pattern, you are left with every multiple of  which is only . 

 

Solution 8(1) 

We can solve this problem by using similar triangles, since two equilateral triangles are 

always similar. We can then use 

. 
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We can then solve the equation to get  which is closest to  

Solution 8(2) 

Another approach to this problem, very similar to the previous one but perhaps explained 

more thoroughly, is to use proportions. First, since the thickness and density are the same, 

we can set up a proportion based on the principle that , thus . 

However, since density and thickness are the same and  (recognizing that the area 

of an equilateral triangle is ), we can say that . 

Then, by increasing s by a factor of  ,  is increased by a factor of  , 

thus  or . 

 

Solution 9  

To start, use algebra to determine the number of posts on each side. You have (the long 

sides count for because there are twice as many)  (each corner is double 

counted so you must add ) Making the shorter end have , and the longer end have .

 . Therefore, the answer 

is  

 

Solution 10 (1) 

By distance formula we have . SImplifying 

we get . Thus  and  have to be a factor of 8. The only 

way for them to be factors of  and remain integers is if  and . So 

the answer is  

Solution 10 (2) 

y the Shoelace Theorem, the area of the quadrilateral is , so . 

Since  and are integers,  and , so . 

 

Solution 11  
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(red shows lattice points within 

the triangle) 

If we draw a picture showing the triangle, we see that it would be easier to count the 

squares vertically and not horizontally. The upper bound is  squares , 

and the limit for the -value is squares. First we count the  squares. In the back row, 

there are  squares with length  because  generates squares 

from  to  , and continuing on we have  ,  , and  for  -values for  ,  , 

and  in the equation  . So there are  squares with 

length  in the figure. For  squares, each square takes up  un left and  un up. 

Squares can also overlap. For  squares, the back row stretches 
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from  to , so there are  squares with length  in a by  box. Repeating the 

process, the next row stretches from  to , so there are  squares. Continuing 

and adding up in the end, there are  squares with length  in the figure. 

Squares with length  in the back row start at  and end at  , so there 

are  such squares in the back row. As the front row starts at  and ends 

at  there are  squares with length  . As squares with length  would 

not fit in the triangle, the answer is  which is . 

 

Solution 12(1) 

Solution by Mlux: Draw a  matrix. Notice that no adjacent numbers could be in the 

corners since two consecutive numbers must share an edge. Now find 4 nonconsecutive 

numbers that add up to . Trying  works. Place each odd number 

in the corner in a clockwise order. Then fill in the spaces. There has to be a  in between 

the  and . There is a  between  and . The final grid should similar to this. 

 

 is in the middle. 

Solution 12(2) 

If we color the square like a chessboard, since the numbers alternate between even and 

odd, and there are five odd numbers and four even numbers, the odd numbers must be 

in the corners/center, while the even numbers must be on the edges. Since the odd 

numbers add up to 25, and the numbers in the corners add up to 18, the number in the 

center must be . 

 

Solution 13(1) 

Let's set the altitude = z, distance from Alice to airplane's ground position (point right 

below airplane)=y and distance from Bob to airplane's ground position=x 

From Alice's point of view, . . So,  

From Bob's point of view, . . So,  

We know that  +  =  

Solving the equation (by plugging in x and y), we get z=  = about 5.5. 
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So, answer is  

solution by sudeepnarala 

Solution 13(2) 

Non-trig solution by e_power_pi_times_i 

 

Set the distance from Alice's and Bob's position to the point directly below the airplane to 

be  and  , respectively. From the Pythagorean Theorem,  . As both 

are  triangles, the altitude of the airplane can be expressed 

as  or  . Solving the equation  , we get  . Plugging this 

into the equation  , we get  , or  (  cannot be 

negative), so the altitude is , which is closest to  

 

Solution 14(1)  

The second term in a geometric series is , where  is the common ratio for the 

series and  is the first term of the series. So we know that  and we wish to find 

the minimum value of the infinite sum of the series. We know that:  and 

substituting in , we get that . From 

here, you can either use calculus or AM-GM. 

 

Let  , then  . 

Since  and are undefined . This means that we only need to find where 

the derivative equals  , meaning  . So  , meaning 

that  

 

For 2 positive real numbers  and  ,  . Let  and  . 
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Then: . This implies that . 

or  . Rearranging :  . 

Thus, the smallest value is . 

Solution 14(2) 

A geometric sequence always looks like 

 
and they say that the second term . You should know that the sum of an infinite 

geometric series (denoted by  here) is . We now have a system of equations which 

allows us to find  in one variable. 

 

 

 
We seek the smallest positive value of . We proceed by graphing in the  plane (if you 

want to be rigorous, only stop graphing when you know all the rest you didn't graph is just 

the approaching of asymptotes and infinities) and find the answer is  

 

 
We seek the smallest positive value of . We proceed by graphing in the  plane (if you 

want to be rigorous, only stop graphing when you know all the rest you didn't graph is just 

the approaching of asymptotes and infinities) and find the answer is  

 

 
We seek the smallest positive value 

of  .  and  at  and  .  an

d  is negative (implying a relative maximum occurs at ) and  is 

positive (implying a relative minimum occurs at ). At , . Since this a 

competition math problem with an answer, we know this relative minimum must also be 

the absolute minimum among the "positive parts" of  and that our answer is 
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indeed  However, to be sure of this outside of this cop-out, one can analyze the 

end behavior of , how  behaves at its asymptotes, and the locations of its maxima and 

minima relative to the asymptotes to be sure that 4 is the absolute minimum among the 

"positive parts" of . 

 

 
We seek the smallest positive value of . We could use calculus like we did in the solution 

immediately above this one, but that's a lot of work and we don't have a ton of time. To 

minimize the positive value of this fraction, we must maximize the denominator. The 

denominator is a quadratic that opens down, so its maximum occurs at its vertex. The 

vertex of this quadratic occurs at  and . 

 

Solution 15(1)  

First assign each face the letters  . The sum of the product of the faces 

is  . We can factor this 

into  which is the product of the sum of each pair of opposite 

faces. In order to maximize  we use the 

numbers  or . 

Solution 15(2) 

We proceed from the factorization in the above solution. By the AM-GM inequality, 

 
Cubing both sides, 

 

Let , , and . Let's substitute in these values. 

 

 is fixed at 27. 
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Solution 16(1) 

We proceed with this problem by considering two cases, when: 1) There are an odd 

number of consecutive numbers, 2) There are an even number of consecutive numbers. 

For the first case, we can cleverly choose the convenient form of our sequence to be

 

because then our sum will just be  . We now have

and  will have a solution when  is an integer, namely when  is a divisor 

of 345. We check that  work, and no more, 

because  does not satisfy the requirements of two or more consecutive 

integers, and when  equals the next biggest factor,  , there must be negative 

integers in the sequence. Our solutions 

are . 

For the even cases, we choose our sequence to be of the form:

 so the sum 

is  . In this case, we find our solutions to 

be . 

We have found all 7 solutions and our answer is . 

 

Solution 16(2) 

The sum from  to  where  and  are integers and  is 

 

 

 
Let  and  

 

If we factor  into all of its factor groups  we will have 

several ordered pairs  where  

The number of possible values for  is half the number of factors of  which 

is  
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However, we have one extraneous case of  because here,  and we have the 

sum of one consecutive number which is not allowed by the question. 

Thus the answer is  

. 

 

Solution 16(3) 

There is a handy formula for this problem: The number of odd factors of  

 

 
There are 8 ways to have an increasing sum of positive integers that add to 345. However, 

we have to subtract one for the case where it is just . The problem wants two or more 

consecutive integers. 

Therefore,  . 

 

Solution 16(4) 

We're dealing with an increasing arithmetic progression of common difference 1. Let  be 

the number of terms in a summation. Let  be the first term in a summation. The sum of 

an arithmetic progression is the average of the first term and the last term multiplied by 

the number of terms. The problem tells us that the sum must be 345. 

 

In order to satisfy the constraints of the problem, x and y must be positive integers. Maybe 

we can make this into a Diophantine thing! In fact, if we just factor out that ... voilà! 

 
There are 16 possible factor pairs to try (for brevity, I will not enumerate them here). 

Notice that the expression in the right parenthesis is  more than the expression in 

the parenthesis on the left.  is at least 1. Thus, the expression in the right parenthesis 

will always be greater than the expression on the left. This eliminates 8 factor pairs. The 

problem also says the "increasing sequence" has to have "two or more" terms, so . 

This eliminates the factor pair . With brief testing, we find that the the other 7 

factor pairs produce 7 viable ordered pairs. This means we have found  ways to 

write 345 in the silly way outlined by the problem. 

Solution 16(5) 

By the sum of an arithmetic sequence... this ultimately comes 

to 

 
Quick testing (would take you roughly a minute) 

We see that the first 7values of  that work are 
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. 

We see that each one of them works. Hence, the answer is . 

 

Solution 17  

Get the area of the triangle by heron's formula:

 Use the area to find the 

height AH with known base BC:

 Apply angle bisector theorem on 

triangle  and triangle  , we 

get  and , respectively. To find AP, PH, AQ, and 

QH, apply variables, such 

that  is  and  is 

 . Solving them out, you will 

get  ,  ,  , and  . Then, 

since  according to the Segment Addition Postulate, and thus 

manipulating, you get  =  

 

Solution 18 

Consider the case when  ,  .

 Notice the circle intersect the axes at 

points  and . Find the area of this circle in the first quadrant. The area is made 

of a semi-circle with radius of  and a triangle:
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Because of symmetry, the area is the same in all 

four quadrants. The answer is  

 

Solution 19(1)  

We can solve this problem by listing it as an infinite geometric equation. We get that to 

have the same amount of tosses, they have a  chance of getting all heads. Then the next 

probability is all of them getting tails and then on the second try, they all get heads. The 

probability of that happening is .We then get the geometric equation 

 

And then we find that  equals to  because of the formula of the sum for an 

infinite series, . 

Solution 19(2)  

Call it a "win" if the boys all flip their coins the same number of times, and the probability 

that they win is . The probability that they win on their first flip is . If they don't win 

on their first flip, that means they all flipped tails (which also happens with probability ) 

and that their chances of winning have returned to what they were at the beginning. This 

covers all possible sequences of winning flips. So we have 
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Solving for  gives . 

 

Solution 20  

We use complementary counting. Firstly, because each team played  other teams, there 

are  teams total. All sets that do not have  beat ,  beat , and  beat  have 

one team that beats both the other teams. Thus we must count the number of sets of 

three teams such that one team beats the two other teams and subtract that number from 

the total number of ways to choose three teams. 

There are  ways to choose the team that beat the two other teams, 

and  to choose two teams that the first team both beat. This 

is  sets. There are  sets of three teams total. Subtracting, 

we obtain  as our answer. 

 

Solution 21  

We are tasked with finding the sum of the areas of every  where  is a positive 

integer. We can start by finding the area of the first triangle,  . This is equal 

to  ⋅  ⋅  . Notice that since triangle  is similar to 

triangle  in a 1 : 2 ratio,  must equal  (since we are dealing with a unit 

square whose side lengths are 1).  is of course equal to  as it is the mid-point of CD. 

Thus, the area of the first triangle is  ⋅  ⋅ . 

 

The second triangle has a base  equal to that of  (see 

that     ) and using the same similar triangle logic as with the first 
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triangle, we find the area to be  ⋅  ⋅ . If we continue and test the next few triangles, 

we will find that the sum of all  is equal to  or

 

This is known as a telescoping series because we can see that every term after the 

first  is going to cancel out. Thus, the the summation is equal to  and after multiplying 

by the half out in front, we find that the answer is . 

 

Solution 22  

If  ,  must be a factor of  . Also, by the same 

procedure,  must be a factor of  . Checking through all the factors 

of  and  that are less than , we see that  is a solution, so the 

answer is . 

Note:  is also a solution, which invalidates this method. However, we need to 

examine all factors of  that are not factors of  ,  , or  , or  . 

Additionally, we need  to be a factor of  but not  ,  , or  . 

Indeed,  satisfies these requirements. 

 

Solution 23(1)  

The first inequality refers to the interior of a regular octahedron with top and bottom 

vertices . Its volume is . The second inequality describes 

an identical shape, shifted  upwards along the  axis. The intersection will be a similar 

octahedron, linearly scaled down by half. Thus the volume of the intersection is one-eighth 

of the volume of the first octahedron, giving an answer of . 

Solution 23(2) 

Let  , then we can transform the two inequalities 

to  and  . Then it's clear 

that  , consider  ,  , then since 
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the area of  is , the volume is . By symmetry, the 

case when  is the same. Thus the answer is . 

 

Solution 24 

Let , etc., so that . Then for each 

prime power  in the prime factorization of , at least one of the prime 

factorizations of  has  , at least one has  , and all must 

have  with . 

Let  be the number of ordered quadruplets of integers  such 

that  for all  , the largest is  , and the smallest is  . Then for the prime 

factorization  we must have  So 

let's take a look at the function  by counting the quadruplets we just mentioned. 

There are  quadruplets which consist only of  and  . Then there 

are  quadruplets which include three different values, 

and  with four. 

Thus  and the first few 

values from  onwards are  Straight 

away we notice that , so the prime factorization of  can use 

the exponents  . To make it as small as possible, assign the larger exponents to 

smaller primes. The result is , so  which 

is answer . 

 

Solution 25(1)  

Let  . Then  and  for all  . 

The characteristic polynomial of this linear recurrence is  , which has 

roots  and . 

Therefore,  for constants to be determined  . Using the 

fact that  we can solve a pair of linear equations for : 

 . 
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Thus , , and . 

Now, , so we are looking for the least value of  so that 

. 

Note that we can multiply all  by three for convenience, as the  are always integers, 

and it does not affect divisibility by . 

Now, for all even  the sum (adjusted by a factor of three) 

is  . The smallest  for which this is a multiple 

of  is  by Fermat's Little Theorem, as it is seen with further testing that  is a 

primitive root . 

Now, assume  is odd. Then the sum (again adjusted by a factor of three) 

is  . The smallest  for which this is a multiple 

of  is , by the same reasons. Thus, the minimal value of  is . 

Solution 25(2) 

Since the product  is an integer, the sum of the logarithms  must be 

an integer. Multiply all of these logarithms by , so that the sum must be a multiple of . 

We take these vales modulo  to save calculation time. Using the 

recursion  :

Listing the numbers out is expedited if you notice . 

Notice that  . The cycle repeats every  terms. 

Since  and  , we only need the first  terms to sum up to a multiple 

of : . (NOT.: This solution proves 17 is the upper bound, but since 17 is the 

lowest answer choice, it is correct. To rigorously prove it, you will have to add up the mods 

listed until you get . 

 

 

2017 AMC 12A Solutions 

Solution 1 
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By the greedy algorithm, we can take two 5-popsicle boxes and one 3-popsicle box with . 

To prove that this is optimal, consider an upper bound as follows: at the rate of  per 5 

popsicles, we can get  popsicles, which is less than 14. . 

 

Solution 2 

Let  be our two numbers. Then . Thus, 

. . 

 

Solution 3 

Taking the contrapositive of the statement "if he got all of them right, he got an A" yields 

"if he didn't get an A, he didn't get all of them right", yielding the answer . 

 

Solution 4 

Let  represent how far Jerry walked, and  represent how far Sylvia walked. Since the 

field is a square, and Jerry walked two sides of it, while Silvia walked the diagonal, we can 

simply define the side of the square field to be one, and find the distances they walked. 

Since Jerry walked two sides,  Since Silvia walked the diagonal, she walked the 

hypotenuse of a 45, 45, 90 triangle with leg length 1. Thus,  We can 

then take  . 

 

Solution 5（1） 

Let the group of people who all know each other be , and let the group of people who 

know no one be  . Handshakes occur between each pair  such 

that  and , and between each pair of members in . Thus, the answer is 

 

Solution 5（2） 

The number of handshakes will be equivalent to the difference between the number of 

total interactions and the number of hugs, which are  and  , respectively. 

Thus, the total amount of handshakes 
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is  

 

Solution 6  

The quadrilateral cannot be a straight line. Thus, the fourth side must be longer 

than  and shorter than  = 25. This means Joy can use the 

19 possible integer rod lengths that fall into . However, she has already used the 

rods of length  cm and  cm so the answer is   

 

Solution 7 

This is a recursive function, which means the function is used to evaluate itself. To solve 

this, we must identify the base case,  . We also know that when  is 

odd, . Thus we know that . Thus we 

know that n will always be odd in the recursion of , and we add  each recursive 

cycle, which there are  of. Thus the answer is  , which is 

answer . 

 

Solution 8 

Let the length  be . Then, we see that the region is just the union of the cylinder with 

central axis  and radius  and the two hemispheres connected to each face of the 

cylinder (also with radius ). Thus the volume is 

 

 

 

 

Solution 9  

If the two equal values are  and , then . Also,  because 3 is the 

common value. Solving for  , we get  . Therefore the portion of the 

line  where  is part of . This is a ray with an endpoint of . 

Similar to the process above, we assume that the two equal values are  and  . 

Solving the equation  then . Also, because 3 is the common 

value. Solving for  , we get  . Therefore the portion of the 

line  where  is also part of . This is another ray with the same endpoint as 
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the above ray: . 

If  and  are the two equal values, then  . Solving the 

equation for  , we get  . Also  because  is one way to 

express the common value (using  as the common value works as well). Solving for , 

we get . Therefore the portion of the line  where  is part of  like 

the other two rays. The lowest possible value that can be achieved is also . 

Since  is made up of three rays with common endpoint , the answer is . 

 

Solution 10 (1) 

Suppose Laurent's number is in the interval . Then, by symmetry, the probability 

of Laurent's number being greater is  . Next, suppose Laurent's number is in the 

interval  . Then Laurent's number will be greater with probability  . Since 

each case is equally likely, the probability of Laurent's number being greater 

is , so the answer is C. 

Solution 10 (2) 

Let  be the number chosen randomly by Chloé. Because it is given that the number Chloé 

choose is interval  ,  . Next, let  be the number chosen 

randomly by Laurent. Because it is given that the number Chloé choose is 

interval , . Since we are looking for when Laurent's number is 

Chloé's we write the equation . When these three inequalities are graphed the area 

captured by  and  represents all the possibilities, 

forming a rectangle 2017 in width and 4034 in height. Thus making its area . 

The area captured by  ,  , and  represents the 

possibilities of Laurent winning, forming a trapezoid with a height 2017 in length and bases 

4034 and 2017 length, thus making an area  . The simplified 

quotient of these two areas is the probability Laurent's number is larger than Chloé's, 

which is . 

 

Solution 11  

We know that the sum of the interior angles of the polygon is a multiple of . Note 



 

- 487 - 

 

that  and  , so the angle Claire forgot 

is  . Since the polygon is convex, the angle 

is , so the answer is . 

 

Solution 12 

We know that Horse  will be at the starting point after  minutes if . Thus, we are 

looking for the smallest  such that at least  of the numbers  divide . 

Thus,  has at least  positive integer divisors. 

We quickly see that  is the smallest number with at least  positive integer divisors, and 

that  are each numbers of horses. Thus, our answer is . 

 

Solution 13 

Let total distance be . Her speed in miles per minute is . Then, the distance that she 

drove before hitting the snowstorm is . Her speed in snowstorm is reduced  miles per 

hour, or  miles per minute. Knowing it took her  minutes in total, we create equation:

 

Solving equation, we get  . 

 

Solution 14  

Alice may sit in the center chair, in an end chair, or in a next-to-end chair. Suppose she sits 

in the center chair. The 2nd and 4th chairs (next to her) must be occupied by Derek and 

.ric, in either order, leaving the end chairs for Bob and Carla in either order  this 

yields  ways to seat the group. 

Next, suppose Alice sits in one of the end chairs. Then the chair beside her will be occupied 

by either Derek or .ric. The center chair must be occupied by Bob or Carla, leaving the last 

two people to fill the last two chairs in either order.  ways to seat Alice times  ways to 

fill the next chair times  ways to fill the center chair times  ways to fill the last two chairs 

yields  ways to fill the chairs. 

Finally, suppose Alice sits in the second or fourth chair. Then the chairs next to her must 

be occupied by Derek and .ric in either order, and the other two chairs must be occupied 

by Bob and Carla in either order. This yields  ways to fill the chairs. 
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In total, there are  ways to fill the chairs, so the answer is . 

 

Solution 15  

We must first get an idea of what  looks like: 

Between 0 and 1,  starts at  and increases  clearly there is no zero here. 

Between 1 and ,  starts at a positive number and increases to   there is no zero 

here either. 

Between  and 3,  starts at  and increases to some negative number  there is 

no zero here either. 

Between 3 and ,  starts at some negative number and increases to -2  there is no 

zero here either. 

Between  and  ,  starts at -2 and increases 

to . There is a zero here by the 

Intermediate Value Theorem. Therefore, the answer is . 

 

Solution 16(1) 

Connect the centers of the tangent circles! (call the center of the large circle ) 

 
Notice that we don't even need the circles anymore  thus, draw triangle  with 

cevian : 
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and use Stewart's Theorem: 

 
From what we learned from the tangent circles, we 

have  ,  ,  ,  ,  , 

and , where  is the radius of the circle centered at  that we seek. 

Thus: 

 

Solution 16(2) 

 
Like the solution above, connecting the centers of the circles results in 

triangle  with cevian  . The two triangles  and  share 

angle , which means we can use Law of Cosines to set up a system of 2 equations that 

solve for  respectively: 

 (notice that the diameter of the 

largest semicircle is 6, so its radius is 3 and  is 3 - r) 

 
We can eliminate the extra variable of angle  by multiplying the first equation by 3 and 

subtracting the second from it. Then, expand to find : 

   , 

so  =   

Solution 16(3) 

 

https://artofproblemsolving.com/wiki/index.php?title=Stewart%27s_Theorem
https://artofproblemsolving.com/wiki/index.php?title=Law_of_Cosines
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Let  be the center of the largest semicircle and  be the radius of  . We know 

that  ,  ,  ,  , and  . Notice 

that and  are bounded by the same two parallel lines, so these triangles 

have the same heights. Because the bases of these two triangles (that have the same 

heights) differ by a factor of 2, the area of  must be twice that of , since 

the area of a triangle is . 

Again, we don't need to look at the circle and the semicircles anymore  just focus on the 

triangles. 

 

Let  equal to the area of  and  equal to the area of  . Heron's 

Formulastates that the area of an triangle with sides   and  is

where , or the semiperimeter, is  

The semiperimeter  of  is  Use Heron's 

Formula to obtain

 

Using Heron's Formula again, find the area of  with sides , , and . 

 

 

Now,

 

Solution 16(4) 

Let , the center of the large semicircle, to be at , and  to be at . 

https://artofproblemsolving.com/wiki/index.php?title=Heron%27s_Formula
https://artofproblemsolving.com/wiki/index.php?title=Heron%27s_Formula
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Therefore  is at  and  is at . 

Let the radius of circle  be . 

Using Distance Formula, we get the following system of three equations: 

 
By simplifying, we get 

 
By subtracting the first equation from the second and third equations, we get 

 
which simplifies to 

 
When we add these two equations, we get 

 

So  

 

Solution 17(1)  

Note that these  such that  are  for integer . So 

 

This is real if  is even  . Thus, the answer is the number of 

even  which is . 

Solution 17(2) 

 

By .uler's identity,  , where  is an 

integer. 

Using De Moivre's Theorem, we have  , 

where  that produce  unique results. 

Using De Moivre's Theorem again, we have  

https://artofproblemsolving.com/wiki/index.php?title=Euler%27s_identity
https://artofproblemsolving.com/wiki/index.php?title=De_Moivre%27s_Theorem
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For  to be real,  has to equal  to negate the imaginary component. This 

occurs whenever  is an integer multiple of  , requiring that  is even. There are 

exactly even values of  on the interval , so the answer is . 

Solution 17(3) 

From the start, recall from the Fundamental Theorem of Algebra that  must 

have  solutions (and these must be distinct since the equation factors 

into ), or notice that the question is simply 

referring to the 24th roots of unity, of which we know there must be  . Notice 

that  , so for any solution  ,  will be one of the 4th roots of unity 

( , , , or ). Then solutions  will satisfy ,  will satisfy  (and this 

is further justified by knowledge of the 6th roots of unity), so there must 

be  such . 

 

Solution 18(1) 

Note that , so . So, 

since , we have that . The only one 

of the answer choices  is . 

Solution 18(2) 

One possible value of  would be , but this is not any of the choices. .rgo, we 

know that  ends in , and after adding , the last digit  carries over, turning the last digit 

into . If the next digit is also a , this process repeats until we get to a non-  digit. By the 

end, the sum of digits would decrease by  multiplied by the number of carry-overs but 

increase by  as a result of the final carrying over. Therefore, the result must 

be  less than original value of , , where  is a positive integer. The only 

choice that satisfies this condition is , since . 

The answer is . 

Solution 18(3) 

Another way to solve this is to realize that if you continuously add the digits of the 

number  , we get  . Adding one to that, we 

get  . So, if we assess each option to see which one attains  , we would discover 
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that  satisfies the requirement, because  .  . The 

answer is . 

 

Solution 19  

Analyze the first right triangle. 

 

Note that  and  are similar, so  . This can be written 

as . Solving, . 

Now we analyze the second triangle. 

 

 

Similarly,  and  are similar, so  , and  . 

Thus,  . Solving for  , we 

get . Thus, . 
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Solution 20  

By the properties of logarithms, we can rearrange the equation to 

read  with  . If  , we may divide by it and 

get  , which implies  . Hence, we have  possible 

values , namely  

Since  is equivalent to  , each possible value  yields 

exactly  solutions  , as we can assign  to each  . In 

total, we have  solutions. 

 

Solution 21  

At first, . 

 

At this point, no more elements can be added to . To see this, let 

 

with each  in  .  is a factor of  , and  is in  , so  has to be a factor of some 

element in  . There are no such integers left, so there can be no more additional 

elements.  has  elements  

 

Solution 22  

We let  and  be the probability of reaching a corner before an edge when starting 

at an "inside corner" (e.g.  ), an "inside edge" (e.g.  ), and the middle 

respectively. 

Starting in the middle, there is a  chance of moving to an inside edge and a  chance of 

moving to an inside corner, so 
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Starting at an inside edge, there is a  chance of moving to another inside edge, 

a  chance of moving to an inside corner, a  chance of moving into the middle, and 

a  chance of reaching an outside edge and stopping. Therefore, 

 

Starting at an inside corner, there is a  chance of moving to an inside edge, a  chance 

of moving into the middle, a  chance of moving to an outside edge and stopping, and 

finally a  chance of reaching that elusive outside corner. This gives 

 
Solving this system of equations gives 

 

Since the particle starts at  it is  we are looking for, so the final answer is 

 

 

Solution 23(1)  

Since all of the roots of  are distinct and are roots of , and the degree of  is 

one more than the degree of , we have that 

 
for some number . By comparing  coefficients, we see that . Thus, 

 
.xpanding and equating coefficients we get that 

 
The third equation yields , and the first equation yields . So we have 

that 
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Solution 23(2) 

Let  and  be the roots of . Let  be the additional root of . Then from 

Vieta's formulas on the quadratic term of  and the cubic term of , we obtain the 

following: 

 
Thus . 

Now applying Vieta's formulas on the constant term of , the linear term of , and 

the linear term of , we obtain: 

 

Substituting for  in the bottom equation and factoring the remainder of the 

expression, we obtain: 

 
It follows that . But  so  

Now we can factor  in terms of  as 

 

Then  and 

 

Hence . 

 

Solution 24（1）  

We shall make use of the pairs of similar triangles present in the problem, Ptolemy's 

Theorem, and Power of a Point. Let  be the intersection of  and  . First, 

from  being a cyclic quadrilateral, we have 

that  ,  . 

Therefore,  ,  , and  , so we 

have  ,  , and  . By Ptolemy's Theorem,
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Thus,  . Then, by Power of a 

Point,  . 

So,  . Next, observe that  , so  . 

Also,  , so  . We can compute  after 

noticing 

that  and 

that  . So,  . 

Then, . 

Multiplying our equations for  and  yields 

that  

Solution 24（2） 

We shall make use of the pairs of similar triangles present in the problem, Ptolemy's 

Theorem, and Power of a Point. Let  be the intersection of  and  . First, 

from  being a cyclic quadrilateral, we have 

that  ,  . 

Therefore,  ,  , and  , so we 

have  ,  , and  . By Ptolemy's Theorem,

Thus,  . Then, by Power of a 
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Point,  . 

So,  . Next, observe that  , so  . 

Also,  , so  . We can compute  after 

noticing 

that  and 

that  . So,  . 

Then, . 

Multiplying our equations for  and  yields 

that  

 

Solution 25(1)  

By changing  to , we can give a bijection between cases where  and cases 

where , so we'll just find the probability that and divide by  in the end. 

Multiplying the hexagon's vertices by  doesn't change  , and switching 

any  with  doesn't change the property  , so the probability 

that  remains the same if we only select our  's at random from

Since  and  , we must choose  exactly  times to 

make  . To ensure  is real, we must either choose   times,   times, or 

both  and   times. This gives us a total of

 good 

sequences , and hence the final result is  

Solution 25(2) 

It is possible to solve this problem using elementary counting methods. This solution 
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proceeds by a cleaner generating function. 

We note that  both lie on the imaginary axis and each of the  have 

length  and angle of odd multiples of  , i.e.  . When we 

draw these 6 complex numbers out on the complex plane, we get a crystal-looking thing. 

Note that the total number of ways to choose 12 complex numbers is . Now we count 

the number of good combinations. 

We first consider the lengths. When we multiply 12 complex numbers together, their 

magnitudes multiply. Suppose we have  of the numbers    then we must 

have . Having  will take care of the length 

of the product  now we need to deal with the angle. 

We require . Letting  be , we see that the angles we have 

available are , where we must choose exactly 8 angles from the 

set  and exactly 4 from the set . If we found a good combination 

where we had  of each angle , then the amount this would contribute to our count 

would be . We want to add these all up. We 

proceed by generating functions. 

Consider The expansion will be of the 

form  . Note 

that if we reduced the powers of  mod  and fished out the coefficient of  and plugged 

in  (and then multiplied by ) then we would be done. Since plugging 

in  doesn't affect the  's, we do that right away. The expression then becomes

where the last equality is true because we are taking the powers of  mod  . 

Let  denote the coefficient of  in  . 

Note . We use the roots of 
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unity filter, which states

where . In our case , so we only need to find the average of the 

's. We plug in  and take the average to find the 

sum of all coefficients of  . Plugging in  makes all of the above zero 

except for  and  . Averaging, we get  . Now the answer is simply

 

2017 AMC 12B Solutions 

Solution 1 

Kymbrea has  comic books initially and every month, she adds two. This can be 

represented as  where x is the number of months elapsed. LaShawn's collection, 

similarly, is . To find when LaShawn will have twice the number of comic books 

as Kymbrea, we solve for x with the equation  and 

get . 

 

Solution 2 

Notice that  must be positive because  . Therefore the answer 

is . 

The other choices: 

 As  grows closer to ,  decreases and thus becomes less than . 

  can be as small as possible ( ), so  grows close to  as  approaches . 
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 For all , , and thus it is always negative. 

 The same logic as above, but when  this time. 

 

Solution 3(1) 

Rearranging, we find , or . Substituting, 

we can convert the second equation into . 

Solution 3(2) 

Substituting each  and  with  , we see that the given equation holds true, 

as . Thus,  

 

Solution 4 

Let's call the distance that Samia had to travel in total as , so that we can avoid fractions. 

We know that the length of the bike ride and how far she walked are equal, so they are 

both  , or  .  She bikes at a rate of  kph, so she travels the distance she bikes 

in  hours. She walks at a rate of  kph, so she travels the distance she walks in  hours.

The total time is . This is equal to  of an hour. Solving for , 

we have:  Since  is the distance of 

how far Samia traveled by both walking and biking, and we want to know how far Samia 

walked to the nearest tenth, we have that Samia walked about . 

 

Solution 5 

Let the group of people who all know each other be , and let the group of people who 

know no one be  . Handshakes occur between each pair  such 

that  and , and between each pair of members in . Thus, the answer is 

The interquartile range is defined as , which is .  times this 

value is , so all values more than  below  =  is an outlier. The only 

one that fits this is  . All values more than  above  =  are also 

outliers, of which there are none so there is only 
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Solution 6  

Because the two points are on a diameter, the center must be halfway between them at 

the point (4,3). The distance from (0,0) to (4,3) is 5 so the circle has radius 5. Thus, the 

equation of the circle is . 

To find the x-intercept, y must be 0, so  , 

so , , . 

 

Solution 7 

 has values  at its peaks and x-intercepts. Increase them 

to  . Then we plug them 

into  .  and  . 

So,  is  

 

Solution 8(1) 

Let the length  be . Then, we see that the region is just the union of the cylinder with 

central axis  and radius  and the two hemispheres connected to each face of the 

cylinder (also with radius ). Thus the volume is 

Let  be the short side of the rectangle, and  be the long side of the rectangle. The 

diagonal, therefore, is  . We can get the equation  . Cross-

multiplying, we get  . Squaring both sides of the equation, we 

get  , which simplifies to  . Solving for a 

quadratic in  , using the quadratic formula we get  which gives 

us . We know that the square of the ratio must be positive (the square 

of any real number is positive), so the solution is . 

Solution 8(2) 

Let the short side of the rectangle be  and let the long side of the rectangle be . Then, 

the diagonal, according to the Pythagorean Theorem, is . Therefore, we can 
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write the equation: 

. 

We are trying to find the square of the ratio of  to . Let's let our answer, , be . Then, 

squaring the above equation, 

. 

Thus, . 

Multiplying each side of the equation by , 

. 

Adding each side by , 

. 

Solving for  using the Quadratic Formula, 

. 

Since the ratio of lengths and diagonals of a rectangle cannot be negative, and , 

the  symbol can only take on the . Therefore, 

. 

 

Solution 9(1)  

The equations of the two circles 

are  and  . Rearrange 

them to  and  , 

respectively. Their intersection points are where these two equations gain equality. The 

two points lie on the line with the 

equation  . We can 

simplify this like the 

following. 

 . 
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Thus, . 

Solution 9(2) 

Note the specificity of the radii,  and  , and that specificity is often deliberately 

added to simplify the solution to a problem. 

One may recognize  as the hypotenuse of the  right triangle and  as the 

hypotenuse of the right triangle with legs  and . We can suppose that the legs of these 

triangles connect the circles' centers to their intersection along the gridlines of the plane. 

If we suspect that one of the intersections lies  units to the right of and  units above 

the center of the first circle, we find the point , which is 

in fact unit to the left of and  units below the center of the second circle at . 

Plugging  into  gives us . 

A similar solution uses the other intersection point, . 

 

Solution 10  

WLOG, let there be  students.  of them like dancing, and  do not. Of those who 

like dancing,  , or  of them say they dislike dancing. Of those who dislike 

dancing,  , or  of them say they dislike it. 

Thus, . 

 

Solution 11（1）  

We know that the sum of the interior angles of the polygon is a multiple of . Note 

that  and  , so the angle Claire forgot 

is  . Since the polygon is convex, the angle 

is , so the answer is Case 1: monotonous numbers with digits in ascending order 

There are  ways to choose n digits from the digits 1 to 9. For each of these 

ways, we can generate exactly one monotonous number by ordering the chosen digits in 

ascending order. Note that 0 is not included since it will always be a leading digit and that 

is not allowed. The sum is equivalent to  

Case 2: monotonous numbers with digits in descending order 
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There are  ways to choose n digits from the digits 0 to 9. For each of these 

ways, we can generate exactly one monotonous number by ordering the chosen digits in 

descending order. Note that 0 is included since we are allowed to end numbers with zeros. 

The sum is equivalent to  We discard the 

number 0 since it is not positive. Thus there are  here. 

Since the 1-digit numbers 1 to 9 satisfy both case 1 and case 2, we have overcounted by 9. 

Thus there are  monotonous numbers. 

Solution 11（2） 

Like Solution 1, divide the problem into an increasing and decreasing case: 

 Case 1: Monotonous numbers with digits in ascending order. 

Arrange the digits 1 through 9 in increasing order, and exclude 0 because a positive integer 

cannot begin with 0. 

To get a monotonous number, we can either include or exclude each of the remaining 9 

digits, and there are  ways to do this. However, we cannot exclude every digit 

at once, so we subtract 1 to get  monotonous numbers for this case. 

 Case 2: Monotonous numbers with digits in descending order. 

This time, we arrange all 10 digits in decreasing order and repeat the process to 

find  ways to include or exclude each digit. We cannot exclude every digit at 

once, and we cannot include only 0, so we subtract 2 to 

get  monotonous numbers for this case. 

At this point, we have counted all of the single-digit monotonous numbers twice, so we 

must subtract 9 from our total. 

Thus our final answer is . 

 

Solution 12(1) 

The root of any polynomial of the form  will have all  of it roots will have 

magnitude  and be the vertices of a regular -gon in the complex plane (This concept 

is known as the Roots of Unity). For the equation  , it is easy to 

see  and  as roots. Graphing these in the complex plane, we have four 

vertices of a regular dodecagon. Since the roots must be equally spaced, besides  , 

there are four more roots with positive real parts lying in the first and fourth quadrants. 

We also know that the angle between these roots is . We only have to find the real 

parts of the roots lying in the first quadrant, because the imaginary parts would cancel out 

with those from the fourth quadrant. We have two  triangles (the triangles 

formed by connecting the origin to the roots, and dropping a perpendicular line from each 
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root to the real-axis), both with hypotenuse . This means that one has base  and 

the other has base . Adding these and multiplying by two, we get the sum of the four 

roots as  . However, we have to add in the original solution of  , so the 

answer is . 

Solution 12(2) 

 has a factor of , so we need to remember to multiply our solution below, 

using the Roots of Unity. We notice that the sum of the complex parts of all these roots 

is  , because the points on the complex plane are symmetric. The roots 

with  are  and  by the Roots of Unity. Their real parts 

are  and  . Their sum 

is . But, remember to multiply by . 

The answer is . 

 

Solution 13 

Looking at the answer choices, we see that the possibilities are indeed countable. Thus, 

we will utilize that approach in the form of two separate cases, as rotation and reflection 

take care of numerous possibilities. First, consider the case that the green disk is in a corner. 

This yields  possible arrangements for the  blue disks and  red disks in the remaining 

available slots. Now, consider the case that the green disk is on an edge. This yields  more 

possible arrangements for the  blue disks and  red disks in the remaining available slots. 

Thus, our answer is  

 

Solution 14 

The top cone has radius 2 and height 4 so it has volume . 

The frustum is made up by taking away a small cone of radius 1, height 4 from a large cone 

of radius 2, height 8, so it has volume . 
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Adding, we get . 

 

Solution 15(1)  

Let . 

 

Recall The Law of Cosines. Letting  ,

Since both  and  are both equilateral triangles, they must be similar 

due to  similarity. This means that         . 

 

Therefore, our answer is . 

Solution 15(2) 

Note that the height and base of  are respectively 4 times and 3 times that 

of . Therefore the area of  is 12 times that of . 

By symmetry, . Adding the areas of these three 

triangles and  for the total area of  gives a ratio 

of , or . 

Solution 15(3) 

First we note that  due to symmetry. WLOG, 

let  and  Therefore,  . Using the 

condition that , we get  and . It is easy to 

check that . Since the area ratios of two similar figures is the square of the 

ratio of their lengths, the ratio is  

 

Solution 16(1) 

If a factor of  is odd, that means it contains no factors of . We can find the number of 

factors of two in  by counting the number multiples of  ,  ,  , and  that are less 

than or equal to  .After some quick counting we find that this number 

is  . If the prime factorization of  has  factors of  , there 

are  choices for each divisor for how many factors of  should be included 
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(  to  inclusive). The probability that a randomly chosen factor is odd is the same as if 

the number of factors of  is  which is . 

Solution 16(2) 

We can write  as its prime factorization:

 
.ach exponent of these prime numbers are one less than the number of factors at play 

here. This makes sense   is going to have  factors: , and the other 

exponents will behave identically. 

In other 

words,  has 

factors. 

We are looking for the probability that a randomly chosen factor of  will be odd--

numbers that do not contain multiples of  as factors. 

From our earlier observation, the only factors of  that are even are ones with at least 

one multiplier of  , so our probability of finding an odd factor becomes the following:

  

 

Solution 17  

The probability of winning Game A is the sum of the probabilities of getting three tails and 

getting three heads which is  . The 

probability of winning Game B is the sum of the probabilities of getting two heads and 

getting two tails squared. This gives us  . The 

probability of winning Game A is  and the probability of winning Game B is , so the 

answer is  

 

Solution 18(1) 
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Let  be the center of the circle. Note 

that  . 

However, by Power of a 

Point, 

, so  . 

Now 

 . 

Since 

. 

Solution 18(2) 

 is the diameter of the circle, so  is a right angle, and therefore by AA 

similarity, . 
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Because of this, , so . 

Likewise, , so . 

Thus the area of . 

Solution 18(3) 

Or, use similar triangles all the way, dispense with Pythagorean, and go for minimal 

calculation: 

Draw  with  on . . 

. 

. (  ratio applied twice) 

. 

 

Solution 19  

We will consider this number  and  . By looking at the last digit, it is 

obvious that the number is . To calculate the number , note that 

 
so it is equivalent to 

 

Thus it is  and  , so it is  since 0 mod 9 is 

congruent to 9 mod 9, we multiply both the coefficient and the modulus to get 36 mod 45 

which is congruent to 9 mod 45 

 

Solution 20  

First let us take the case that . In this case, both  and  lie 

in the interval  . The probability of this is  . Similarly, in the case 

that  ,  and  lie in the interval  , and the 

. 
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probability is  . It is easy to see that the probabilities 

for  for  are the infinite geometric series that 

starts at  and with common ratio  . Using the formula for the sum of an infinite 

geometric series, we get that the probability is . 

 

Solution 21(1) 

Let us simplify the problem. Since all of Isabella's test scores can be expressed as the sum 

of  and an integer between  and  , we rewrite the problem into receiving scores 

between  and . Later, we can add  to her score to obtain the real answer. 

From this point of view, the problem states that Isabella's score on the seventh test was . 

We note that Isabella received  integer scores out of  to . Since  is already given as 

the seventh test score, the possible scores for Isabella on the other six tests 

are . 

The average score for the seven tests must be an integer. In other words, six distinct 

integers must be picked from set  above, and their sum with  must be a multiple of . 

The interval containing the possible sums of the six numbers in S are 

from  to  . We must 

now find multiples of  from the interval  to . There are four 

possibilities:  ,  ,  ,  . However, we also note that the sum of the six numbers 

(besides  ) must be a multiple of  as well. Thus,  is the only valid choice.(The six 

numbers sum to .) 

Thus the sum of the six numbers equals to . We apply the logic above in a similar way 

for the sum of the scores from the first test to the fifth test. The sum must be a multiple 

of  . The possible interval is 

from  to . Since the sum of the 

five scores must be less than , the only possibilities are  and . However, we notice 

that  does not work because the seventh score turns out to be  from the calculation. 

Therefore, the sum of Isabella's scores from test  to  is . Therefore, her score on the 

sixth test is . Our final answer is . 

Solution 21(2) 

Let  be Isabella's average after  tests. , so . 

The only integer between  and  that satisfies this condition is  . Let  be 

Isabella's average after  tests, and let  be her sixth test 

score. , so  is a multiple of . Since  is the only 

. 
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choice that is a multiple of , the answer is . 

 

Solution 22  

It amounts to filling in a  matrix. Columns  are the random draws each 

round  rows  are the coin changes of each player. Also, let  be the 

number of nonzero elements in . 

WLOG, let . Parity demands that  and  must equal  or . 

Case 1:  and . There are  ways to place  's in , 

so there are  ways. 

Case 2:  and . There are  ways to place the  in ,  ways to 

place the remaining  in  (just don't put it under the  on top of it!), and  ways 

for one of the other two players to draw the green ball. (We know it's green because 

Bernardo drew the red one.) We can just double to cover the case 

of ,  for a total of  ways. 

Case 3: . There are three ways to place the  in . Now, there 

are two cases as to what happens next. 

Sub-case 3.1: The  in  goes directly under the  in . There's obviously  way for 

that to happen. Then, there are  ways to permute the two pairs of  in  and . 

(.ither the  comes first in  or the  comes first in .) 

Sub-case 3.2: The  in  doesn't go directly under the  in . There are  ways to 

place the  , and  ways to do the same permutation as in Sub-case 3.1. Hence, there 

are  ways for this case. 

There's a grand total of  ways for this to happen, along with  total cases. The 

probability we're asking for is thus  

 

Solution 23  

First, we can define  , which contains 

points  ,  , and  . Now we find that lines  ,  , and  are defined by the 

equations  ,  , and  respectively. Since we want 

to find the -coordinates of the intersections of these lines and , we set each of them 

to , and synthetically divide by the solutions we already know exist (eg. if we were 

looking at line , we would synthetically divide by the solutions  and , 
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because we already know  intersects the graph at  and  , which have  -

coordinates of  and ). After completing this process on all three lines, we get that the 

-coordinates of  ,  , and  are  ,  , and  respectively. Adding 

these together, we get  which gives us  . Substituting this back 

into the original equation, we get  , 

and  

 

Solution 24(1) 

Let  ,  , and  . Note that  . By the 

Pythagorean Theorem,  . Since  , 

the ratios of side lengths must be equal. 

Since  ,  and  . Let F be a point 

on  such that  is an altitude of triangle  . Note 

that  . 

Therefore,  and . Since  and  form altitudes of 

triangles  and , respectively, the areas of these triangles can be calculated. 

Additionally, the area of triangle  can be calculated, as it is a right triangle. Solving 

for each of these yields:

 Therefore, the 

answer is  

Solution 24(2) 

Draw line  through  , with  on  and  on  ,  . WLOG 
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let , , . By weighted average . 

Meanwhile, . 

. We obtain , namely . 

The rest is the same as Solution 1. 

Solution 24(3) 

Let . Then from the similar 

triangles condition, we compute  and  . Hence, 

the -coordinate of  is just . Since  lies on the unit circle, we 

can compute the  coordinate as  . By Shoelace, we want

Factoring out denominators and 

expanding by minors, this is equivalent to

 This factors 

as , so  and so the answer is . 

 

Solution 25  

Let there be  teams. For each team, there are  different subsets of  players 

including that full team, so the total number of team-(group of 9) pairs is 

 

Thus, the expected value of the number of full teams in a random set of  players is 
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Similarly, the expected value of the number of full teams in a random set of  players is 

 

The condition is thus equivalent to the existence of a positive integer  such that 

 

 

 

 

 

 

Note that this is always less than , so as long as  is integral,  is a possibility. Thus, 

we have that this is equivalent to 

 

It is obvious that  divides the RHS, and that  does iff  . 

Also,  divides it iff  . One can also bash out that  divides it 

in  out of the possible residues . 

Using all numbers from  to  , inclusive, it is clear that each possible 

residue  is reached an equal number of times, so the total number of 

working  in that range is . However, we must subtract the number of 

"working" , which is . Thus, the answer is . 

 

 

 


